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Thermodynamics in the Macro- and Micro-scales

Macro. scale — > Micro., Meso. scale

(large fluctuation)
Thermoaynamics Stochastic thermodynamics
First law
Second law

Third law



Typical physical objects in Micro., Meso. scales

7(t)4
Transport ]\ .
i " Ko 7

ATP

Molecular motor :
W lg JJ
, =
0% ADP +Pi 5 - :
o(t) = f— 0. V(x) +£(2) f :

Small heat engines

(B) #FE

3A1(t) (z = A2(1))?

2(t) = f — 0.,V (x) + £(¢)
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1. Thermodynamic uncertainty relation (TUR)

Brandner, KS, PRL (2025)



Background: fluctuation and nonequilibrium

e Fluctuation versus entropy production

J(t)A
,UJLA‘/_\
\\\ .»/\ I )
~--7 \\‘—"'/’LR {7 SRR TR IV AT e T VNt AN " """ J
€0 VarJ

Near equilibrium: fluctuation dissipation relation (universal)
[V&I‘J]eq — ZJ/A‘A—H) .A:B(,LLL—,LLR)

e Far-from equilibrium: many discoveries

Fluctuation relation P(-S) ~ e °P(S) Evans, Cohen, Morris PRL (1993)
U. Seifert, PRL (2005)

Thermodynamic uncertainty relation (TUR)  Barato, Seifert, PRL (2015)

Thermodynamic speed limit Shiraishi, KS, PRL (2016)
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Thermodynamic uncertainty relation (TUR)

 Near equilibrium: F

j2

uctuation dissipation relation (universal)

:VaI'J:qu: 20 Al sy T, T ik
o ik
VarJ| L t

0" — 2
A—0

o entropy productionrate o =JA  A=p8(ur — iur)

e Far-from-equilibrium:

Var.J|

Barato, Seifert, PRL (2015)
g > 9 Gingrich et al., PRL (2016)

j2

o Dechant, Sasa, JSMech (2018

* Trade-off relation btw precision and entropy

— Thermodynamic uncertainty relation (TUR)

 Remark: TUR is prov

en only for probabilistic process



Example of the probabilistic process for electric transport

e Coulomb-blockade regime : Probabilistic process

State: O (empty) or 1 (occupied)

’I“L(O — 1) TR(O — 1)

ML ( KR
(= pn+Ap) Q -—O- < (= )

TL(1—>0) TR(1—>0)
* T[rajectory

R

TL,R(O — 1) = VFLjR
T'L,R(l — 0) = V(l — FL,R)

Frp= 1/[ePlcore.r) 4 1]

J— % / 4 P(T)i(T)
Var] = / AT P(D)[A(T") — 1)’

« Exact expression \‘/
(VarJ/J*)o = (Fi — Fr)kpBAR/2 + 2kp(BAR/2) coth(BAw/2) N1l op,

> 2kp

> Au
9



Open questions

* Proof exists for over-damped Langevin systems,
and probabillistic processes

* Open problem

Beyond these systems, validity”?, classification?,...7

* One of strategy is to consider this with well-defined
controllable systems — Noninteracting coherent transport
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[ et us consider “coherent electron transport”

« Coherent transport Ty, g, :\/)

Quantum coherence is not lost in the bulk \/\

TR, uR

e [Landauer formula for noninteracting electrons
J = %/deT(e) [Fr(e) — Fr(e)]

/deT [Fr.(1 — Fp) + Fr(1 — FR)| +T(1 — T)(Fy, — Fg)*
Thermal noise Shot noise

1
h

[VarJ]

