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Typical physical objects in Micro., Meso. scales

t

j(t)

j̄

Var jVarJ

量子ドット

Transport

<latexit sha1_base64="FI9bEM7aoMto1LAT/ek8X73CiIw="></latexit>

@tp(i, t) = �
X
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X
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wi,jp(j, t)

ATP

ADP +P i

Molecular motor

<latexit sha1_base64="6lZylkGEekk89OznpJGrLal9pRc="></latexit>

ẋ(t) = f � @xV (x) + ⇠(t)

<latexit sha1_base64="482bcw3puUpKOwy3FrofiQL+a4Q="></latexit>

f

Small heat engines

<latexit sha1_base64="6lZylkGEekk89OznpJGrLal9pRc="></latexit>

ẋ(t) = f � @xV (x) + ⇠(t)
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Content of the talk
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1. Thermodynamic uncertainty relation (TUR)
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Brandner, KS, PRL (2025)



Background: fluctuation and nonequilibrium

• Fluctuation versus entropy production
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Near equilibrium: fluctuation dissipation relation (universal)
<latexit sha1_base64="NLLNrnon7AdDg93cDtMfn6ZwyqU="></latexit>

A = �(µL � µR)
<latexit sha1_base64="FJCZZyylVM0epl6xWLBLH42Sbg0="></latexit>

[VarJ ]eq = 2J̄/A
��
A!0

Thermodynamic uncertainty relation (TUR) Barato, Seifert, PRL (2015)

Thermodynamic speed limit Shiraishi, KS, PRL (2016)

• Far-from equilibrium: many discoveries
Fluctuation relation Evans, Cohen, Morris PRL (1993) 

U. Seifert, PRL (2005)

<latexit sha1_base64="wJwQEYPuBeKtCRp23zm/Xzw9Y28="></latexit>

P (→S) ↑ e→SP (S)



Thermodynamic uncertainty relation (TUR)
• Near equilibrium: Fluctuation dissipation relation (universal)
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• Far-from-equilibrium:
Barato, Seifert, PRL (2015)

             Gingrich et al., PRL (2016)
Dechant, Sasa, JSMech (2018)

<latexit sha1_base64="vDT70kgAGwZbeCynPRePoEubKTY="></latexit>

[VarJ ]

J̄2
ω → 2

• Remark: TUR is proven only for probabilistic process

: entropy production rate

<latexit sha1_base64="ZvG5FF+lER3FWvhwoiLz/xN6l9A="></latexit>

[VarJ ]

J̄2
ω
∣∣∣
A→0

= 2

<latexit sha1_base64="kidm/TwR1qCeY1m4unFecFbt+ro="></latexit>�
<latexit sha1_base64="/wPBYYEdJXrxDTAdY5GNOpTMpuc="></latexit>

ω = J̄A
<latexit sha1_base64="BzKWRdmjl7t8mc1NHmUWkW8PwXk="></latexit>

A = ω(µL → µR)

<latexit sha1_base64="S7NqGxfmzq+R2PcmVl0/4KATvLY="></latexit>

[VarJ ]eq = 2J̄/A
∣∣
A→0

• Trade-off relation btw precision and entropy
→ Thermodynamic uncertainty relation (TUR)



Example of the probabilistic process for electric transport
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µR

(= µ)
µL

(= µ + ∆µ) ε0

rL(1 ! 0)
<latexit sha1_base64="eGnHDnm0JP8BWVrmVKMrkGzqRes=">AAACAnicbVDLSsNAFJ34rPUVdaebwSLUTUlEUHdFNy5cVDC20IQymd60QycPZiZCCQE3/oobFypu/Qp3/o3TNAttPTBwOOc+5h4/4Uwqy/o2FhaXlldWK2vV9Y3NrW1zZ/dexqmg4NCYx6LjEwmcReAopjh0EgEk9Dm0/dHVxG8/gJAsju7UOAEvJIOIBYwSpaWeuZ+5xZDM5ynkWPRu6rarYmwd5z2zZjWsAnie2CWpoRKtnvnl9mOahhApyomUXdtKlJcRoRjlkFfdVEJC6IgMoKtpREKQXlasz/GRVvo4iIV+kcKF+rsjI6GU49DXlSFRQznrTcT/vG6qgnMvY1GSKojodFGQcqyPnASC+0wAVXysCaGC6b9iOiSCUKVjq+oQ7NmT54lz0rho2LenteZlmUYFHaBDVEc2OkNNdI1ayEEUPaJn9IrejCfjxXg3PqalC0bZs4f+wPj8AWN4luQ=</latexit><latexit sha1_base64="eGnHDnm0JP8BWVrmVKMrkGzqRes=">AAACAnicbVDLSsNAFJ34rPUVdaebwSLUTUlEUHdFNy5cVDC20IQymd60QycPZiZCCQE3/oobFypu/Qp3/o3TNAttPTBwOOc+5h4/4Uwqy/o2FhaXlldWK2vV9Y3NrW1zZ/dexqmg4NCYx6LjEwmcReAopjh0EgEk9Dm0/dHVxG8/gJAsju7UOAEvJIOIBYwSpaWeuZ+5xZDM5ynkWPRu6rarYmwd5z2zZjWsAnie2CWpoRKtnvnl9mOahhApyomUXdtKlJcRoRjlkFfdVEJC6IgMoKtpREKQXlasz/GRVvo4iIV+kcKF+rsjI6GU49DXlSFRQznrTcT/vG6qgnMvY1GSKojodFGQcqyPnASC+0wAVXysCaGC6b9iOiSCUKVjq+oQ7NmT54lz0rho2LenteZlmUYFHaBDVEc2OkNNdI1ayEEUPaJn9IrejCfjxXg3PqalC0bZs4f+wPj8AWN4luQ=</latexit><latexit sha1_base64="eGnHDnm0JP8BWVrmVKMrkGzqRes=">AAACAnicbVDLSsNAFJ34rPUVdaebwSLUTUlEUHdFNy5cVDC20IQymd60QycPZiZCCQE3/oobFypu/Qp3/o3TNAttPTBwOOc+5h4/4Uwqy/o2FhaXlldWK2vV9Y3NrW1zZ/dexqmg4NCYx6LjEwmcReAopjh0EgEk9Dm0/dHVxG8/gJAsju7UOAEvJIOIBYwSpaWeuZ+5xZDM5ynkWPRu6rarYmwd5z2zZjWsAnie2CWpoRKtnvnl9mOahhApyomUXdtKlJcRoRjlkFfdVEJC6IgMoKtpREKQXlasz/GRVvo4iIV+kcKF+rsjI6GU49DXlSFRQznrTcT/vG6qgnMvY1GSKojodFGQcqyPnASC+0wAVXysCaGC6b9iOiSCUKVjq+oQ7NmT54lz0rho2LenteZlmUYFHaBDVEc2OkNNdI1ayEEUPaJn9IrejCfjxXg3PqalC0bZs4f+wPj8AWN4luQ=</latexit><latexit sha1_base64="eGnHDnm0JP8BWVrmVKMrkGzqRes=">AAACAnicbVDLSsNAFJ34rPUVdaebwSLUTUlEUHdFNy5cVDC20IQymd60QycPZiZCCQE3/oobFypu/Qp3/o3TNAttPTBwOOc+5h4/4Uwqy/o2FhaXlldWK2vV9Y3NrW1zZ/dexqmg4NCYx6LjEwmcReAopjh0EgEk9Dm0/dHVxG8/gJAsju7UOAEvJIOIBYwSpaWeuZ+5xZDM5ynkWPRu6rarYmwd5z2zZjWsAnie2CWpoRKtnvnl9mOahhApyomUXdtKlJcRoRjlkFfdVEJC6IgMoKtpREKQXlasz/GRVvo4iIV+kcKF+rsjI6GU49DXlSFRQznrTcT/vG6qgnMvY1GSKojodFGQcqyPnASC+0wAVXysCaGC6b9iOiSCUKVjq+oQ7NmT54lz0rho2LenteZlmUYFHaBDVEc2OkNNdI1ayEEUPaJn9IrejCfjxXg3PqalC0bZs4f+wPj8AWN4luQ=</latexit>

