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This talk

Quantum measurements provide a new control knob for
quantum many-body systems.

Apply quantum entanglement and boundary conformal field theory
(CFT) to analyze phase transitions.

Find a behavior which is different from a naive expectation
from the g-theorem in CFT.

Condensed
Matter

Quantum
Information

Quantum Field
Theory




Quantum critical phenomena in ultracold atomic systems
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Continuous monitoring of ultracold atoms in an optical lattice
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Quantum Gas Microscopy (QGM)

Harvard, MIT, MPI, Kyoto, TITech, Toronto ...

-

Ultracold atoms in an optical trap

So far, only strong single-shot measurements
using a resonant probe light.

However, the technique can be extended
for a weak continuous measurement
using an off-resonant probe light.

W. S. Bakr et al., Science 329, 547 (2010).

Measuring quantum many-body

systems at the single-particle
and single-site level.

S
Measurement backaction should
be significant.
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Theoretical description of continuously monitored systems

*

Non-unitary dynamics due to the measurement backaction.
If one does not know measurement outcomes,
— GKSL (Lindblad) master equation (dissipative dynamics)

dp A j P 1 A
—p:—i[H,ﬁ]—Z(—LZL p+ pLiL, —LaﬁLL)

dt
L, : jump operator



Theoretical description of continuously monitored systems

/0 Non-unitary dynamics due to the measurement backaction.
If one does not know measurement outcomes,
; — GKSL (Lindblad) master equation (dissipative dynamics)

measurement
outcome

S ! (A O

L, : jump operator

Continuous observation

If one can access the information about measurement outcomes,
— Quantum trajectory dynamics (keeping the purity of the state)

(norm preservation)

A | P, -
dly) = —if[p)dt =Y o (Ll — (L L)) )t + Z —[¢) | dN,
a v/ ( LTL o)
unitary non-unitary evolution ' .
evolution without quantum jumps stochastic quantum jumps

*Taking ensemble average E over dN,, p = E||1)(1|] obeys Lindblad master eq.
Dalibard, Castin, Mglmer; Carmichael (1993)




Theoretical description of continuously monitored systems

(effective non-Hermitian Hamiltonian)

ﬁeﬁzﬁ—%;f,gﬁa

quantum jump

L,

Hilbert space

Continuous observation
If one can access the information about measurement outcomes,

— Quantum trajectory dynamics (keeping the purity of the state)
(norm preservation)

N 1 /.. - ~
dly) = —iBlw)dt = 5 (LhLa— (EfLa)) i)t + Z —Jy) | an,
v/ ( LTL o)

(0}

unitary non-unitary evolution

evolution without quantum jumps stochastic quantum jumps

*Taking ensemble average E over dN,, p = E[|¢)(¢|]obeys Lindblad master eq.
Dalibard, Castin, Mglmer; Carmichael (1993)




Experiments: Continuous observation of small quantum systems

Microwave cavity photon
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Vijay et al., PRL 106, 110502 (2011) Vamivakas et al., Nature 467, 297 (2010)




How do we observe quantum criticality in continuous monitoring?

Quantum Trajectory Dynamics (palibard, Castin, Mgimer; Carmichael (1993))

L : —iHoftq))

non-Hermitian time evolution : || H
S | gzmmmmmnms > O —— >
o
(7))
£ .
) stochastlcl
o .
= | jump

> time
. J. Schachenmayer et al., PRA 89, 011601 (2014).
DlAverage over stochastic jumps Y. Yanay and E. J. Mueller, PRA 90, 023611 (2014).

E> Disspative dynamics described by Lindblad equation
F> Quantum criticality is destroyed after long time.

I:II:os_tselllectlon f[)f dif W|t|houtJ]Lchr][ps __;> Quantum critical behavior of
(typically, events with no loss of atoms) non-Hermitian H,, !

