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Introduction

Extending our understanding of topological matter including edge dynamics

- characterized by topological invariants Nontrivial trivial
phase phase

=9 existence of non-trivial phase

Edge states
-} boundary of trivial/non-trivial phase: edge states

- expected to be the basis for state-of-the-art tech.

No backscattering -} robust to impurities -} suppress decoherence

Topological matter — a central thema in Condensed Matter Physics
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Quantum Hall Systems (QHS)

2DEG system with strong magnetic field and low temperature
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[Figure taken from G. Yusa’s slide] Magnetic Field (T)

[Gracia and Pimental, Rev. Brasileira de Ensino de Fisica, 2023]

1k

Hall resistivity (and conductance) is quantized Pxy —

/0:13:13:0
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Quantum Hall Systems (QHS)

2DEG system with strong magnetic field and low temperature
/ Edge
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Landau quantization
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| Edge (gapless)

Insulator
® Q Bulk (gapped)

~

Sample edge

[Figure taken from G. Yusa’s slide]
Edge states are described by 1+1 dim. chiral gapless boson

[X. G. Wen PRB 1990]
* Conformal field theory in 1+1 dim.
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QHS with an expanding edge

[M. Hotta, Y. Nambu, YS, K. Yamamoto, G. Yusa, PRD 105. 105009 (2022)]

expanding
edge
(Region lI)

Region |l

flat spacetime

Output wave

Edge

X
X Bulk
[experiment: In progress@ Tohoku U.]}

A region of the edge state is experimentally expanded

L : length of the expanding region
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QHS with an expanding edge

[M. Hotta, Y. Nambu, YS, K. Yamamoto, G. Yusa, PRD 105. 105009 (2022)]
Theoretically, we smoothly connetcted regions |, Il, and Il

ds® = w?(t, z)n;;dx’dz’
—d:vfrd:vl_ Regions |
— 20 drtdr— Regions Il
_dZCIJEIdl'I_H Regions |l
Relationship between regions | and |l
v = B[~ L+ & [aify + @[L/2]]] — ®[-L/2)

P |x] :/ dye®¥)
0

Considering expanding scale factor S T

1 + _ +
N = oD = 2 = Flagy]

= 0.0

/2
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QHS with an expanding edge

[M. Hotta, Y. Nambu, YS, K. Yamamoto, G. Yusa, PRD 105. 105009 (2022)]

EXx.) redshift (stretching the wave length)

1.0

expanding
edge
(Region lI)

(Gaussian

Region Il . Region |
| 0.0 0.2 014 x | 0.6 0.8 oo T . OUtpUt Wave E E InpUt Wave
P\ 4
WL *
| plane wave
0.5+
ot (i L. : length of the expanding region
&J _ R ]
-0.5 : + : -
| “ | , | N otk otk Flx7]
o MVV Y N ' Plane wave: ux(z]) = =
0 2 4 6 8 10 \/47'(']{7 \/47'(']{
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QHS with an expanding edge

[M. Hotta, Y. Nambu, YS, K. Yamamoto, G. Yusa, PRD 105. 105009 (2022)]

A thermal distribution: (Gibbons-)Hawking radiation

- gapless chiral boson 6_q$ = () expanding
R >0 X i X edge
pla™) = /o dk (“k(ﬂf+)ak uk(xﬂ@};) . (Region 1)

| | | Region |l
- Bogoliubov transformation between region | and Il
[Nambu, Hotta, PRD (2023)]

ull = / dk’ | (k, k) w0 + 8 (k, k') u{TD*
; _ _

L
Q r=-7 Buk x=+7

. At XIJIrI — 00 L : length of the expanding region

2 1 1
W (k, k,)‘ ~ GH temperature

2rHE exp(2rnk/H) — 1 I

T = —
Planck distribution ! 27




QHS with an expanding edge: Anomaly method

Cancellation of the gravitational anomaly on the edge

L g 1 Y
- Gravitational anomaly eaq. T |
VR Vilegge 967 /—h
15— S —
I HIL =0.5
7 expanding
| edge
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[Yoshimoto, Nambu (2025)]