rR(1 ! 0)
<latexit sha1_base64="RGskGb3iultvSQP6uuD5eQ3JUDw=">AAACAnicbVDLSsNAFL3xWesr6k43g0Wom5KIoO6KblxWMbbQhDCZTtqhkwczE6GEgBt/xY0LFbd+hTv/xmnahbYeGDiccx9zT5ByJpVlfRsLi0vLK6uVter6xubWtrmzey+TTBDqkIQnohNgSTmLqaOY4rSTCoqjgNN2MLwa++0HKiRL4js1SqkX4X7MQkaw0pJv7uduOSQPeEYLJPzbuu2qBFnHhW/WrIZVAs0Te0pqMEXLN7/cXkKyiMaKcCxl17ZS5eVYKEY4LapuJmmKyRD3aVfTGEdUenm5vkBHWumhMBH6xQqV6u+OHEdSjqJAV0ZYDeSsNxb/87qZCs+9nMVppmhMJovCjCN95DgQ1GOCEsVHmmAimP4rIgMsMFE6tqoOwZ49eZ44J42Lhn1zWmteTtOowAEcQh1sOIMmXEMLHCDwCM/wCm/Gk/FivBsfk9IFY9qzB39gfP4AbMCW6g==</latexit><latexit sha1_base64="RGskGb3iultvSQP6uuD5eQ3JUDw=">AAACAnicbVDLSsNAFL3xWesr6k43g0Wom5KIoO6KblxWMbbQhDCZTtqhkwczE6GEgBt/xY0LFbd+hTv/xmnahbYeGDiccx9zT5ByJpVlfRsLi0vLK6uVter6xubWtrmzey+TTBDqkIQnohNgSTmLqaOY4rSTCoqjgNN2MLwa++0HKiRL4js1SqkX4X7MQkaw0pJv7uduOSQPeEYLJPzbuu2qBFnHhW/WrIZVAs0Te0pqMEXLN7/cXkKyiMaKcCxl17ZS5eVYKEY4LapuJmmKyRD3aVfTGEdUenm5vkBHWumhMBH6xQqV6u+OHEdSjqJAV0ZYDeSsNxb/87qZCs+9nMVppmhMJovCjCN95DgQ1GOCEsVHmmAimP4rIgMsMFE6tqoOwZ49eZ44J42Lhn1zWmteTtOowAEcQh1sOIMmXEMLHCDwCM/wCm/Gk/FivBsfk9IFY9qzB39gfP4AbMCW6g==</latexit><latexit sha1_base64="RGskGb3iultvSQP6uuD5eQ3JUDw=">AAACAnicbVDLSsNAFL3xWesr6k43g0Wom5KIoO6KblxWMbbQhDCZTtqhkwczE6GEgBt/xY0LFbd+hTv/xmnahbYeGDiccx9zT5ByJpVlfRsLi0vLK6uVter6xubWtrmzey+TTBDqkIQnohNgSTmLqaOY4rSTCoqjgNN2MLwa++0HKiRL4js1SqkX4X7MQkaw0pJv7uduOSQPeEYLJPzbuu2qBFnHhW/WrIZVAs0Te0pqMEXLN7/cXkKyiMaKcCxl17ZS5eVYKEY4LapuJmmKyRD3aVfTGEdUenm5vkBHWumhMBH6xQqV6u+OHEdSjqJAV0ZYDeSsNxb/87qZCs+9nMVppmhMJovCjCN95DgQ1GOCEsVHmmAimP4rIgMsMFE6tqoOwZ49eZ44J42Lhn1zWmteTtOowAEcQh1sOIMmXEMLHCDwCM/wCm/Gk/FivBsfk9IFY9qzB39gfP4AbMCW6g==</latexit><latexit sha1_base64="RGskGb3iultvSQP6uuD5eQ3JUDw=">AAACAnicbVDLSsNAFL3xWesr6k43g0Wom5KIoO6KblxWMbbQhDCZTtqhkwczE6GEgBt/xY0LFbd+hTv/xmnahbYeGDiccx9zT5ByJpVlfRsLi0vLK6uVter6xubWtrmzey+TTBDqkIQnohNgSTmLqaOY4rSTCoqjgNN2MLwa++0HKiRL4js1SqkX4X7MQkaw0pJv7uduOSQPeEYLJPzbuu2qBFnHhW/WrIZVAs0Te0pqMEXLN7/cXkKyiMaKcCxl17ZS5eVYKEY4LapuJmmKyRD3aVfTGEdUenm5vkBHWumhMBH6xQqV6u+OHEdSjqJAV0ZYDeSsNxb/87qZCs+9nMVppmhMJovCjCN95DgQ1GOCEsVHmmAimP4rIgMsMFE6tqoOwZ49eZ44J42Lhn1zWmteTtOowAEcQh1sOIMmXEMLHCDwCM/wCm/Gk/FivBsfk9IFY9qzB39gfP4AbMCW6g==</latexit>

rL(0 ! 1)
<latexit sha1_base64="WxSTJOH7QWrdxOWVjmmbCOMZbBs=">AAACAXicbVBNS8MwGE79nPOr6km8BIcwL6MVQb0NvXjwMMG6wVpKmqZbWJqWJBVGKV78K148qHj1X3jz35h1PejmA4GH53k/8j5ByqhUlvVtLCwuLa+s1tbq6xubW9vmzu69TDKBiYMTlohegCRhlBNHUcVILxUExQEj3WB0NfG7D0RImvA7NU6JF6MBpxHFSGnJN/dztxySCxIWUPg3TctVCbSPC99sWC2rBJwndkUaoELHN7/cMMFZTLjCDEnZt61UeTkSimJGirqbSZIiPEID0teUo5hILy+3F/BIKyGMEqEfV7BUf3fkKJZyHAe6MkZqKGe9ifif189UdO7llKeZIhxPF0UZg/rISR4wpIJgxcaaICyo/ivEQyQQVjq1ug7Bnj15njgnrYuWfXvaaF9WadTAATgETWCDM9AG16ADHIDBI3gGr+DNeDJejHfjY1q6YFQ9e+APjM8fjtqWbQ==</latexit><latexit sha1_base64="WxSTJOH7QWrdxOWVjmmbCOMZbBs=">AAACAXicbVBNS8MwGE79nPOr6km8BIcwL6MVQb0NvXjwMMG6wVpKmqZbWJqWJBVGKV78K148qHj1X3jz35h1PejmA4GH53k/8j5ByqhUlvVtLCwuLa+s1tbq6xubW9vmzu69TDKBiYMTlohegCRhlBNHUcVILxUExQEj3WB0NfG7D0RImvA7NU6JF6MBpxHFSGnJN/dztxySCxIWUPg3TctVCbSPC99sWC2rBJwndkUaoELHN7/cMMFZTLjCDEnZt61UeTkSimJGirqbSZIiPEID0teUo5hILy+3F/BIKyGMEqEfV7BUf3fkKJZyHAe6MkZqKGe9ifif189UdO7llKeZIhxPF0UZg/rISR4wpIJgxcaaICyo/ivEQyQQVjq1ug7Bnj15njgnrYuWfXvaaF9WadTAATgETWCDM9AG16ADHIDBI3gGr+DNeDJejHfjY1q6YFQ9e+APjM8fjtqWbQ==</latexit><latexit sha1_base64="WxSTJOH7QWrdxOWVjmmbCOMZbBs=">AAACAXicbVBNS8MwGE79nPOr6km8BIcwL6MVQb0NvXjwMMG6wVpKmqZbWJqWJBVGKV78K148qHj1X3jz35h1PejmA4GH53k/8j5ByqhUlvVtLCwuLa+s1tbq6xubW9vmzu69TDKBiYMTlohegCRhlBNHUcVILxUExQEj3WB0NfG7D0RImvA7NU6JF6MBpxHFSGnJN/dztxySCxIWUPg3TctVCbSPC99sWC2rBJwndkUaoELHN7/cMMFZTLjCDEnZt61UeTkSimJGirqbSZIiPEID0teUo5hILy+3F/BIKyGMEqEfV7BUf3fkKJZyHAe6MkZqKGe9ifif189UdO7llKeZIhxPF0UZg/rISR4wpIJgxcaaICyo/ivEQyQQVjq1ug7Bnj15njgnrYuWfXvaaF9WadTAATgETWCDM9AG16ADHIDBI3gGr+DNeDJejHfjY1q6YFQ9e+APjM8fjtqWbQ==</latexit><latexit sha1_base64="WxSTJOH7QWrdxOWVjmmbCOMZbBs=">AAACAXicbVBNS8MwGE79nPOr6km8BIcwL6MVQb0NvXjwMMG6wVpKmqZbWJqWJBVGKV78K148qHj1X3jz35h1PejmA4GH53k/8j5ByqhUlvVtLCwuLa+s1tbq6xubW9vmzu69TDKBiYMTlohegCRhlBNHUcVILxUExQEj3WB0NfG7D0RImvA7NU6JF6MBpxHFSGnJN/dztxySCxIWUPg3TctVCbSPC99sWC2rBJwndkUaoELHN7/cMMFZTLjCDEnZt61UeTkSimJGirqbSZIiPEID0teUo5hILy+3F/BIKyGMEqEfV7BUf3fkKJZyHAe6MkZqKGe9ifif189UdO7llKeZIhxPF0UZg/rISR4wpIJgxcaaICyo/ivEQyQQVjq1ug7Bnj15njgnrYuWfXvaaF9WadTAATgETWCDM9AG16ADHIDBI3gGr+DNeDJejHfjY1q6YFQ9e+APjM8fjtqWbQ==</latexit>