OGradually include non-Hemiticity Y. Ashida, SF, & M. Ueda, PRA 94, 053615 (2016);
to keep track of the ground state _J Nat. Commun. 8, 15791 (2017)

Problem: Success prob. of postselection becomes exp. smaller for larger systems.




Alternative strategy: Unconditioned evolution over finite time

\ without postselection

O Start from a ground state at quantum criticality
(e.g., Tomonaga-Luttinger liquid phase of lattice bosons)

ps = Vo) (Wg| (pure state)
O Continuously monitor it over a finite time t while discarding
the outcomes (Lindblad dynamics)

ﬁg — 5(53), 5 — €£t (mixed state)

Fa

Notes: Stinespring rep. £(pg) = trg [U(ﬁg X ,55;3)UJr

P

. pure
[ Study the system-environment
entanglement S System
ey g S
n) __ n < = < =S <, <,
Ssg =75, ntrs|pe] S & & SmEEm) S
E Envirornment

Especially, n=2 case (purity of the system)

Sor = — logtr [p?
SE g tr | g | Y. Ashida, SF. & M. Oshikawa, PRB (2024)
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Equivalent CPTP (completely positive and trace preserving) map

O Kraus representation (generalized measurement)

pe = E(ps)  e=TI& &)=Y KnsOKL,.
i site m. measurement outcome
[0 Kraus operators for local density or phase measurements
> _~tF - 1+ 07 0<~vt<o0, €, Y, 2

2 N 5o
or0j. op. Note: L;j = /707

Site-resolved proj. measurement with prob. 1 — ¢~27* and doing nothing otherwise

O Limit of strong measurement: © = vyt — o0

ﬁg — E pc|C> <C| (diagonal ensemble) c: spin configuration

C Field-theoretical and numerical studies
L 2 on “participation entropy”:
Pec — | <C| \Ij0> | Stephan, SF, Misguich, & Pasquier,
1 PRB 80, 184421 (2009);
sé%) — In E p" Oshikawa, arXiv:1007.3739 (2010):
l—n | Hsu & Fradkin, J. Stat. Mech. 2010, P09004



Main results: Universality and transitions in sys.-env. entanglement

v" Scaling of sys.-env. entanglement S¢z (PBC):

L
_ < >
Ssp = s1L — so + o(1) —
: . . A . "",“"Q“"Q"--Q----!
S 1 : nonuniversal coefficient P - - .
. . = <_:> <_:> <_:> <_:> <_:g
(depending on UV cutoff) " - < o = < SE
S () : universal term (characterized by K) E Envirornment

so # 0 & CPTP map £ is relevant in the RG sense.

s — In ge  Always non-positive Phase diagram
0 g7 due to the g-theorem? (local density measurement)
VE | L < INeel | Decohered phase
nftang ement transition %D phase | s, = ln\/ﬁ > Qe
(singular change of sg) = So =1 T
2 = | n2K |
! h h
Y. Ashida, SF, & M. Oshikawa, sl <o | Co eredg ase
Phys. Rev. B 110, 094404 (2024) 3 | °
_ _ 3 0 ! S
See also: Zou, Sang, Hsieh, c 1/2 K

PRL 130, 250403 (2023) TLL parameter
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Doubled Hilbert space formulation

[0 Choi-Jamiolkowski representation

ps = Vo) (Yo| =—> |ps) =|To) @ |¥5)

“ket” space “bra” space

O CPTP map
pe) = H(Z I{’m__j &) I{;”) ps) = e}{p{—y. [Z(l — &? ® gf)]} lps)
] m J

site measurement outcome for local density/phase measurements

[0 System-environment entanglement

Sse = — In(pe|pe)

- P \ -

(pelpe) = tr [exp § —2u Z(l — 65 ®067) ¢ |ps)(ps]
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Effective field theory in a doubled Hilbert space

12

axel o 6% ~ 8,0 +c1 (—1) cos(20),

j 63'-" et? {cz (—1)J + c3 cos (2&)]

