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RMA to theories with fermions. The
key points are that the logarithm of
the Pfaffian is of order N? and that
observables involving fermions can
be written as normalized trace
operators. We also apply the RMA to
massive SYM-type matrix models
and confirm that the fuzzy sphere is
reproduced.
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New method : Regularized Master-Field Approximation

onlyat N - o

Master Field 4 : (tr O[A]) = tr O[A] for all O[A] (ex.

Background 01

Bootstrap Method for Matrix Models

ex. ) One-matrix model : S = NTr (% P> — %qb“), Zp = [dge™ (¢ : N x N Hermitian Matrix)

0[A] =4, ..A
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Assuming positivity : Here, 0 = Yo an @",tr O = TrO/N

. In large-N reduced matrix models, solving the models & determining the master field
vM, (tr(070)), >

Idea: regularize the master field in finite dimension
Using Hankel matrix (H),,,, = (tr ¢""™)p = wW,,,,,, , it can be written
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Jevicki-Rodrigues, 1984

K Koch-Jevicki-Liu-Mathaba-Rodrigues, 2022

1’4\ M- dlmensmnal (M )

Kazakov-Zheng,
2022

H = 0 (All eigenvalues of H are non-negative) regularizatlon

Question: How should the regularized master field AELM) be determined?

Furthermore, due to the loop equations
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Answer: Satisfy the loop equations L,.,. , (4,) = 0 as much as possible!
GWni2 = Wp —

all the w,,’s are reduced to the combination of w; and w,.

. Inequalities for w4, w, = Allowed region

Complex matrix-integral weight breaks positivity!

03

(3) Is the Master Field Applicable?

Theoretical Framework & Implementation Procedure

(1) Complex Matrix-Integral Weight (2) Effective Bosonic Theory

Traditional Challenge: How to handle complex weights at large N? New Challenge: How to apply RMA to models with fermions? Conditions for applying the master field:

- Monte Carlo : sign problem, wrong convergence, high-cost at large N - Large-N factorization holds

- Physical observables are expectation values of normalized traces

The existence of a master field is unclear for fermions.

- Bootstrap : breakdown of positivity

Grassman-odd variables

RMA avoids these issues!

Figure: w™ {11} for M = 7, ..., 14
=7 M=11

Maeta, 2026 (1) Large-N factorization

. Integrate out all fermions to obtain an effective bosonic theory!

ex) Bosonic Two-Matrix Model S[A, W] = Sg[A] + Sg[A, ¥],

- NTr(h :
Sm = N Tr{ 4177"‘p77“” 4w 4,14y, A7) SplA W] = — o NTr{(¥C€)o(I*)ap [y ¥pl}
— E,7#1/14[#41/ _ %UMVAELA%}’

Zy = [ dAe*SM (Minkowski-type), .'

- Wiy . pin} = tr (A, AL, Z=[dAdwe S8 = [ dAe >, [ sy = (N/2)%an, o Vg (2) Normalized trace

] w™M{py pp} = tr (AMD, LADD Y SefflA] = Sp[A] — log (Pf(M[A]))

0115 0120 0125 0130 0.135 0.140 0145 0.150
Rew{11}

-

0.144 — 0.475i —0.473 + 0.018i 0.125 — 0.130i 0.136 — 0.479i

Since log (Pf(M[A]))~log (det(M[A
SafflA]~O(N?)

holds, therefore factorization is expected to hold for bosonic operators.

D)) is of order N2 as well as Sg[A],

—0.4825 A

The fermion propagator g is the inverse of the coefficient matrix M:

In addition, all (tr(4,¥, ... )) can also be expressed in terms of bosonic b |
S Gop = (M~ ) = N(wawﬁ) ~0(1)
operators via Wick's theorem. ap

83 0.144 — 0.473i —0.486 + 0.0761 0.124 — 0.1461 0.135 — 0.479i

ab
ex. (tr (4,%,¥s)) = (W2Wptr (A,ttP)) = %‘8 tr (Aﬂt“tb)> :
86 0.149 — 0.473i —0.529 + 0.132i 0.110 — 0.157i 0.133 — 0.486i - ! A - B g

Al)g = [ dAO[A]e SerrlAl (0[4, ®))r = [ dPO[A, P]eSFIAY] (lpa!p,,) =

84 0.145 — 0.472i —0.475 + 0.080i 0.115 — 0.149i 0.134 —0.479i

For (tr (4,¥,¥s)), defining G,z = Gagt*t?, the matrix elements of G,z are
of order N, and (tr (4,¥,%3)) becomes a bosonic operator expressible in
terms of normalized traces: (try (4,%.%¥3)) = (tryz (4,G4p)) ;-

85 0.146 — 0.474i —0.457 + 0.078i 0.121 — 0.164i 0.128 — 0.479i
ab
ap

87 0.149 — 0.4691 —0.545 + 0.082i 0.136 — 0.179i 0.133 — 0.487i

Table: w™){11} for M = 8 with different initial condition o P Realpart v T pealpart
X denotes the number of loop equations in the objective function F ) Figure: Eigenvalues of Ag ) and A(M ) for M = 8,10,12,14

Results 04 B Discussion

Computation performed with matrix size M = 4,
with the numbers of independent loop equations and unknown variables matched (squared system).