rR(0 ! 1)
<latexit sha1_base64="Vo8WNG2Uf6XNVVVz7r5VZFmN+Dk=">AAACAXicbVBNS8MwGE79nPOr6km8BIcwL6MVQb0NvXicYt1gLSVN0y0sTUuSCqMUL/4VLx5UvPovvPlvzLoedPOBwMPzvB95nyBlVCrL+jYWFpeWV1Zra/X1jc2tbXNn914mmcDEwQlLRC9AkjDKiaOoYqSXCoLigJFuMLqa+N0HIiRN+J0ap8SL0YDTiGKktOSb+7lbDskFCQso/Num5aoE2seFbzasllUCzhO7Ig1QoeObX26Y4CwmXGGGpOzbVqq8HAlFMSNF3c0kSREeoQHpa8pRTKSXl9sLeKSVEEaJ0I8rWKq/O3IUSzmOA10ZIzWUs95E/M/rZyo693LK00wRjqeLooxBfeQkDxhSQbBiY00QFlT/FeIhEggrnVpdh2DPnjxPnJPWRcu+OW20L6s0auAAHIImsMEZaINr0AEOwOARPINX8GY8GS/Gu/ExLV0wqp498AfG5w+YIpZz</latexit><latexit sha1_base64="Vo8WNG2Uf6XNVVVz7r5VZFmN+Dk=">AAACAXicbVBNS8MwGE79nPOr6km8BIcwL6MVQb0NvXicYt1gLSVN0y0sTUuSCqMUL/4VLx5UvPovvPlvzLoedPOBwMPzvB95nyBlVCrL+jYWFpeWV1Zra/X1jc2tbXNn914mmcDEwQlLRC9AkjDKiaOoYqSXCoLigJFuMLqa+N0HIiRN+J0ap8SL0YDTiGKktOSb+7lbDskFCQso/Num5aoE2seFbzasllUCzhO7Ig1QoeObX26Y4CwmXGGGpOzbVqq8HAlFMSNF3c0kSREeoQHpa8pRTKSXl9sLeKSVEEaJ0I8rWKq/O3IUSzmOA10ZIzWUs95E/M/rZyo693LK00wRjqeLooxBfeQkDxhSQbBiY00QFlT/FeIhEggrnVpdh2DPnjxPnJPWRcu+OW20L6s0auAAHIImsMEZaINr0AEOwOARPINX8GY8GS/Gu/ExLV0wqp498AfG5w+YIpZz</latexit><latexit sha1_base64="Vo8WNG2Uf6XNVVVz7r5VZFmN+Dk=">AAACAXicbVBNS8MwGE79nPOr6km8BIcwL6MVQb0NvXicYt1gLSVN0y0sTUuSCqMUL/4VLx5UvPovvPlvzLoedPOBwMPzvB95nyBlVCrL+jYWFpeWV1Zra/X1jc2tbXNn914mmcDEwQlLRC9AkjDKiaOoYqSXCoLigJFuMLqa+N0HIiRN+J0ap8SL0YDTiGKktOSb+7lbDskFCQso/Num5aoE2seFbzasllUCzhO7Ig1QoeObX26Y4CwmXGGGpOzbVqq8HAlFMSNF3c0kSREeoQHpa8pRTKSXl9sLeKSVEEaJ0I8rWKq/O3IUSzmOA10ZIzWUs95E/M/rZyo693LK00wRjqeLooxBfeQkDxhSQbBiY00QFlT/FeIhEggrnVpdh2DPnjxPnJPWRcu+OW20L6s0auAAHIImsMEZaINr0AEOwOARPINX8GY8GS/Gu/ExLV0wqp498AfG5w+YIpZz</latexit><latexit sha1_base64="Vo8WNG2Uf6XNVVVz7r5VZFmN+Dk=">AAACAXicbVBNS8MwGE79nPOr6km8BIcwL6MVQb0NvXicYt1gLSVN0y0sTUuSCqMUL/4VLx5UvPovvPlvzLoedPOBwMPzvB95nyBlVCrL+jYWFpeWV1Zra/X1jc2tbXNn914mmcDEwQlLRC9AkjDKiaOoYqSXCoLigJFuMLqa+N0HIiRN+J0ap8SL0YDTiGKktOSb+7lbDskFCQso/Num5aoE2seFbzasllUCzhO7Ig1QoeObX26Y4CwmXGGGpOzbVqq8HAlFMSNF3c0kSREeoQHpa8pRTKSXl9sLeKSVEEaJ0I8rWKq/O3IUSzmOA10ZIzWUs95E/M/rZyo693LK00wRjqeLooxBfeQkDxhSQbBiY00QFlT/FeIhEggrnVpdh2DPnjxPnJPWRcu+OW20L6s0auAAHIImsMEZaINr0AEOwOARPINX8GY8GS/Gu/ExLV0wqp498AfG5w+YIpZz</latexit>

rL,R(1 ! 0) = ⌫(1� FL,R)
<latexit sha1_base64="Buk6kX/OYYXCCJERsHPjpvAqa6s=">AAACGHicbVBNS8MwGE7n15xfVY9egkPYQEcrgnoQhoJ48DDFucFaSpplW1ialiQVRunf8OJf8eJBxetu/huzrgfdfCDw5HneN3nfx48Ylcqyvo3CwuLS8kpxtbS2vrG5ZW7vPMowFpg0cchC0faRJIxy0lRUMdKOBEGBz0jLH15N/NYTEZKG/EGNIuIGqM9pj2KktOSZVuJkjyQ+i0kqvOT28D6FFdtRIbSqF9Dhsb4dXU+NKkw9s2zVrAxwntg5KYMcDc8cO90QxwHhCjMkZce2IuUmSCiKGUlLTixJhPAQ9UlHU44CIt0kGyqFB1rpwl4o9OEKZurvjgQFUo4CX1cGSA3krDcR//M6seqduQnlUawIx9OPejGDeu1JTLBLBcGKjTRBWFA9K8QDJBBWOsySDsGeXXmeNI9r5zX77qRcv8zTKII9sA8qwAanoA5uQAM0AQbP4BW8gw/jxXgzPo2vaWnByHt2wR8Y4x9dip4o</latexit><latexit sha1_base64="Buk6kX/OYYXCCJERsHPjpvAqa6s=">AAACGHicbVBNS8MwGE7n15xfVY9egkPYQEcrgnoQhoJ48DDFucFaSpplW1ialiQVRunf8OJf8eJBxetu/huzrgfdfCDw5HneN3nfx48Ylcqyvo3CwuLS8kpxtbS2vrG5ZW7vPMowFpg0cchC0faRJIxy0lRUMdKOBEGBz0jLH15N/NYTEZKG/EGNIuIGqM9pj2KktOSZVuJkjyQ+i0kqvOT28D6FFdtRIbSqF9Dhsb4dXU+NKkw9s2zVrAxwntg5KYMcDc8cO90QxwHhCjMkZce2IuUmSCiKGUlLTixJhPAQ9UlHU44CIt0kGyqFB1rpwl4o9OEKZurvjgQFUo4CX1cGSA3krDcR//M6seqduQnlUawIx9OPejGDeu1JTLBLBcGKjTRBWFA9K8QDJBBWOsySDsGeXXmeNI9r5zX77qRcv8zTKII9sA8qwAanoA5uQAM0AQbP4BW8gw/jxXgzPo2vaWnByHt2wR8Y4x9dip4o</latexit><latexit sha1_base64="Buk6kX/OYYXCCJERsHPjpvAqa6s=">AAACGHicbVBNS8MwGE7n15xfVY9egkPYQEcrgnoQhoJ48DDFucFaSpplW1ialiQVRunf8OJf8eJBxetu/huzrgfdfCDw5HneN3nfx48Ylcqyvo3CwuLS8kpxtbS2vrG5ZW7vPMowFpg0cchC0faRJIxy0lRUMdKOBEGBz0jLH15N/NYTEZKG/EGNIuIGqM9pj2KktOSZVuJkjyQ+i0kqvOT28D6FFdtRIbSqF9Dhsb4dXU+NKkw9s2zVrAxwntg5KYMcDc8cO90QxwHhCjMkZce2IuUmSCiKGUlLTixJhPAQ9UlHU44CIt0kGyqFB1rpwl4o9OEKZurvjgQFUo4CX1cGSA3krDcR//M6seqduQnlUawIx9OPejGDeu1JTLBLBcGKjTRBWFA9K8QDJBBWOsySDsGeXXmeNI9r5zX77qRcv8zTKII9sA8qwAanoA5uQAM0AQbP4BW8gw/jxXgzPo2vaWnByHt2wR8Y4x9dip4o</latexit><latexit sha1_base64="Buk6kX/OYYXCCJERsHPjpvAqa6s=">AAACGHicbVBNS8MwGE7n15xfVY9egkPYQEcrgnoQhoJ48DDFucFaSpplW1ialiQVRunf8OJf8eJBxetu/huzrgfdfCDw5HneN3nfx48Ylcqyvo3CwuLS8kpxtbS2vrG5ZW7vPMowFpg0cchC0faRJIxy0lRUMdKOBEGBz0jLH15N/NYTEZKG/EGNIuIGqM9pj2KktOSZVuJkjyQ+i0kqvOT28D6FFdtRIbSqF9Dhsb4dXU+NKkw9s2zVrAxwntg5KYMcDc8cO90QxwHhCjMkZce2IuUmSCiKGUlLTixJhPAQ9UlHU44CIt0kGyqFB1rpwl4o9OEKZurvjgQFUo4CX1cGSA3krDcR//M6seqduQnlUawIx9OPejGDeu1JTLBLBcGKjTRBWFA9K8QDJBBWOsySDsGeXXmeNI9r5zX77qRcv8zTKII9sA8qwAanoA5uQAM0AQbP4BW8gw/jxXgzPo2vaWnByHt2wR8Y4x9dip4o</latexit>