Path-integral representation: (1+1)D two-component scalar fields (¢, ¢)

7 _ ~
(pelpe) = Zi Lg = /D¢D¢e_sfot[¢’¢]

tot [¢ ¢] [¢] + 80 [%] + 85 [¢7 &]

Bulk CFT for Boundary interaction
the doubled space induced by CPTP map &

_______________________________________

ZI : partition function
w/0 boundary int.

see also: Lee, Jian, Xu, PRX Quantum 4, 030317 (2023);
Bao, Fan, Vishwanath, Altman, arXiv:2301.05687 (2023)



Effective field theory in a doubled Hilbert space

Ssg = —10g g%
cf. Book boundary condition \’/
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Effective field theory in a doubled Hilbert space

e
U

Each partition function can be evaluated by boundary CFT:

log Ze = beL +logge +0(1), €€{Z,E}
/

g function: boundary “ground-state degeneracy”
Affleck and Ludwig, PRL 67, 161 (1991)

Ssg =

Ssg = s1L — sqg+o(1) so =In 2

gr

O Universality of Sgg < Universality of g function

O g-theorem:g monotonically decreases under the boundary RG flow

< Al RS Friedan & Konechny (2004);
— Sp IS always non-positive: Casini, Landea, & Torroba (2016)



Application to Tomonaga-Luttinger liquid under local measurement

Consider TLL under local density measurement .[;“M

Effective field theory

6+ =2(0+9)
Stot |0+, P-] = So|@+] + Sol¢—| + Seld+, o] o ~2(4-3)
bulk action (Gaussian): So[¢+] = /dwdT 167HK [((‘%%)2 + ((97%)2}

boundary interaction: Sg ~ /dCUdT o(7) lAl (86— )*|— u_Ag cos (¢_)}
0

y,u_ « u at UV scale Ag: UV cutoff
Careful treatment necessary for y :

it can be relevant in nonperturbative regimes despite being
perturbatively irrelevant (i.e., it is dangerously irrelevant)

cf. Masuki, Sudo, Oshikawa, Ashida., PRL 129, 087001 (2022);
Daviet and Dupuis, PRB 108, 184514 (2023)

Call for nonperturbative RG analysis

see also: Garratt, Weinstein, Altman, PRX 13, 021026 (2023) for conditioned evolution of TLL under local meas.



Tomonaga-Luttinger liquid under local measurement

Sp ~ / drdr () [ (0,6-)* — u_Aq cos (6_)]

Ao y,u_ « u at UV scale

—uy Agcoso

Functional RG results K>1/2
| ' ' ' u > u. - u_ diverges in IR limit

K>1/2

— ¢_ obeys Dirichlet b.c.
U< Uc - u_isirrelevant
— ¢_ obeys Neumann b.c.

Entanglement transition
induced by environment

K<1/2
uy diverge atany u > 0

— ¢4 obey Dirichlet b.c.’s

Arbitrarily weak coupling

0 . . | ) , can affect entanglement in IR limit
0 0.05 0.1 0.15 0.2 0.25 0.3

4

In either case, we have a mixed Dirichlet-Neumann boundary condition
in the IR limit.




Boundary CFT (BCFT) calculation of the g function

RG phase diagram

0.8¢

K>1/2

eS0 = 2K

0 0.05

0.1 0.15 0.2 0.25 0.3

O g function for the mixed Dirichlet-Neumann b.c.

||I -
qr = 1|.|" t'o [‘}_l. -_:l Vo |:‘;||_l$= ].

Unit-cell volume of the compactification lattice
consistent with b.c.