/dGT[FL(l —FR) —I—FR(l —FL)] —[T(FL —F’R)}2
Classical noise Quantum noise

1
h
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Violation of TUR

e Violation of TUR

pr = p+ Ap/2 |

207

L5

1.0

...."':'—IMR = [ — AM/2=

"""""""""""
P =

“~
\\.‘-
~.
-~
~~~~~
.
s,
e ——_.
............

0 2 4 6 8

10 12
Ap/(ksT)

Brandner, Hanazato, KS, PRL (2018)

—N=1
1.0 | e N2
|'I, ‘I'.l —N =3
AE=
05 / \\-
ookt LN
-0.5 0.0 0.5
(B — p)/ksT

Observation: Boxcar shape leads to strong violation
Single-dot cannot see the violation 12



Physics behind the violation

e Pauli exclusion principle

Ap/2

j s

BAp > 1 . Electrons want to go

Pauli principle: prohibits passing beyond

* Intuitive wave-function landscape: systematic motion

VarJ =0 [Varj]o'
> - = — 0
J # 0 J? A p—» 00

 Remark: Bosonic coherent transport always satisfies TUR
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Extension of the TUR in the coherent transport
Brandner, KS, PRL (2025)
e Possible to modify the TUR? — yes

e General setting: multi-terminal transport

1
J, = E/de Y Tpa(Fo — Fp)

B(#a) TB?MB
- 1
[VarJ], = St + Sb St =D 7 [ deTsa [Fa(l — Fo) + Fs(1— Fp)]
G-
So' = Z h /de Ts,aTy,a(Fp — F7)2
0 By
_ o 1
U—ZT—a Qa:_ﬁ/ Y TsalFo = Fp)(e = pa)
@ B(Fa)

* Modified TUR: time-reversal case: Tgo = Tas

[VarJ|,
Jo

0}
' h[ } >
i DY
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Check of the modified TUR

Wa;j]a Sinh{zk;@} =1 WHHHHHH((

e Valid in any regimes

Qqu c=

8.0
2.0F
T(e
6.0 sl / ol T o
VarJ]o / ~.‘|
0 e | - A
T — 0.5 | .
2.0 05 N / \
0.0 0.0~ , . | """"”_W"“‘“': ........... 1 0.0 ____6? 0_0 \0;
"0 2 4 6 8 10 1 0 2 4 6 8 10 12 -0 | |
Cr e Ap/(ksT) (E — u)/ksT
Ap/(ksT)
e Remarks

The linear response regime o¢/(ksJo) < 1 recovers the original TUR
No explicit Planck constant (as in the thermodynamics)
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Application to the thermoelectric heat engines

* Thermoelectricity as heat engine
Jq T T, > T. J, heat current
C

Ap >0

U J_’ w4+ Ap J, particle current
P

Incoming heat (per unittime): J, = Jg — pJ,

Power output (per unit time): J, = Apd,

Efficiency: 1 := Jw/Jy <nc:=1-T./Ty
 What is the relation between power and efficiency?

N < Jw ? Shiraishi, KS, Tasaki, PRL (2016)
Brandner, KS, PRL (2020)
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[VarJ],
Jo

J J, heat current
Th — TC !
I w4+ Ap J, particle current
— p

O'/kB — Bc(_Jq,c) + Bh(_Jq,h) — (kBTc)_ljw(nC/n — 1)

Use the new TUR

0}
: h[ } >
sin TN

e The new TUR leads to the new trade-off relation

o Vardy] Smh[(na/n — 1)Au]

Ju < AL 2kgT

1. Carnot efficiency means zero power
2. Finite power with Carnot efficiency needs infinite fluctuation

Quantum extension from classical statement Pietzonka, Seifert, PRL (2018)

17
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2. Inverse TUR

T. Vo, A. Dechant, KS, arXiv:2503.14204
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Background

T = p(f — 0:.V(x)) + v2Don(t)

b oo e
ADP +Pi ] = lim <5U(7->>ss/7- 0 = Bf]

T—00

D
* Generalcase(f>0): TUR —-02>1
J
o . D |
Finite time version : j—20 > 1 o oo,
* Three interpretations: eonan Soi JSHHoch (2018
(1): Precision-dissipation trade-off (D;/j%) x o >1
(2): Entropy bound — useful for inferring o> (j°/D-)
(3): Bound of current fluctuation D, > ij%/o

* |s there inverse version? ?>D. —yes

20



Main results: simplest case

Simplest case: diffusion

f