FL,R = 1/[e�(✏0�µL,R) + 1]
<latexit sha1_base64="2J/lEzcMD7pvQxrlev0Er6Et9A4=">AAACGnicbVDLSgMxFM3UV62vqks3wSJU1DpTBHUhFAVx4aKKtYXOWDLpbRuaeZBkhDLMf7jxV9y4UHEnbvwb03YWaj0QOJxzLjf3uCFnUpnml5GZmp6ZncvO5xYWl5ZX8qtrtzKIBIUaDXggGi6RwJkPNcUUh0YogHguh7rbPxv69XsQkgX+jRqE4Hik67MOo0RpqZUvn7fiy93r5MTab8JdbLugCC7aEErGtW/iPWx70TizjRO8YzmtfMEsmSPgSWKlpIBSVFv5D7sd0MgDX1FOpGxaZqicmAjFKIckZ0cSQkL7pAtNTX3igXTi0W0J3tJKG3cCoZ+v8Ej9ORETT8qB5+qkR1RP/vWG4n9eM1KdIydmfhgp8Ol4USfiWAV4WBRuMwFU8YEmhAqm/4ppjwhCla4zp0uw/p48SWrl0nHJujooVE7TNrJoA22iIrLQIaqgC1RFNUTRA3pCL+jVeDSejTfjfRzNGOnMOvoF4/MbQ5yeoA==</latexit><latexit sha1_base64="2J/lEzcMD7pvQxrlev0Er6Et9A4=">AAACGnicbVDLSgMxFM3UV62vqks3wSJU1DpTBHUhFAVx4aKKtYXOWDLpbRuaeZBkhDLMf7jxV9y4UHEnbvwb03YWaj0QOJxzLjf3uCFnUpnml5GZmp6ZncvO5xYWl5ZX8qtrtzKIBIUaDXggGi6RwJkPNcUUh0YogHguh7rbPxv69XsQkgX+jRqE4Hik67MOo0RpqZUvn7fiy93r5MTab8JdbLugCC7aEErGtW/iPWx70TizjRO8YzmtfMEsmSPgSWKlpIBSVFv5D7sd0MgDX1FOpGxaZqicmAjFKIckZ0cSQkL7pAtNTX3igXTi0W0J3tJKG3cCoZ+v8Ej9ORETT8qB5+qkR1RP/vWG4n9eM1KdIydmfhgp8Ol4USfiWAV4WBRuMwFU8YEmhAqm/4ppjwhCla4zp0uw/p48SWrl0nHJujooVE7TNrJoA22iIrLQIaqgC1RFNUTRA3pCL+jVeDSejTfjfRzNGOnMOvoF4/MbQ5yeoA==</latexit><latexit sha1_base64="2J/lEzcMD7pvQxrlev0Er6Et9A4=">AAACGnicbVDLSgMxFM3UV62vqks3wSJU1DpTBHUhFAVx4aKKtYXOWDLpbRuaeZBkhDLMf7jxV9y4UHEnbvwb03YWaj0QOJxzLjf3uCFnUpnml5GZmp6ZncvO5xYWl5ZX8qtrtzKIBIUaDXggGi6RwJkPNcUUh0YogHguh7rbPxv69XsQkgX+jRqE4Hik67MOo0RpqZUvn7fiy93r5MTab8JdbLugCC7aEErGtW/iPWx70TizjRO8YzmtfMEsmSPgSWKlpIBSVFv5D7sd0MgDX1FOpGxaZqicmAjFKIckZ0cSQkL7pAtNTX3igXTi0W0J3tJKG3cCoZ+v8Ej9ORETT8qB5+qkR1RP/vWG4n9eM1KdIydmfhgp8Ol4USfiWAV4WBRuMwFU8YEmhAqm/4ppjwhCla4zp0uw/p48SWrl0nHJujooVE7TNrJoA22iIrLQIaqgC1RFNUTRA3pCL+jVeDSejTfjfRzNGOnMOvoF4/MbQ5yeoA==</latexit><latexit sha1_base64="2J/lEzcMD7pvQxrlev0Er6Et9A4=">AAACGnicbVDLSgMxFM3UV62vqks3wSJU1DpTBHUhFAVx4aKKtYXOWDLpbRuaeZBkhDLMf7jxV9y4UHEnbvwb03YWaj0QOJxzLjf3uCFnUpnml5GZmp6ZncvO5xYWl5ZX8qtrtzKIBIUaDXggGi6RwJkPNcUUh0YogHguh7rbPxv69XsQkgX+jRqE4Hik67MOo0RpqZUvn7fiy93r5MTab8JdbLugCC7aEErGtW/iPWx70TizjRO8YzmtfMEsmSPgSWKlpIBSVFv5D7sd0MgDX1FOpGxaZqicmAjFKIckZ0cSQkL7pAtNTX3igXTi0W0J3tJKG3cCoZ+v8Ej9ORETT8qB5+qkR1RP/vWG4n9eM1KdIydmfhgp8Ol4USfiWAV4WBRuMwFU8YEmhAqm/4ppjwhCla4zp0uw/p48SWrl0nHJujooVE7TNrJoA22iIrLQIaqgC1RFNUTRA3pCL+jVeDSejTfjfRzNGOnMOvoF4/MbQ5yeoA==</latexit>

rL,R(0 ! 1) = ⌫FL,R
<latexit sha1_base64="NZsILazc8Bw/9k1ZyRKUi1d11Xo=">AAACFHicbVDLSsNAFJ3UV62vqEs3g0WoUEoigroQioK4cFHFaKEpZTKZtEMnkzAzEUrIT7jxV9y4UHHrwp1/4zTNQlsPDBzOuffOvceLGZXKsr6N0tz8wuJSebmysrq2vmFubt3JKBGYODhikWh7SBJGOXEUVYy0Y0FQ6DFy7w3Px/79AxGSRvxWjWLSDVGf04BipLTUM+upmw9JBfEzKHrpVf0mgzXLVRG090+hyxN4UahZz6xaDSsHnCV2QaqgQKtnfrl+hJOQcIUZkrJjW7HqpkgoihnJKm4iSYzwEPVJR1OOQiK7ab5QBve04sMgEvpxBXP1d0eKQilHoacrQ6QGctobi/95nUQFx92U8jhRhOPJR0HCoD55HBH0qSBYsZEmCAuqd4V4gATCSgdZ0SHY0yfPEuegcdKwrw+rzbMijTLYAbugBmxwBJrgErSAAzB4BM/gFbwZT8aL8W58TEpLRtGzDf7A+PwBCQedBA==</latexit><latexit sha1_base64="NZsILazc8Bw/9k1ZyRKUi1d11Xo=">AAACFHicbVDLSsNAFJ3UV62vqEs3g0WoUEoigroQioK4cFHFaKEpZTKZtEMnkzAzEUrIT7jxV9y4UHHrwp1/4zTNQlsPDBzOuffOvceLGZXKsr6N0tz8wuJSebmysrq2vmFubt3JKBGYODhikWh7SBJGOXEUVYy0Y0FQ6DFy7w3Px/79AxGSRvxWjWLSDVGf04BipLTUM+upmw9JBfEzKHrpVf0mgzXLVRG090+hyxN4UahZz6xaDSsHnCV2QaqgQKtnfrl+hJOQcIUZkrJjW7HqpkgoihnJKm4iSYzwEPVJR1OOQiK7ab5QBve04sMgEvpxBXP1d0eKQilHoacrQ6QGctobi/95nUQFx92U8jhRhOPJR0HCoD55HBH0qSBYsZEmCAuqd4V4gATCSgdZ0SHY0yfPEuegcdKwrw+rzbMijTLYAbugBmxwBJrgErSAAzB4BM/gFbwZT8aL8W58TEpLRtGzDf7A+PwBCQedBA==</latexit><latexit sha1_base64="NZsILazc8Bw/9k1ZyRKUi1d11Xo=">AAACFHicbVDLSsNAFJ3UV62vqEs3g0WoUEoigroQioK4cFHFaKEpZTKZtEMnkzAzEUrIT7jxV9y4UHHrwp1/4zTNQlsPDBzOuffOvceLGZXKsr6N0tz8wuJSebmysrq2vmFubt3JKBGYODhikWh7SBJGOXEUVYy0Y0FQ6DFy7w3Px/79AxGSRvxWjWLSDVGf04BipLTUM+upmw9JBfEzKHrpVf0mgzXLVRG090+hyxN4UahZz6xaDSsHnCV2QaqgQKtnfrl+hJOQcIUZkrJjW7HqpkgoihnJKm4iSYzwEPVJR1OOQiK7ab5QBve04sMgEvpxBXP1d0eKQilHoacrQ6QGctobi/95nUQFx92U8jhRhOPJR0HCoD55HBH0qSBYsZEmCAuqd4V4gATCSgdZ0SHY0yfPEuegcdKwrw+rzbMijTLYAbugBmxwBJrgErSAAzB4BM/gFbwZT8aL8W58TEpLRtGzDf7A+PwBCQedBA==</latexit><latexit sha1_base64="NZsILazc8Bw/9k1ZyRKUi1d11Xo=">AAACFHicbVDLSsNAFJ3UV62vqEs3g0WoUEoigroQioK4cFHFaKEpZTKZtEMnkzAzEUrIT7jxV9y4UHHrwp1/4zTNQlsPDBzOuffOvceLGZXKsr6N0tz8wuJSebmysrq2vmFubt3JKBGYODhikWh7SBJGOXEUVYy0Y0FQ6DFy7w3Px/79AxGSRvxWjWLSDVGf04BipLTUM+upmw9JBfEzKHrpVf0mgzXLVRG090+hyxN4UahZz6xaDSsHnCV2QaqgQKtnfrl+hJOQcIUZkrJjW7HqpkgoihnJKm4iSYzwEPVJR1OOQiK7ab5QBve04sMgEvpxBXP1d0eKQilHoacrQ6QGctobi/95nUQFx92U8jhRhOPJR0HCoD55HBH0qSBYsZEmCAuqd4V4gATCSgdZ0SHY0yfPEuegcdKwrw+rzbMijTLYAbugBmxwBJrgErSAAzB4BM/gFbwZT8aL8W58TEpLRtGzDf7A+PwBCQedBA==</latexit>