Oshikawa, arXiv:1007.3739 (2010);
Hsu & Fradkin, J. Stat. Mech. 2010, PO9004;
Furukawa & Kim, PRB 83, 085112 (2011)

| O BCFT results of TLL under density measurement:

V2K > e, K >1/2
f< pre, K >1/2
2K Vu>0,K<1/2

28 22 =1



Numerical check in the XXZ chain

L
Exact diagonalization of Hxxz = JZ (6767, +6767,  +A6767,4) -1<A<1
1=1 K —» o K =%

— directly calculate |pg)= eXp{—M[Z(l -6 ® 57;-)} }|GS>®|GS> and Ssr = —In(pelpe)
j
— determine sy numerically by fitting Sgg to Ssg = s1L — so + 51

L
' ; - y - - ™ cf. RG + BCFT analysis:
______________________________ oo ] 1 . . | |
GEBEEEEES P
12 A=05 - 050 —
(K =0.75) N)af?g, 0.8f 0 2K
S r J
eo R/j critical e R 0.6}
1.1 /:' oint S
M B POINtHe o 1 -ap810 ] 0.4]
[ =6.810,12
[ =810,12,14 0.2
1 o[ =10,12,14,16 ] 0
0 0.2 0.4 0.6 0.8 1 1.0
U

v’ transition at critical point u = p,

v’ convergence to V2K at u > y,

Consistent with fRG and BCFT results



Numerical check in the XXZ chain

9:/971

Exact diagonalization of Hxxz = JZ (6767, +6767 ,+A

L

=1

Converged values of e’ with a varying A

2.5¢

1.5¢

_m
o u=3 L=10,12,14,16 )
—I1I 050051
A
v’ consistent with Bethe-ansatz result:

™

K =
2 (m—cos™1 A)

o5}

Numerical phase diagram

NZ N2
g, 01’—1—1)
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K - o

K_1
2

9:/97 = 2K
1 o
- : o
e /97=2K o
: o
; Ge/9r =1
: Q
0 05 1 15 25
K

v’ qualitatively consistent with fRG analysis

Numerical results agree with the field-theoretical analysis

despite small system sizes.



Case of open boundary conditions

Ssg = 1L — silIn(L)

Case of participation entropy:

J.M. Stéphan, G. Misguich, and V. Pasquier, Phys. Rev. B 84, 195128

(2011)

cf. Cardy.& Peschel, Nucl. Phys. (1988) Fo=f,|Al + f.L — X logL + O(1),
Fradkin & Moore, PRL (2006)
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TLL parameter



Numerical results: OBC vs. PBC
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Comparision of u. in OBC and PBC

Comparison of u. (Inflection Method, Updated Models)

1.0 4 —@— Open (4-term model)
—— Periodic (4-term model)

0.9 A

0.8 1
3 0.7 1
el
(0]
©
©
Q.
o
2 0.6 1
w

0.5 A

0.4

U, — K curve
0.3 1
0.5 1.0 1.5 2.0 2.5 3.0 3.5

Variable K = r/(2(m — arccos(A)))



Another method: Twist operator

121

Twist operator U = e L can detect
the phase transition in PBC in double Hilbert space

2Ly i(of®1-1;00%)

(1) = (PelUlpe) U~ ol
(Pelpe)
cf. Nakamura & Todo, PRL (2002)
A=-0.7 A=-0.7

(U) — pcurve in (U) — pcurve in OBC

PBC

10 15 20 00 05 1.0
[ [



Comparision of i, in different methods

0.8 4

S 1. — K curve givenby | <
(U) in PBC (orange) U, — K curve
and OBC (blue) given by s (red)
"l 4 T po o e ||| and sp (blue)

K K



Main results: Universality and transitions in sys.-env. entanglement

v" Scaling of sys.-env. entanglement S¢z (PBC):
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Ssp = s1L — so + o(1) —
: . . A . "",“"Q“"Q"--Q----!
S 1 : nonuniversal coefficient P - - .
. . = <_:> <_:> <_:> <_:> <_:g
(depending on UV cutoff) " - < o = < SE
S () : universal term (characterized by K) E Envirornment

so # 0 & CPTP map £ is relevant in the RG sense.
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