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Weinberg’s soft theorem and IR cancellation in QED

Infrared physics in cosmology (inflation)

𝑒𝑄, 𝑝

𝑖

𝑓

𝑘, 𝛼

𝑒𝑄𝑝 ⋅ 𝜀 ! 𝒒
𝑝 ⋅ 𝑞

×=

Soft photon
(𝜔 = 𝒒 → 0)

→ ∞ 𝜔 → 0

Soft factor

𝑖"

ℐ#

𝑖#

ℐ$

𝑣 = 𝑡 + 𝑟

𝑢 = 𝑡 − 𝑟

Fig. 4 Penrose diagram of 
Minkowski spacetime (𝑟 ≥ 0)

𝑢 =
−∞

𝑣 =
+∞

𝑖$

𝑄!" ≔
1
𝑒#
%𝑑𝑢𝑑# (𝑥 −𝜕$𝜀 (𝑥 𝐹 %

& $ 𝑢, (𝑥 + 𝑒#𝜀 (𝑥 𝑗%
& 𝑢, (𝑥

The Infrared Physics in QED and cosmology
Tadashi Kuramoto1, Takahiro Tanaka2, and Yuko Urakawa1,3

1The graduate University for Advanced Studies (SOKENDAI), Tsukuba, Japan
2Kyoto University, Kyoto, Japan

3Institute of Particle and Nuclear physics, High Energy Accelerator Research Organization (KEK), Tsukuba, Japan

Fig. 2 Weinberg’s soft theorem for photon
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(𝑧, 𝑤 ∈ ℂ are coordinates on 𝑆! (stereographic projection))

Introduction: infrared triangle 

Cosmology and extension of infrared physics in QED

Asymptotic symmetry in QED

-
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Faddeev-Kulish’s dressed state and IR cancellation

(“ 0 ”means the leading order in 1/𝑟 expansion.) 

1 Introduction

1.1 The Infrared Triangle

These lectures concern a triangular equivalence relation that governs the infrared (IR)
dynamics of all physical theories with massless particles. Each of the three corners of the
triangle, illustrated in figure 1, represents an old and central subject in physics on which
hundreds or even thousands (in the case of soft theorems) of papers have been written.
Over the past few years we have learned that these three seemingly unrelated subjects are
actually the same subject, arrived at from very di↵erent starting points and expressed in
very di↵erent notations.
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Figure 1: The infrared triangle.

The first corner is the topic of soft theorems. These originated in quantum electrodynam-
ics (QED) in 1937 with the work of Bloch and Nordsieck [1], were significantly developed in
1958 by Low and others [2–6], and were generalized to gravity in 1965 by Weinberg [7]. Soft
theorems characterize universal properties of Feynman diagrams and scattering amplitudes
when a massless external particle becomes soft (i.e., its energy is taken to zero). These
theorems tell us that a surprisingly large — in fact, infinite — number of soft particles are
produced in any physical process, but in a highly controlled manner that is central to the
consistency of quantum field theory.

The second corner is the subject of asymptotic symmetries. This is the study of the
nontrivial exact symmetries or conserved charges of any system with an asymptotic region
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Fig. 1 The infrared triangle
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・Infrared dynamics is represented
by the three equivalent subjects.
・This equivalence is expected to be 

valid in various theories with massless 
particles (e.g. linearized GR, QED, 
YM theory, cosmology,…).
Mostly, gauge theory in
asymptotically flat spacetime

Summary and prospects

asymptotic symmetry

Summary
・LGT invariance is rewritten in the similar form to that in  cosmology.
・The magnitude of wave function is constant in QED. 
・Soft theorem with 𝜔 ≠ 0 is obtained by separating ℐ±.
・Separation of 𝑄!# is needed to obtain the soft theorem for 𝜔 ≠ 0.
・The counterpart of the locality condition is satisfied for FK state in 
Prospects QED.
・electromagnetic memory in finite time? How can it be detected?
・physical meaning of the finite-energy formulation in QED?

Weinberg (1965)

Strominger (2013, 2017)
Strominger, and Zhiboedov (2014) 

Chung (1965), 
Faddeev & Kulish (1970)
Kapec, Perry, Raclariu, 
& Strominger (2017)

with 𝜆 𝑥 𝜀 :𝑥 ≠ 0asymptotic limit
𝑟 → ∞ (𝑡 ± 𝑟: =ixed)

Large gauge transformation (LGT)    ( = asymptotic symmetry in QED)

Generator of LGT (out region)

(𝐹%& = 𝜕%𝐴& − 𝜕&𝐴% , 𝑢 = 𝑡 − 𝑟)

Ward identity (conservation of the LGT charge)
𝑓 𝑄!"𝑆 − 𝑆𝑄!) 𝑖 = 0

𝜀 𝑧, ̅𝑧 = con𝑠t. ⟹ total electric charge consevation

𝜀 𝑧, ̅𝑧 =
1

𝑧 − 𝑤 ⟹ Weinberg*s soft photon theorem

𝑆*%+, = 𝑓; FK 𝑆 𝑖; FK ≠ 0
(IR cancellation)

𝑆*% = 𝑓 𝑆 𝑖 ∝ 𝑒"- = 0
(IR divergence by radiative soft photons)

Fig. 3 Separate universe in cosmology 
(inflation)
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Tanaka & Urakawa 
(2017,2026)

Dilatation (LGT in cosmology)

>
𝑥% → 𝑥'