� 2kB
<latexit sha1_base64="isBJhg6qSCjSxTatf4RX9gLU8t0=">AAACAXicbVDLSsNAFJ3UV62vqCtxM1gEVyUpgrordeOygrGFJoTJ5KYdOnkwMxFKKG78FTcuVNz6F+78G5M0C209cOFwzr1z5x4v4Uwqw/jWaiura+sb9c3G1vbO7p6+f3Av41RQsGjMYzHwiATOIrAUUxwGiQASehz63uS68PsPICSLozs1TcAJyShiAaNE5ZKrH2V2+UgmwJ9hewS4jSduF88art40WkYJvEzMijRRhZ6rf9l+TNMQIkU5kXJoGolyMiIUoxxmDTuVkBA6ISMY5jQiIUgnK7fP8Gmu+DiIRV6RwqX6eyIjoZTT0Ms7Q6LGctErxP+8YaqCSydjUZIqiOh8UZByrGJc5IF9JoAqPs0JoYLlf8V0TAShKk+tCMFcPHmZWO3WVcu8PW92ulUadXSMTtAZMtEF6qAb1EMWougRPaNX9KY9aS/au/Yxb61p1cwh+gPt8wf/gZYP</latexit><latexit sha1_base64="isBJhg6qSCjSxTatf4RX9gLU8t0=">AAACAXicbVDLSsNAFJ3UV62vqCtxM1gEVyUpgrordeOygrGFJoTJ5KYdOnkwMxFKKG78FTcuVNz6F+78G5M0C209cOFwzr1z5x4v4Uwqw/jWaiura+sb9c3G1vbO7p6+f3Av41RQsGjMYzHwiATOIrAUUxwGiQASehz63uS68PsPICSLozs1TcAJyShiAaNE5ZKrH2V2+UgmwJ9hewS4jSduF88art40WkYJvEzMijRRhZ6rf9l+TNMQIkU5kXJoGolyMiIUoxxmDTuVkBA6ISMY5jQiIUgnK7fP8Gmu+DiIRV6RwqX6eyIjoZTT0Ms7Q6LGctErxP+8YaqCSydjUZIqiOh8UZByrGJc5IF9JoAqPs0JoYLlf8V0TAShKk+tCMFcPHmZWO3WVcu8PW92ulUadXSMTtAZMtEF6qAb1EMWougRPaNX9KY9aS/au/Yxb61p1cwh+gPt8wf/gZYP</latexit><latexit sha1_base64="isBJhg6qSCjSxTatf4RX9gLU8t0=">AAACAXicbVDLSsNAFJ3UV62vqCtxM1gEVyUpgrordeOygrGFJoTJ5KYdOnkwMxFKKG78FTcuVNz6F+78G5M0C209cOFwzr1z5x4v4Uwqw/jWaiura+sb9c3G1vbO7p6+f3Av41RQsGjMYzHwiATOIrAUUxwGiQASehz63uS68PsPICSLozs1TcAJyShiAaNE5ZKrH2V2+UgmwJ9hewS4jSduF88art40WkYJvEzMijRRhZ6rf9l+TNMQIkU5kXJoGolyMiIUoxxmDTuVkBA6ISMY5jQiIUgnK7fP8Gmu+DiIRV6RwqX6eyIjoZTT0Ms7Q6LGctErxP+8YaqCSydjUZIqiOh8UZByrGJc5IF9JoAqPs0JoYLlf8V0TAShKk+tCMFcPHmZWO3WVcu8PW92ulUadXSMTtAZMtEF6qAb1EMWougRPaNX9KY9aS/au/Yxb61p1cwh+gPt8wf/gZYP</latexit><latexit sha1_base64="isBJhg6qSCjSxTatf4RX9gLU8t0=">AAACAXicbVDLSsNAFJ3UV62vqCtxM1gEVyUpgrordeOygrGFJoTJ5KYdOnkwMxFKKG78FTcuVNz6F+78G5M0C209cOFwzr1z5x4v4Uwqw/jWaiura+sb9c3G1vbO7p6+f3Av41RQsGjMYzHwiATOIrAUUxwGiQASehz63uS68PsPICSLozs1TcAJyShiAaNE5ZKrH2V2+UgmwJ9hewS4jSduF88art40WkYJvEzMijRRhZ6rf9l+TNMQIkU5kXJoGolyMiIUoxxmDTuVkBA6ISMY5jQiIUgnK7fP8Gmu+DiIRV6RwqX6eyIjoZTT0Ms7Q6LGctErxP+8YaqCSydjUZIqiOh8UZByrGJc5IF9JoAqPs0JoYLlf8V0TAShKk+tCMFcPHmZWO3WVcu8PW92ulUadXSMTtAZMtEF6qAb1EMWougRPaNX9KY9aS/au/Yxb61p1cwh+gPt8wf/gZYP</latexit>

�µ
<latexit sha1_base64="UziGdYmMiW+d1grKwEdBZTV/xgI=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSQiqLeiHjxWMLbShLLZTtulu5uwuxFK6K/w4kHFq3/Hm//GbZuDVh8MPN6bYWZenHKmjed9OaWl5ZXVtfJ6ZWNza3unurt3r5NMUQxowhPVjolGziQGhhmO7VQhETHHVjy6mvqtR1SaJfLOjFOMBBlI1meUGCs9hNfIDQlF1q3WvLo3g/uX+AWpQYFmt/oZ9hKaCZSGcqJ1x/dSE+VEGUY5TiphpjEldEQG2LFUEoE6ymcHT9wjq/TcfqJsSePO1J8TORFaj0VsOwUxQ73oTcX/vE5m+udRzmSaGZR0vqifcdck7vR7t8cUUsPHlhCqmL3VpUOiCDU2o4oNwV98+S8JTuoXdf/2tNa4LNIowwEcwjH4cAYNuIEmBEBBwBO8wKujnGfnzXmft5acYmYffsH5+AYku5As</latexit><latexit sha1_base64="UziGdYmMiW+d1grKwEdBZTV/xgI=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSQiqLeiHjxWMLbShLLZTtulu5uwuxFK6K/w4kHFq3/Hm//GbZuDVh8MPN6bYWZenHKmjed9OaWl5ZXVtfJ6ZWNza3unurt3r5NMUQxowhPVjolGziQGhhmO7VQhETHHVjy6mvqtR1SaJfLOjFOMBBlI1meUGCs9hNfIDQlF1q3WvLo3g/uX+AWpQYFmt/oZ9hKaCZSGcqJ1x/dSE+VEGUY5TiphpjEldEQG2LFUEoE6ymcHT9wjq/TcfqJsSePO1J8TORFaj0VsOwUxQ73oTcX/vE5m+udRzmSaGZR0vqifcdck7vR7t8cUUsPHlhCqmL3VpUOiCDU2o4oNwV98+S8JTuoXdf/2tNa4LNIowwEcwjH4cAYNuIEmBEBBwBO8wKujnGfnzXmft5acYmYffsH5+AYku5As</latexit><latexit sha1_base64="UziGdYmMiW+d1grKwEdBZTV/xgI=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSQiqLeiHjxWMLbShLLZTtulu5uwuxFK6K/w4kHFq3/Hm//GbZuDVh8MPN6bYWZenHKmjed9OaWl5ZXVtfJ6ZWNza3unurt3r5NMUQxowhPVjolGziQGhhmO7VQhETHHVjy6mvqtR1SaJfLOjFOMBBlI1meUGCs9hNfIDQlF1q3WvLo3g/uX+AWpQYFmt/oZ9hKaCZSGcqJ1x/dSE+VEGUY5TiphpjEldEQG2LFUEoE6ymcHT9wjq/TcfqJsSePO1J8TORFaj0VsOwUxQ73oTcX/vE5m+udRzmSaGZR0vqifcdck7vR7t8cUUsPHlhCqmL3VpUOiCDU2o4oNwV98+S8JTuoXdf/2tNa4LNIowwEcwjH4cAYNuIEmBEBBwBO8wKujnGfnzXmft5acYmYffsH5+AYku5As</latexit><latexit sha1_base64="UziGdYmMiW+d1grKwEdBZTV/xgI=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSQiqLeiHjxWMLbShLLZTtulu5uwuxFK6K/w4kHFq3/Hm//GbZuDVh8MPN6bYWZenHKmjed9OaWl5ZXVtfJ6ZWNza3unurt3r5NMUQxowhPVjolGziQGhhmO7VQhETHHVjy6mvqtR1SaJfLOjFOMBBlI1meUGCs9hNfIDQlF1q3WvLo3g/uX+AWpQYFmt/oZ9hKaCZSGcqJ1x/dSE+VEGUY5TiphpjEldEQG2LFUEoE6ymcHT9wjq/TcfqJsSePO1J8TORFaj0VsOwUxQ73oTcX/vE5m+udRzmSaGZR0vqifcdck7vR7t8cUUsPHlhCqmL3VpUOiCDU2o4oNwV98+S8JTuoXdf/2tNa4LNIowwEcwjH4cAYNuIEmBEBBwBO8wKujnGfnzXmft5acYmYffsH5+AYku5As</latexit>