&=

@ 10f=====f====z -
g 05: (Region ll)
~ \ | Region I 5 Region |
Oy ; HL =0.1 ‘ E
0.0 AN
= /] E Eg
1-0.5 | L L
| 4—HL:7T/2 ,1 ® x=—5 BUIk _x;=+E
10 0 2 _‘ll_ 6 8 10 L : length of the expanding region
X
I11
+ 111 H? T2 H
AR 12 27

p 2
1 — (ax_|_ F[ml—lil])

[taken from
Yoshimoto, Nambu (2025)]

[Cappelli et al., (2002)]

Energy flux formula carried by a chiral edge mode appeared
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Motivation

The role of bulk in this gquantum Hall system is unclear
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Motivation

The role of bulk in this gquantum Hall system is unclear

[Callan and Harvey, 1985]
Existence the of bulk ensures conservation of energy and momentum

and cancells the gravitational anomly in the whole system

=

+ Chiral edge modes have a gravitational anomaly  [Alvarez-Gaumé, Witten (1984)]

Existence of bulk current due to the conservation of energy and momentum?

 Recent experiment and numerical simulation suggest a bulk-edge interaction

[France, et al., PRL (2025)]

Excitation in the edge region leading to excitation in the bulk
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Expanding edge and bulk in the QHS

- Metric (Gaussian normal coordinates)

[Kraus and Larsen (2006)]
ds® = guvdxtdz”

= a*(t,x,y)n;dx'dz? + dy”
- Scale factor
0 (t,2,y) = (Wt @) = 1) f(y) + 1
curved region flat region

f(y) : Spatial profile function
* smoothly connect edge region and bulk region

f0)=1 f,(?/)|y=0 =0
 On the edge

d82 — hdeEdeE‘] + dy2 — wZ(t, ZIZ‘)?]ZJdZL‘ZdCE‘J + dy2
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Gravitational Chern-Simons action

5hij

edge

| 1 g
- Effective model of QHS Wiot = Wedge + Wis O Wedge = 5 / d*xN/ —hT"
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Gravitational Chern-Simons action

5hij

edge

| 1 g
- Effective model of QHS Wiot = Wedge + Wis O Wedge = 5 / d*xN/ —hT"

- Bulk effective action

C_ i 2 )
Weg = /dee“”pTr r,or,+-r,Ir, . .
o Levi-Civita - : 1, Tr[(A)5(B)s] :AﬁBg

chiral central charge
= TRS broken




Gravitational Chern-Simons action

- Effective model of QHS Wiot = Wedge + Weos |, 6Wedge

- Bulk effective action

_ i 2
Weg = 96677 /dgxe“”pTr ['o,I', - SFMFVFP

chiral central charge

Levi-Civita -

= TRS broken

11/17

1
§/d2$\/ _hTec]]lge5hij

, Tr[(A)

The energy and momentum should conserve in the entire system

Qo
&

(B);] = A3 B,

=) 5§Wtot — 0 with 2" — 2" —¢&(2) and d¢hij = Vi& + V&
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Gravitational Chern-Simons action

- Effective model of QHS Wiot = Wedge + Weos | 6Wedge = /ClQﬂ?\/ PT.) o Ohis

- Bulk effective action

907

chiral central charge

_ i 2
Weg = - /d?’xe“”pTr ['o,I', - SFMFVFP

L evi-Civita L |, Tr[(A)3(B)]] = A B,

= TRS broken

The energy and momentum should conserve in the entire system
=) 5§Wtot — 0 with 2" — 2" —¢&(2) and d¢hij = Vi& + V&

C_ ' ™m 1
P OcWeage = —0cWos = / Pzhi*mo,0,Ti,

c lm

A Wit = 9,0
» edge 06T \/_h l

A naive coordinate transformation gives anomaly eq. which is not covariant form
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Gravitational anomaly

- General variation
5Wtot — 5Wedge + 5WCS [Jensen et al., 2013]

1 1 .
/d2x\/ ngeéhij | 9 /dSZE\/ —gT{fII]‘/lkéguy | 9 /dQZEV_hpzjéhZJ

boundary term of CS

1 - 1
_ _/dQQj\/ _thgvéhij | 5 /dggj\/—gTéLllylkéguy

2 y
R

] ] ] ]
T, =Ty + P wlp T =V, T2+ VPV = o0~ mv R
Bardeen-Zumino polynomial [K. Hotta et al., 2009]
P = s (030 4 0000) (VT 4 VT — T
Bulk energy-momentum tensor
y c_ 1 3 y
Tk =~ f5m 7= (PP Ry + €V Rl