% = 𝑒'𝑥%

𝜁 𝑡, 𝒙 → 𝜁' 𝑡, 𝒙 = 𝜁 𝑡, 𝑒"'𝒙 − 𝜆

Generator

𝑄 𝜆 = 𝑎. 𝑡 C𝑑.𝑥 Δ'𝜁 𝑡, 𝒙 𝜋/ 𝑡, 𝒙
(𝑎 𝑡 : scale factor, Δ"𝜁: linear-order deviation)

Dilatation invariance
(large gauge symmetry)

𝑄 𝜆 Ψ = 0

Locality condition

𝜁0|Ψ = 𝜓 𝜁0 I
1

Ψ1; 𝜁10
&

Soft theorem for 𝒌 ≠ 𝟎
(generalized consistency relation)

Ψ 𝜁𝒌3𝒪𝒌! Ψ
∝ Ψ 𝜁𝒌3𝜁𝒌!

3 Ψ Ψ 𝒪"𝒌"𝒌! Ψ

( Ψ : state of universe) (𝜁# 𝜁#$ = 𝜁#$ 𝜁#$ , 𝜁$ = ∏ # 𝜁#$ ,
𝜁#: average of 𝜁 over the patch 𝑎)

TK, Tanaka, & Urakawa (in progress)
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Finite-time(𝑢) extension
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Counterpart of locality condition is satisfied.

𝑄!# includes only 𝜔 = 0 photons by integral with respect to 𝑢.

Soft theorem with finite-energy(𝜔 ≠ 0) photon
𝑓; FK 𝑎 # 𝒒 + 𝑎 $ ( 𝒒 𝑆 𝑖; FK

= M
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(𝜔 ≲ width of segments %&)

(𝜁: curvature perturbation (𝑑𝑠! ⊃ 𝑒!'𝑑𝒙!))

QED Cosmology
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Table. 1 Corresponding quantities

𝑣 =
const.

𝑢 =
co
ns
t.

light ray

LGT invariance in 𝜁-representation
𝜕 𝜓 𝜁0

𝜕 ̅𝜁0
= 0

𝑖𝑄 𝜆 − 𝜆
𝜕
𝜕𝜁1

Ψ1; 𝜁10 = 0

⋯

𝑒𝑄, 𝑝

𝑖

𝑓

⋯

⋯

IR divergence and cancellation
𝑆*% = 𝑓 𝑆 𝑖 → 𝑒"- = 0

(IR divergence by
radiative soft photons)

𝑆*%
7 ≔R

8#
𝑓, 𝛾9 𝑆 𝑖 7 ≠ 0

Sum w.r.t. invisibly soft photons

Conjugate coherent state in QED 
𝑁+" 𝑧, ̅𝑧 𝑓; FK ≔ 𝑁+,-. 𝑧, ̅𝑧 𝑓; FK ,

𝑁+" 𝑧, ̅𝑧 = %𝑑𝑢𝐹%+
& 𝑢, 𝑧, ̅𝑧

𝜁 𝑡, 𝒙 ⟺ 𝐴+
& 𝑢, 𝑧, ̅𝑧

𝜁 is large gauge dependent.

(not 𝑁:#)

For unseparated case, 
̅𝜁 𝑡 spatial average ⟺ 𝜕:𝜙 𝑧, ̅𝑧 average w. r. t. 𝑢

𝑁:̅# 𝑧, ̅𝑧 , 𝜕:𝜙 𝑧<, ̅𝑧< ≔ −
𝑖𝑒7

2
𝛿7 𝑧 − 𝑧<𝜕:𝜙 is conjugate to 𝑁:̅#:

𝑓; FK = %𝒟𝜕+𝜙/ 𝜕+𝜙/ 𝜕+𝜙/|𝑓; FK ,

𝜕+𝜙/|𝑓; FK = 𝒩𝑒#'0-.1/01 2⋅3243 𝑓

introduce conjugate coherent state: 𝜕:𝜙 𝜕:𝜙0 = 𝜕:𝜙0 𝜕:𝜙0

LGT invariance in 𝜕:𝜙 -representation
𝜕𝒩

𝜕 𝜕=𝜙0
= 0, 𝑖𝑄># − 𝜕=𝜀 ⋅

𝜕
𝜕 𝜕=𝜙0

𝑓; 𝜕:𝜙0 = 0

(𝑄-+:  fermion part of the LGT generator)

Q𝑝, Q𝑥 = −𝑖
Q𝑥 𝑥 = 𝑥 𝑥 , Q𝑝 𝑝 = 𝑝 𝑝

𝑥|𝑝 = 𝐶𝑒-./

Similarities and differences 
Similar points
・The correspondence of quantities is made (Table. 1).
・LGT invariance for hard state can be written in the similar form.
Different points
・The magnitude of the wave function is constant or flat in one direction,
・and so on.

・to understand the locality condition,
which ensure the effective description
of primordial perturbation.
・to extend IR triangle to 𝜔 ≠ 0 modes

The FK state with photons with 
𝜔 ≲ width of segments $0 can be
constructed from invariance under 𝑄1,'#

Special features of cosmology
(inflation)

・nearly de Sitter spacetime
(not asymptotically flat)
・extended to 𝒌 ≠ 0 modes 

Goals of this work

LGT invariance is rewritten in the similar form as that in cosmology.

gauge invariant

Strominger (2013, 2017)
He, Mitra, Porfyriadis, Strominger (2014) 