2kB
<latexit sha1_base64="UgaFNke1Mesg2lJBbLfG1OqupWI=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4KkkR1FupF48VjC20oWy2k3bpZhN2N0IJ/Q1ePKh49Q9589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTp+1EmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+nfntJ1SaJ/LBTFIMYjqUPOKMGiv5dTLuN/uVqltz5yCrxCtIFQq0+pWv3iBhWYzSMEG17npuaoKcKsOZwGm5l2lMKRvTIXYtlTRGHeTzY6fk3CoDEiXKljRkrv6eyGms9SQObWdMzUgvezPxP6+bmeg6yLlMM4OSLRZFmSAmIbPPyYArZEZMLKFMcXsrYSOqKDM2n7INwVt+eZX49dpNzbu/rDaaRRolOIUzuAAPrqABd9ACHxhweIZXeHOk8+K8Ox+L1jWnmDmBP3A+fwBGZI3e</latexit><latexit sha1_base64="UgaFNke1Mesg2lJBbLfG1OqupWI=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4KkkR1FupF48VjC20oWy2k3bpZhN2N0IJ/Q1ePKh49Q9589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTp+1EmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+nfntJ1SaJ/LBTFIMYjqUPOKMGiv5dTLuN/uVqltz5yCrxCtIFQq0+pWv3iBhWYzSMEG17npuaoKcKsOZwGm5l2lMKRvTIXYtlTRGHeTzY6fk3CoDEiXKljRkrv6eyGms9SQObWdMzUgvezPxP6+bmeg6yLlMM4OSLRZFmSAmIbPPyYArZEZMLKFMcXsrYSOqKDM2n7INwVt+eZX49dpNzbu/rDaaRRolOIUzuAAPrqABd9ACHxhweIZXeHOk8+K8Ox+L1jWnmDmBP3A+fwBGZI3e</latexit><latexit sha1_base64="UgaFNke1Mesg2lJBbLfG1OqupWI=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4KkkR1FupF48VjC20oWy2k3bpZhN2N0IJ/Q1ePKh49Q9589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTp+1EmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+nfntJ1SaJ/LBTFIMYjqUPOKMGiv5dTLuN/uVqltz5yCrxCtIFQq0+pWv3iBhWYzSMEG17npuaoKcKsOZwGm5l2lMKRvTIXYtlTRGHeTzY6fk3CoDEiXKljRkrv6eyGms9SQObWdMzUgvezPxP6+bmeg6yLlMM4OSLRZFmSAmIbPPyYArZEZMLKFMcXsrYSOqKDM2n7INwVt+eZX49dpNzbu/rDaaRRolOIUzuAAPrqABd9ACHxhweIZXeHOk8+K8Ox+L1jWnmDmBP3A+fwBGZI3e</latexit><latexit sha1_base64="UgaFNke1Mesg2lJBbLfG1OqupWI=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4KkkR1FupF48VjC20oWy2k3bpZhN2N0IJ/Q1ePKh49Q9589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTp+1EmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+nfntJ1SaJ/LBTFIMYjqUPOKMGiv5dTLuN/uVqltz5yCrxCtIFQq0+pWv3iBhWYzSMEG17npuaoKcKsOZwGm5l2lMKRvTIXYtlTRGHeTzY6fk3CoDEiXKljRkrv6eyGms9SQObWdMzUgvezPxP6+bmeg6yLlMM4OSLRZFmSAmIbPPyYArZEZMLKFMcXsrYSOqKDM2n7INwVt+eZX49dpNzbu/rDaaRRolOIUzuAAPrqABd9ACHxhweIZXeHOk8+K8Ox+L1jWnmDmBP3A+fwBGZI3e</latexit>

• Coulomb-blockade regime  : Probabilistic process 
State: 0 (empty) or 1 (occupied)

<latexit sha1_base64="dYCKSd5AngmYQVmgjuIr0rqa67k="></latexit>

(VarJ/J̄2)� = (FL � FR)kB��µ/2 + 2kB(��µ/2) coth(��µ/2)

• Exact expression

• Trajectory
状態



Open questions

• Proof exists for over-damped Langevin systems,  
    and probabilistic processes  

Beyond these systems, validity?, classification?,…?

• Open problem

• One of strategy is to consider this with well-defined  
    controllable systems

10

→ Noninteracting coherent transport



Let us consider “coherent electron transport”

• Landauer formula for noninteracting electrons

<latexit sha1_base64="+XSo9E3Fj354PpC8Auq5PNAUMOY="></latexit>

=
1

h

∫
dωT [FL(1→ FR) + FR(1→ FL)]→[T (FL → FR)]

2

Shot noiseThermal noise

Quantum noiseClassical noise

<latexit sha1_base64="/7Ja1+jIZOApVtZogkCoPFqd+rs="></latexit>

TR, µR

<latexit sha1_base64="xnTOr8UHGcwHe1GnBxL7Ciyl9KI="></latexit>

TL, µL• Coherent transport

Quantum coherence is not lost in the bulk

11



Violation of TUR

Observation: Boxcar shape leads to strong violation
Single-dot cannot see the violation

<latexit sha1_base64="dPIc4LISBdBcQEaljlK2+UfR0Kk="></latexit>

[VarJ ]ω

2J̄2

<latexit sha1_base64="+qgiAmyfIwG8fkpSf+wOv4jFITs="></latexit>

!µ/(kBT )

• Violation of TUR
<latexit sha1_base64="Po8CdLJtZcBIpwPn9bcJcxCEC/E="></latexit>

µL = µ+ TF/2

<latexit sha1_base64="ICor3tTBUXQGBGY54Z2wJCvArHo="></latexit>

µR = µ→ TF/2

<latexit sha1_base64="Z5lRjVI8EtnJySSamiavpEbwP1g="></latexit>

µL = µ+!µ/2

<latexit sha1_base64="aulf1Qo1J8BvalI2KzpVroOVOp8="></latexit>

µR = µ→!µ/2

<latexit sha1_base64="74njMphGPXJs1pYLhZx0sZz0fCc="></latexit>

T (ω)

Brandner, Hanazato, KS,  PRL (2018)

12



Physics behind the violation

• Pauli exclusion principle
�µ/2

<latexit sha1_base64="b9IopUP0WdpjrY3sY+W/nGxJUlg=">AAAB83icbVBNTwIxEO3iF+IX6tFLIzHxhLvERL0R9eARE1dI2A3plgEa2u7adknIht/hxYMar/4Zb/4bC+xBwZdM8vLeTGbmRQln2rjut1NYWV1b3yhulra2d3b3yvsHjzpOFQWfxjxWrYho4EyCb5jh0EoUEBFxaEbDm6nfHIHSLJYPZpxAKEhfsh6jxFgpDG6BG4IDkeKzWqdccavuDHiZeDmpoByNTvkr6MY0FSAN5UTrtucmJsyIMoxymJSCVENC6JD0oW2pJAJ0mM2OnuATq3RxL1a2pMEz9fdERoTWYxHZTkHMQC96U/E/r52a3mWYMZmkBiSdL+qlHJsYTxPAXaaAGj62hFDF7K2YDogi1NicSjYEb/HlZeLXqldV7/68Ur/O0yiiI3SMTpGHLlAd3aEG8hFFT+gZvaI3Z+S8OO/Ox7y14OQzh+gPnM8fugaQ9Q==</latexit><latexit sha1_base64="b9IopUP0WdpjrY3sY+W/nGxJUlg=">AAAB83icbVBNTwIxEO3iF+IX6tFLIzHxhLvERL0R9eARE1dI2A3plgEa2u7adknIht/hxYMar/4Zb/4bC+xBwZdM8vLeTGbmRQln2rjut1NYWV1b3yhulra2d3b3yvsHjzpOFQWfxjxWrYho4EyCb5jh0EoUEBFxaEbDm6nfHIHSLJYPZpxAKEhfsh6jxFgpDG6BG4IDkeKzWqdccavuDHiZeDmpoByNTvkr6MY0FSAN5UTrtucmJsyIMoxymJSCVENC6JD0oW2pJAJ0mM2OnuATq3RxL1a2pMEz9fdERoTWYxHZTkHMQC96U/E/r52a3mWYMZmkBiSdL+qlHJsYTxPAXaaAGj62hFDF7K2YDogi1NicSjYEb/HlZeLXqldV7/68Ur/O0yiiI3SMTpGHLlAd3aEG8hFFT+gZvaI3Z+S8OO/Ox7y14OQzh+gPnM8fugaQ9Q==</latexit><latexit sha1_base64="b9IopUP0WdpjrY3sY+W/nGxJUlg=">AAAB83icbVBNTwIxEO3iF+IX6tFLIzHxhLvERL0R9eARE1dI2A3plgEa2u7adknIht/hxYMar/4Zb/4bC+xBwZdM8vLeTGbmRQln2rjut1NYWV1b3yhulra2d3b3yvsHjzpOFQWfxjxWrYho4EyCb5jh0EoUEBFxaEbDm6nfHIHSLJYPZpxAKEhfsh6jxFgpDG6BG4IDkeKzWqdccavuDHiZeDmpoByNTvkr6MY0FSAN5UTrtucmJsyIMoxymJSCVENC6JD0oW2pJAJ0mM2OnuATq3RxL1a2pMEz9fdERoTWYxHZTkHMQC96U/E/r52a3mWYMZmkBiSdL+qlHJsYTxPAXaaAGj62hFDF7K2YDogi1NicSjYEb/HlZeLXqldV7/68Ur/O0yiiI3SMTpGHLlAd3aEG8hFFT+gZvaI3Z+S8OO/Ox7y14OQzh+gPnM8fugaQ9Q==</latexit><latexit sha1_base64="b9IopUP0WdpjrY3sY+W/nGxJUlg=">AAAB83icbVBNTwIxEO3iF+IX6tFLIzHxhLvERL0R9eARE1dI2A3plgEa2u7adknIht/hxYMar/4Zb/4bC+xBwZdM8vLeTGbmRQln2rjut1NYWV1b3yhulra2d3b3yvsHjzpOFQWfxjxWrYho4EyCb5jh0EoUEBFxaEbDm6nfHIHSLJYPZpxAKEhfsh6jxFgpDG6BG4IDkeKzWqdccavuDHiZeDmpoByNTvkr6MY0FSAN5UTrtucmJsyIMoxymJSCVENC6JD0oW2pJAJ0mM2OnuATq3RxL1a2pMEz9fdERoTWYxHZTkHMQC96U/E/r52a3mWYMZmkBiSdL+qlHJsYTxPAXaaAGj62hFDF7K2YDogi1NicSjYEb/HlZeLXqldV7/68Ur/O0yiiI3SMTpGHLlAd3aEG8hFFT+gZvaI3Z+S8OO/Ox7y14OQzh+gPnM8fugaQ9Q==</latexit>