& = p(f — 0:V(x)) + /2Don(t) 0%

p, = EO 2O j= lim (@(n)u/r o= s

27_ T—>00

ITUR

1
Do < Do+ X(DOU —j2)

)\ : spectral gap for symmetrized Fokker-Planck operator Lym

Oy P(x,t) = LP(x,t) = —0,[F(z,t) — 8710, P(x, 1)
Oy P(x,t) = LPP(z,t) = —0,[871 (0, In Pyy(2)) — B0, P(z, )
Loym = (1/2)(L + LP)

* Physical statement
For large fluctuation, large entropy or small gap is necessary

21



Numerical demonstration in the giant diffusion

e The new ITUR bound

- 22
.,7_ —. DEOUR < Doo < DgUR — D() | DOO)\ J
o)

Numerical demonstration
3.0

100 | | i = u(f — 0,V (z)) + /2Don(t)
V(x) = sin(2mx)

e

22
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3. Extension of the third law

T. Vu and KS

24



The Third law

The third law consists of the two

(1) Heat theorem: S — Sy, (T — 0)
S A
(2) Unattainability theorem

So

>

0 T
“It is Impossible for any process, no matter how idealized,

to reduce the entropy of a system to its absolute-zero value
in a finite number of operations” wikipedia

Achieving zero temp. is crucial to obtain the pure state in

quantum computer Levy, Alicki, Kosloff, PRE (2012)

Massanes, Oppenheim, Nat.Comm(2017)
Wilming, Gallego, PRX (2017)
Tarnto et al., PRL (2025) 25



Thermal operations

(1) Cooling to the ground state

preparing for an initial state
T 10

o-&

...1010011...

X

...0000000...

(2) Bit erasure

(3) Copying process

000
4) Proof | .
(4) Proofreading @(@;@
@@ 20

——— The third law!

 Examples of important thermal operations

Third law

Levy, Alicki, Kosloff, PRE (2012)
Massanes, Oppenheim, Nat.Comm(2017)

Landauer principle

Proesmans, Ehrich, Bechhoefer PRL (2020)

Miller, Guarnieri, Mitchison, Goold, PRL (2020)

Rolandi, Perarnau-Llobet, Quantum (2023)
Vu, KS, PRL (2022)

Maxwell-demon
Sagawa, Ueda, PRL (2008)

Hopfield. PNAS (1974)

Rao, Peliti, JSMech (2015)
Chiuchiu, Mondal, Pigolotti, NJP (2023)
26



Common aspects in important thermal operations

Common aspects

1 ...1010011. T10
e @-@
...0000000.
é‘ bit erasure cooling
:.%
d O]
..... ry
0000 @@
copy proofreading
(0,0),(1,1)

"Some states are set to zero probabilities”

27



Separated states
* Separated states” P, =0, P; =1

e.g.

— Py = Z P(7) :> U

’ (lrﬁljndesired) red > d

=1, 210 TS
(desired)

e Thermal operation triesto P;=1,P, =0

* Three-way trade-off relations for making the separate states”
Time <«—— Error
\ 7 /
(Thermodynamic) Cost
28



Stochastic thermodynamics

* Classical probabilistic process

% Po(t) = > Wum(t)Pn(t) — Winn(t)Palt)
m(#n)

e Crucial quantities
1. Entropy production rate: irreversibility

1 Wi m P
o= > (WP = WinnPo) In [Wm,nPn]

m,n

>0

2. Activity: number of transitions
At = Z Wm,npn + Wn,mpm > 0

m=#£n

* Quantum dynamics: the GKSL equation, System+Bath

29



Main results: Three-way trade-off relation

e Time-cost-error trade-off relation

T-C-€,>2n; Relative error ratio

' €0 — €+
Time Cost Error Ny = 06 =1 —¢ /e
0

e Error: evaluated though the prob. of undesired states
€ := —1/1n P, (1) e; € |0, 0]

Pu(t) =0+ Py(t)=1—
e Cost: thermodynamic cost
1 /7 g(xz) =1—2(x)
C = _/o dt wa, g(or/ar) d : inverse of “ 1 1nz

T x+1

30



Copying case: the details of the no-go theorem

pit memory
copy

« Copying with CPTP map r, — |Y

q(z)p(y) — T lq(z)p(y)] = P(z,y) ;PW) =q(y) Vq(z)

No_go theorem Daffertshofer, Plastino, Plastino, PRL (2002)

D [q(x)p(y)|d ()p(y)] = D [q(x), ¢ ()]
VI

D [T[q(x)p(W)] | Tld' (x)p(W)]] > D q(y)|¢' (y)]