The existence of bulk modifies the anomaly eq. as covariant form
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Bulk energy-momentum tensor

We consider behaviors of bulk energy-momentum tensor

ds® = g, dxtdx’= a®(t, z,y)n;jdx' dz? + dy?
1

2 L 2 L S
a (ta L, y) Bl (Cd (t7 aj) 1)f<y) +1 ,W(t, Qf) COS(Ht)
. C_ ]. 1 1%
Tk = 481 \/—¢ (EWMVVRP + VLR, )

The system is invariant under the combination of the reflection and sign flip
(t,z,y) = (¢, —x,y) C— =7 —C—

Ttk bulk bulk _rbulk  qbulk _pbulk

— Tblﬂk Tbulk Tblﬂk —> Tbulk —T bulk Tbulk

1

bulk
1 U

* non-trivial components: TbUIk (parallel to edge) Tbulk (shear stress)

13/17
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Results
- Gaussian function case f(0)=1
"(Y)|y=0 =0
_ ,—(y/yo0)" F (W)ly=o0
f(y) — € satisfied
n > 2
bulk 2 . . . . bulk 3
Toy ™/ (H™(n/yo)) T/ (H”)
0'015;' —|4 - -|3 """"""" y/y()
0.0105— n=27 -0015 =)
\ | n=4 ~0.02} n=4
0.005 I
§ n=38 ~0.03} n=3
4 3 2 T\ 1"";y/y0 / _0.045_
\ .0055-
' -0.05+F

Existing non-trivial bulk current being parallel and perpendicular to the edge?
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Results
- Fermi-Dirac function case ,(y) f(0) =1
faon=2 / -
f(y) _ 1 ~ﬁc\]0 / (y)|y:() = (
en(y/yo—l) + 1 n=100, satisfied
_ R —
| | | y/yo " >
Tor'™ /(H? (n/yo)) T/ (H?)
0.006 ' y/y()
0.004 | =)
0.002 n=4
\ i n=_24
IIIIIIIIIIIIIIIII —I‘II 7 :
W
| -0.004:—

Similar behaviors appear except for y = 0
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Results
0
Qt)=H* [ dyTy™
Q(1) —oc Q(1)

—0050% wwwwwwwww O xxxxxxxxxxxx 7 _0-050:‘ ‘O ““““ le ‘1 ‘ ‘_?‘1 é * w wzl_jtﬂ

d Tbulk L C— H2 ] / dyTg)lmk — C— [ e ( B COS[ 2])]
-0.055 - Yto1 = AST -0.055" J_ 4B [1+ e " cos?[Ht]]
~0.060 - i ~0.060 - :

—n=2 : /\ | —n=2<
—-0.065 - ’ = 4 - ; n =4
-0070- time independent n=_§ time dependent n=_§
~0.075¢ » conserved quantity for finite n
~0.080 e T 05 00 05 10

1.0 -0.5 0.0 0.5 1.0
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Results
Q — / dy bulk
Q(t) Q(1)

~0.050 S —— TR 'O'OSOﬁ/O dy oIk c_H? [1+ e ™(2 — cos[2H])]
0,055 / dyTOblmk = 4187'(' -0.055 J_ 48T 1+ e " cos?[H t]]2
0,060 ; ~0.060 :

—0.0652 ; n =4 e ; n=4
070 time independent n=8 time dependent n=38
0075 » conserved quantity R for finite n a

00800 % ~0.080 o ——— o5 00 o5 1o

-1.0 -0.5 0.0 0.5 1.0 ' ' Ht ' '

O dyToMs = c_H* o H?

/_OO Y 13- has the opposite sign compated to 7', = yrm

-> TbUllk IS energy flux density and cancels the gravitational anomaly
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Conclusion

We considered QHS with the expanding edge and the bulk

We derived covariant anomaly equation by considering bulk Chern-Simons action

Non-trivial energy flux in the bulk appeared due to cancellation of gravitational anomaly

Future works

- Deepen understanding T&um component

- Effects of gravitational anomaly from microscopic models

- Entanglement entropy