��µ/2
<latexit sha1_base64="BLdz/6tIKq6Fjt2zNRw/LTqshYU=">AAAB9HicbVBNSwMxEM36WetX1aOXYBG8WHeLoN6KevBYwbWF7lqyabYNTbJLMquUpf/DiwcVr/4Yb/4b04+Dtj4YeLw3w8y8KBXcgOt+OwuLS8srq4W14vrG5tZ2aWf33iSZpsyniUh0MyKGCa6YDxwEa6aaERkJ1oj6VyO/8ci04Ym6g0HKQkm6isecErDSw3FwzQQQHMgMn1TbpbJbccfA88SbkjKaot4ufQWdhGaSKaCCGNPy3BTCnGjgVLBhMcgMSwntky5rWaqIZCbMx1cP8aFVOjhOtC0FeKz+nsiJNGYgI9spCfTMrDcS//NaGcTnYc5VmgFTdLIozgSGBI8iwB2uGQUxsIRQze2tmPaIJhRsUEUbgjf78jzxq5WLind7Wq5dTtMooH10gI6Qh85QDd2gOvIRRRo9o1f05jw5L8678zFpXXCmM3voD5zPHyVgkSw=</latexit><latexit sha1_base64="BLdz/6tIKq6Fjt2zNRw/LTqshYU=">AAAB9HicbVBNSwMxEM36WetX1aOXYBG8WHeLoN6KevBYwbWF7lqyabYNTbJLMquUpf/DiwcVr/4Yb/4b04+Dtj4YeLw3w8y8KBXcgOt+OwuLS8srq4W14vrG5tZ2aWf33iSZpsyniUh0MyKGCa6YDxwEa6aaERkJ1oj6VyO/8ci04Ym6g0HKQkm6isecErDSw3FwzQQQHMgMn1TbpbJbccfA88SbkjKaot4ufQWdhGaSKaCCGNPy3BTCnGjgVLBhMcgMSwntky5rWaqIZCbMx1cP8aFVOjhOtC0FeKz+nsiJNGYgI9spCfTMrDcS//NaGcTnYc5VmgFTdLIozgSGBI8iwB2uGQUxsIRQze2tmPaIJhRsUEUbgjf78jzxq5WLind7Wq5dTtMooH10gI6Qh85QDd2gOvIRRRo9o1f05jw5L8678zFpXXCmM3voD5zPHyVgkSw=</latexit><latexit sha1_base64="BLdz/6tIKq6Fjt2zNRw/LTqshYU=">AAAB9HicbVBNSwMxEM36WetX1aOXYBG8WHeLoN6KevBYwbWF7lqyabYNTbJLMquUpf/DiwcVr/4Yb/4b04+Dtj4YeLw3w8y8KBXcgOt+OwuLS8srq4W14vrG5tZ2aWf33iSZpsyniUh0MyKGCa6YDxwEa6aaERkJ1oj6VyO/8ci04Ym6g0HKQkm6isecErDSw3FwzQQQHMgMn1TbpbJbccfA88SbkjKaot4ufQWdhGaSKaCCGNPy3BTCnGjgVLBhMcgMSwntky5rWaqIZCbMx1cP8aFVOjhOtC0FeKz+nsiJNGYgI9spCfTMrDcS//NaGcTnYc5VmgFTdLIozgSGBI8iwB2uGQUxsIRQze2tmPaIJhRsUEUbgjf78jzxq5WLind7Wq5dTtMooH10gI6Qh85QDd2gOvIRRRo9o1f05jw5L8678zFpXXCmM3voD5zPHyVgkSw=</latexit><latexit sha1_base64="BLdz/6tIKq6Fjt2zNRw/LTqshYU=">AAAB9HicbVBNSwMxEM36WetX1aOXYBG8WHeLoN6KevBYwbWF7lqyabYNTbJLMquUpf/DiwcVr/4Yb/4b04+Dtj4YeLw3w8y8KBXcgOt+OwuLS8srq4W14vrG5tZ2aWf33iSZpsyniUh0MyKGCa6YDxwEa6aaERkJ1oj6VyO/8ci04Ym6g0HKQkm6isecErDSw3FwzQQQHMgMn1TbpbJbccfA88SbkjKaot4ufQWdhGaSKaCCGNPy3BTCnGjgVLBhMcgMSwntky5rWaqIZCbMx1cP8aFVOjhOtC0FeKz+nsiJNGYgI9spCfTMrDcS//NaGcTnYc5VmgFTdLIozgSGBI8iwB2uGQUxsIRQze2tmPaIJhRsUEUbgjf78jzxq5WLind7Wq5dTtMooH10gI6Qh85QDd2gOvIRRRo9o1f05jw5L8678zFpXXCmM3voD5zPHyVgkSw=</latexit>

Pauli principle: prohibits passing beyond

   : Electrons want to go

…

• Intuitive wave-function landscape: systematic motion
<latexit sha1_base64="TYSi3f63fKpzXdyyUOwpxpHD44o="></latexit>

[VarJ ]ω

J̄2

∣∣∣
!µ→↑

→ 0

• Remark: Bosonic coherent transport always satisfies TUR
13



Extension of the TUR in the coherent transport
Brandner, KS, PRL (2025)

• Possible to modify the TUR? yes

<latexit sha1_base64="xBc510q+zpyiZBmH3phsGpjMrk4="></latexit>

[VarJ ]ω = Sth
ω + Ssh

ω

<latexit sha1_base64="7WPbFP9Q7o47guZzEz01DRfEa/E="></latexit>

Sth
ω =

∑

ε( →=ω)

1

h

∫
dωTεω [Fω(1→ Fω) + Fε(1→ Fε)]

<latexit sha1_base64="7QCtwlczASCrBld5F//FdgJ1zq4="></latexit>

Ssh
ω =

∑

ε,ϑ

1

h

∫
dωTε,ωTϑ,ω(Fε → Fϑ)

2

<latexit sha1_base64="qy4EiR1JSA42/Ea51tY7oFfa5Mw="></latexit>

ω =
∑

ω

Qω

Tω

<latexit sha1_base64="AzVyjUr6fmZDl28u/Yy6VmrbfGI="></latexit>

Qω = → 1

h

∫ ∑

ε( →=ω)

Tεω(Fω → Fε)(ω→ µω)

• General setting: multi-terminal transport
<latexit sha1_base64="7I09OHqTkqDNqpiNMXVxznQOKXk="></latexit>

Jω =
1

h

∫
dω

∑

ε( →=ω)

Tεω(Fω → Fε)

<latexit sha1_base64="seDkgE7fKHS2kLdeTmlnXb2dpzc="></latexit>

Tω, µω

<latexit sha1_base64="ro7xwdC9E04puZ8+ixxa6BYlYs8="></latexit>

Tω , µω

<latexit sha1_base64="qNWI1iIt4R6lCDUoCXIWnsRyHbk="></latexit>

[VarJ ]ω
Jω

sinh
[ ω

2kBJω

]
→ 1

• Modified TUR: time-reversal case: <latexit sha1_base64="KMtYQ+8p0HT9+iYb43GMIjES0ZQ="></latexit>

Tωε = Tεω

14



Check of the modified TUR
<latexit sha1_base64="qNWI1iIt4R6lCDUoCXIWnsRyHbk="></latexit>

[VarJ ]ω
Jω

sinh
[ ω

2kBJω

]
→ 1

<latexit sha1_base64="9/w60eniCj5m/OZbfXqTajlb/O8="></latexit>

Qqu :=

The linear response regime                    recovers the original TUR<latexit sha1_base64="g44HWhIbzHss8SupRKj/MJASxyA="></latexit>

ω/(kBJω) → 1

No explicit Planck constant (as in the thermodynamics)

• Remarks

• Valid in any regimes

<latexit sha1_base64="dPIc4LISBdBcQEaljlK2+UfR0Kk="></latexit>

[VarJ ]ω

2J̄2

<latexit sha1_base64="74njMphGPXJs1pYLhZx0sZz0fCc="></latexit>

T (ω)

<latexit sha1_base64="+qgiAmyfIwG8fkpSf+wOv4jFITs="></latexit>

!µ/(kBT )<latexit sha1_base64="+qgiAmyfIwG8fkpSf+wOv4jFITs="></latexit>

!µ/(kBT )

15



Application to the thermoelectric heat engines

Incoming heat (per unit time): 
<latexit sha1_base64="Z14ThYDR2cRBwNxUn8lC5L3s9x4="></latexit>

Jq = JE → µJω

Power output   (per unit time): 
<latexit sha1_base64="daTq9JGFe/H7/MXrma2gXX/m8Ic="></latexit>

Jw = !µJω

• What is the relation between power and efficiency?

Shiraishi, KS, Tasaki, PRL (2016) 
Brandner, KS, PRL (2020)

<latexit sha1_base64="dI2yio3URxRtWVWH2/HigxrFIgE="></latexit>

ω → Jw ?