(1) 3-Matrix Model (2) 10-Matrix Model
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Figure: Values of trM{(AgM))Z + (AEM))Z + (AgM))Z} computed for different values of m; and m,

Mm=2, m;=6 M=6, X=137

The fuzzy-sphere phase is reproduced
with high accuracy

(A%)" + (4¢7)" + (49" is almost proportional
to the identity

[AM, A~ irA™ also holds

Slightly larger radius r than in the bosonic
model

1 2 3 4 5 6

Figure: Heatmap of the (AT))2 + (A’;’))z + (A’;’))z

(Polarised IKKT Model)

S=NTr{-1[4,4,)" - P[4, ¥]
m? 3m?

; im
+—A% + o A2+36UkAAAk+?‘PT o* P}

wv=1,.,10, i,j,k=8,9,10, a=1,..,7

While the fuzzy-sphere phase is reproduced, the
remaining seven matrices exhibit characteristic
configurations!

0.07 0 0 0 0.04 4 0.10¢ —0.16 + 0.162 0.10
Ay 0 020 0 0 0.03 — 0.03: 0.02 - 0.04i 0.02 - 0.02:
0 0 -020 0 0.05 — 0.02: 0. ()2 0.02: 0.02 - 0.05

0 0 0 0.07 0.06 + 0.112  0.32 4 0.142 —0.05 + 0.06z 0

0.01 + 011 0.23 +0.15: 0.09 — 0.054 0.06 + 0.112 0.05 - 0.18  0.08 — 0.0%
0.01 - 0.042 (HM 0.014 - 0.02: 0.01 — 0.05¢ 0.02 - 0.05 -0.01 + 0.032

0.02 - 0.02¢ 0.01 ~ 0.03: 0.06¢ 0.01 + 0.05: ~0.01 — 0.032 0.03 - 0.062
0.11 +0.072 —0.15 + 0.12¢ ~0.01 + 0.08: 0.15 + 0.02:  0.09 - 0.317  0.02 + 0.09 0

0.05 + 0.012 0.10 I 0.012 0.18 + 0.02: 0.26 + 0.03:

0.17 - 0.02: 0 0.08 + 0.14i 0.04 + 0.01¢ 0 0.07 + 0.13:
0.07 + 0.012 0 0.07 + 0.012 0.18 — 0.02¢ 0 0.26 — 0.03: 0
0.10 — 0.182 0.12 - 0.012 0.09 + 0.162 0.03 0

0.01 - 0.042 0 0.13 - 0.072
0.02 + 0.184 0.03 + 0.26: 0

0.02 - 0.18:¢ 0 0.03 — 0.262

0.01 - 0.027 1.66 — 0.02: 0 0
1.70 + 0.02z 0.01z  1.95 + 0.012 0
—0.16 — 0.09: 0.032 0

0 1.93 - 0.012 0.01: 1.68
0 0 1.67 0.01 + 0.02:

0 0.01 + 193¢ 0.012 1.68: 0 0.03 + 0.012 1.00 0.01 + 0.012

0.031 ~0.02 — 1.661 0 0 3.01 -0.01 + 0.012 0 0
0.02 + 1.70: 0.012 0.01 -195 0 A 0.02 + 0.01z 1.00 0.01 + 0.012 0
= 10 =
0 0 1.671 ~0.031 0 0 0.02 + 0.012 3.01

The origin of this stripe structure is unclear, but
related to the matrix spherical harmonics ¥},,?

Massless Limit

In this work, we studied a mass-
deformed large-N reduced SYM
model. On the other hand, SYM
matrix models without such mass
deformations are also known to be
well defined, in the sense that their
partition functions remain finite at
finite N. In particular, the IKKT
matrix model is expected to provide
a nonperturbative formulation of
string theory, but its properties are
still not fully understood. Therefore,
applying RMA to massless models is
an important goal, but has not yet
been successful. One possible reason
is that their eigenvalue distributions
extend over the entire real axis,
with its endpoints lying at infinity.

‘Large-M"” Limit

Although the RMA approach
successfully reproduces known
results and perturbative calculations
in one- and two-matrix models, can
this really be regarded as evidence
for the existence of a master field? A
subtle point is that we assume a
particular large-N limit, namely the
“large-M” limit. In this framework,
when the limit of

lim try, (A5 .. A0D)

M-oo

exists, we define such A!(i ) as the
master field. In this limit, the cyclic
invariance of the trace is implicitly
assumed, which excludes several
potentially interesting classes of
matrix configurations.

Regularized Master Field

In the RMA, the infinite-dimensional
master field is regularized to an M-
dimensional one. But what exactly is
this regularized master field? It is not
obvious how the original infinitely
many matrix components are
encoded into a finite number of
components. To clarify this, it may be
useful to use continuum vectors |x)
as a matrix basis and treat the
(regularized) master field as a bilocal
field 4, (x, ). Approximating 4, (x,y)
with a finite set of basis functions
provides an intuitive picture of how
infinitely many degrees of freedom
are compressed. This is a natural
extension of the polynomial
approximation of the eigenvalue
distribution.
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