 More details with the time-cost-error trade-off

bit memory

| 22, |y (x,y) = (0,0), (1,1), (0, 1), (1,0)

r=20,1 y=20,1 — T
desired undesired

T.C.GTZHT
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Summary of the talk Tharnte you for your-attention !

Macro. scale :{> Micro., Meso. scale
 (large fluctuation)

f

Fluctuation theorem

First law
o " g Thermo. speed limit
econd law = ardlo [ o
| 1. TUR s ] 2
Third law 2. InverseTUR

1
Dy < Dy + X(DOU —jz)

{3. Extension of third law

Ongoing! <_—

T'C.GTZT}T



5
Giant diffusion: Application of inverse TUR OQ%

e The giant diffusion: Enhanced diffusion in the periodic boundary

Reimann, et al., PRL (2001)

= p(f —0:V(x)) ++2Don(t) V(z+L)=V(x)

%0 Do = pkpT = 0.01
0 _;0 \/\,\/ f < f c
o P i f - fC
0 ‘0‘6 0.8 - 1,2 1,4 ot f = fc
f c f

 Competing between f and potential V enhances the diffusion

33



Giant diffusion: experiments

* Many experiments of the giant diffusion

DNA polymer in periodic array  Kim, et.al., PRL (2017)

A dielectric silica dumbbell Bellando, et.al., PRL (2022)
F-1 motor Hayashi, et.al., PRL (2015)

F-1 motor experiment

(a) .
¢ Experiment — 215
% Theory — N—g 12
sk 210 "
-\\I A>< 10
&~ @ 9
\/\/\/\ @ Z 5
— < R "
0° 120° 240° N, o
rotary potential gj 3 A & .
Q s
v ' 2 )
2
1~ 1
0
— fime 005 1 15 2 BRI ()
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More details of the thermodynamic cost —
1 [ U (undesired)
C := ;/ dt wg ., g(o¢/ay) :
0 — .
« Quantities d (desired)
Wd,u : Escape rate from u 8th,(t) — Wd,u (t) — Wy de( )
O¢ :Total entropy production rate Ot Py (t) = wy,qPa(t) — wy. Pu(t)

Q¢ Activity btw 4 and d : Number of jumps btw U and d
Ut/&t . Entropy production per one jump at time t

e Function g(z) : monotonically increasing g(z) ~2vz =z <1

o) i=1-0 V@)

r—1
— ] |
ba) = T lne

0.8}

0.4}

0.2

<1 - —(3/5) max(va.a)




Numerical demonstrations

e Cooling o
Orp1(t) = —w2,1(1)p1(t) + w1 2(t)p2(?) <
AFE;
Orp2(t) = —w1,2()p2(t) + w1 (L)1 ()
_O_
* Check of the trade-off relation
Ce, >n,=1—¢€/¢g «— C(C €0Cr 21
€0 — €+ T

GBAEt

w172(t) — Wtot
1 +ef2P Randomly generated AE,
1

w2,1(t) — Wtot 1 n eﬁAEt

36



Numerical demonstrations
ePAE:
wl,Q(t) — Wtot, 1 n QBAEt

N - 1
w2,1( ) — wtotl _|_€BAE1;

Randomly generated AFE;

€€+

1

2_
€0 — € T
|

Check of C
10 .

1




The cooling case: Effective temperature

 Coolingto T'=0

+ Effective temperature 7, (E), =Y e %/ E;/Z(T))

|

Ay

|

n

u

A g

7

\_

T >
~7C+ e+ In[(n—1)Ap/A,

€ 1=

1
In P, (7)

(2) Essential bound of the temperature

Ag

m) Sufficiently low temperatures, low-lying two-levels are dominant

~ T

A

~




(GGeneralization Vo, Dechant, KS, arXiv:2503.14204

« General current and finite time & = u(f — 9,V (z)) + V2Bn(t)

X(r) = /OTds@(:v(s)) 0 i (s)
D, = (X2 — (X2 j2r  35= lim (X ()7

T—00

N

N Umax —
D < Do + g(A) =227 —

2 L1 —cos(zx) > 1 —cos(zx) )
—_- — d d 04
o= (] mata [ e :

Dax = max BO?(z)

e Remark
(1) D.- < Dy in equilibrium
(2) In arbitrary-dimensional situations, a similar inequality holds
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Markov jJump process version

Op(k,t) = Zwmkpkt+2wkmpmt
m(#£k) m(#£k)
ko /2 — 52
DT < DO | / /
A
Do=) mmwmurde /2  :instantanuous fluctuation
k,m
K=max » Wy - Maximum escape rate
k‘ Y
m(#k)
. . 1 D
A : spectral gap for symmetrized matrix Wsym = §(w + w"™)

PYij=m"

(w j

Wy, T
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