Efficiency: 
<latexit sha1_base64="Afk0SnuQFWXsuAwNaNT6LB9i4+E="></latexit>

ω := Jw/Jq
<latexit sha1_base64="w+AkuBLMzt9tso9zwNmKd+Z01Wo="></latexit>

→ ωC := 1↑ Tc/Th

• Thermoelectricity as heat engine

<latexit sha1_base64="VZEIBRfamUF6c537Y5ip/CCDx6I="></latexit>µ
<latexit sha1_base64="6wb4b9k0WWhlP6/XsdeayfsSmAw="></latexit>

µ+!µ

<latexit sha1_base64="oVnLUaQ/rpUJ4lgI0xNaLIAga0w="></latexit>

Th

<latexit sha1_base64="VgTj93ZaHGJXnn0LooZsdAWhoyM="></latexit>

Tc
heat current

particle current

<latexit sha1_base64="UntZ4QZlX21m9YRq1foq755wnvM="></latexit>

Jq
<latexit sha1_base64="UntZ4QZlX21m9YRq1foq755wnvM="></latexit>

Jq

<latexit sha1_base64="YIEQfc0Kx30WE3BL56ZG5Y4rJr8="></latexit>

Jω

<latexit sha1_base64="YIEQfc0Kx30WE3BL56ZG5Y4rJr8="></latexit>

Jω

<latexit sha1_base64="5tfbAM9k7k1aLfLORG05rddHnsQ="></latexit>

Th > Tc
<latexit sha1_base64="j/fuSZ57UX9Wv7Mzln3fr7YjALg="></latexit>

!µ > 0

16



Use the new TUR
<latexit sha1_base64="qNWI1iIt4R6lCDUoCXIWnsRyHbk="></latexit>

[VarJ ]ω
Jω

sinh
[ ω

2kBJω

]
→ 1

• The new TUR leads to the new trade-off relation
<latexit sha1_base64="ysfMgoLTunUNllU+2QDVyyhXQ3c="></latexit>

Jw → [VarJw]

!µ
sinh

[ (ωC/ω ↑ 1)!µ

2kBT

]

Pietzonka, Seifert, PRL (2018)Quantum extension from classical statement

<latexit sha1_base64="8B9FV0tX0yYy9fLoHR96kUgCIaY="></latexit>

ω/kB = εc(→Jq,c) + εh(→Jq,h) = (kBTc)
→1Jw(ϑC/ϑ → 1)

<latexit sha1_base64="YIEQfc0Kx30WE3BL56ZG5Y4rJr8="></latexit>

Jω
<latexit sha1_base64="VZEIBRfamUF6c537Y5ip/CCDx6I="></latexit>µ

<latexit sha1_base64="6wb4b9k0WWhlP6/XsdeayfsSmAw="></latexit>

µ+!µ

<latexit sha1_base64="oVnLUaQ/rpUJ4lgI0xNaLIAga0w="></latexit>

Th

<latexit sha1_base64="VgTj93ZaHGJXnn0LooZsdAWhoyM="></latexit>

Tc
heat current

particle current

<latexit sha1_base64="UntZ4QZlX21m9YRq1foq755wnvM="></latexit>

Jq
<latexit sha1_base64="UntZ4QZlX21m9YRq1foq755wnvM="></latexit>

Jq
<latexit sha1_base64="YIEQfc0Kx30WE3BL56ZG5Y4rJr8="></latexit>

Jω

1. Carnot efficiency means zero power
2. Finite power with Carnot efficiency needs infinite fluctuation

17
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Content of the talk

Macro. scale

First law

Second  law

Third law

Thermo. speed limit
Fluctuation theorem

Micro., Meso. scale
(large fluctuation)

ATP

ADP +P i

TUR1.
InverseTUR2.

Extension of third law3.



2. Inverse TUR

19

T. Vo, A. Dechant, KS, arXiv:2503.14204



Background

20

• Three interpretations:

• General case            : 

Barato, Seifert, PRL (2015)
             Gingrich et al., PRL (2016)

Dechant, Sasa, JSMech (2018)
             Horowitz, Gingrich, PRE (2017)

Finite time version :
<latexit sha1_base64="De/E7kSCqA6sMBivu4lQMIzIBnA="></latexit>

Dω

j2
ω → 1

<latexit sha1_base64="8rHA5FiqOF4ni0A803mGFmwnDg0="></latexit>

(f > 0) TUR

(1): Precision-dissipation trade-off
<latexit sha1_base64="an9WyTpV895gB561zgOaAvZNIBc="></latexit>

(Dω/j
2)→ ω ↑ 1

(2): Entropy bound → useful for inferring
<latexit sha1_base64="OBobDOGp8UjsANbJ4olarbIyXRg="></latexit>

ω → (j2/Dω )

(3): Bound of current fluctuation
<latexit sha1_base64="Bl/KjaWI22m8l18rBcWuON4pii4="></latexit>

Dω → j2/ω

• Is there inverse version?
<latexit sha1_base64="6fyEcVdTl2GcF8t6B0OxL9RpOeQ="></latexit>

? → Dω → yes

<latexit sha1_base64="482bcw3puUpKOwy3FrofiQL+a4Q="></latexit>

f
<latexit sha1_base64="1SBAxpEYPmcyLkyd6I9i4z/HO4o="></latexit>

Dω =
→[x(ω)↑ x(0)]2↓ss

2ω
<latexit sha1_base64="hqwuNtpkiyH+sNTKLjyzf4W3TDU="></latexit>

j = lim
ω→↑

→x(ω)↑ss/ω
<latexit sha1_base64="11vEjYN7tLRkYJaJi7FB/4d9/eE="></latexit>

ω = εfj

<latexit sha1_base64="w8/3KPvt26BDxXc0rF8XV08ae90="></latexit>

ẋ = µ(f � @xV (x)) +
p
2D0⌘(t)

ATP

ADP +P i



Main results: simplest case

• Simplest case: diffusion
<latexit sha1_base64="w8/3KPvt26BDxXc0rF8XV08ae90="></latexit>

ẋ = µ(f � @xV (x)) +
p
2D0⌘(t)

<latexit sha1_base64="1SBAxpEYPmcyLkyd6I9i4z/HO4o="></latexit>

Dω =
→[x(ω)↑ x(0)]2↓ss

2ω

<latexit sha1_base64="hqwuNtpkiyH+sNTKLjyzf4W3TDU="></latexit>

j = lim
ω→↑

→x(ω)↑ss/ω
<latexit sha1_base64="11vEjYN7tLRkYJaJi7FB/4d9/eE="></latexit>

ω = εfj

• Physical statement
For large fluctuation, large entropy or small gap is necessary

<latexit sha1_base64="482bcw3puUpKOwy3FrofiQL+a4Q="></latexit>

f
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<latexit sha1_base64="POU0BUvMzCskUvfOHBGarjLlBcs="></latexit>

D→ → D0 +
1

ω
(D0ε ↑ j2)

<latexit sha1_base64="yC7DjldPp3sBYzUBKby/EOZf9ls="></latexit>

ω : spectral gap for symmetrized Fokker-Planck operator 

• iTUR



Numerical demonstration in the giant diffusion

• The new iTUR bound
<latexit sha1_base64="IpEiqSvZdcdlArauLVl2JFBn0fQ="></latexit>

j2

ω
=:

<latexit sha1_base64="D3Vb4epdZL1ZpRIIyV3w55hIz0o="></latexit>

:= D0 +
D0ω → j2

ε

<latexit sha1_base64="zNElXl/HQiweeh2o9UeU6I6gNSQ="></latexit>

DTUR
→ → D→ → DiTUR

→

22

<latexit sha1_base64="w8/3KPvt26BDxXc0rF8XV08ae90="></latexit>

ẋ = µ(f � @xV (x)) +
p
2D0⌘(t)

<latexit sha1_base64="QCqrw6pSr272k6KC8/TpKIKG/B8="></latexit>

V (x) = sin(2⇡x)

• Numerical demonstration

Fc

Fc

D̃iTUR
→

D̃→

D̃TUR
→

0.0

1.0

2.0

3.0

0 5 10 15
F

ω
εst0

20

40

0 5 10 15
0

200

400
ω εst

F

<latexit sha1_base64="YUzXJokRX9zKAvGNW+nhwVuXJxU="></latexit>

f

<latexit sha1_base64="YUzXJokRX9zKAvGNW+nhwVuXJxU="></latexit>

f

<latexit sha1_base64="Z8Joo6iR0JiMaMdojtPxTtfpuzU="></latexit>

DiTUR
→ /D0

<latexit sha1_base64="ZOUD7F0vaWQvj/jEE9e9mnAHT2c="></latexit>

D→/D0
<latexit sha1_base64="ZX9F2uoReqQ8dCuOejyvWHrf8Qg="></latexit>

DTUR
→ /D0

<latexit sha1_base64="482bcw3puUpKOwy3FrofiQL+a4Q="></latexit>

f
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3. Extension of the third law

24

T. Vu and KS
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The Third law

• The third law consists of the two

(2) Unattainability theorem

<latexit sha1_base64="WujA831h+q/Y4adQnCifhJRPH4k="></latexit>

T

<latexit sha1_base64="MmG3BIUiTrCQ1sLxzPCveX8K4P0="></latexit>

S

<latexit sha1_base64="empyo3Q/8wOckoQLuQQZ1vrGGJA="></latexit>

S0
<latexit sha1_base64="r+nh6e82HqYqdiVKCenYi1Navf4="></latexit>

0
“It is impossible for any process, no matter how idealized,  
to reduce the entropy of a system to its absolute-zero value  
in a finite number of operations” wikipedia

(1) Heat theorem: <latexit sha1_base64="aThN8WZAaN2grpdo7TdmEBgzpVg="></latexit>

S ! S0 (T ! 0)

• Achieving zero temp. is crucial to obtain the pure state in  
   quantum computer Levy, Alicki, Kosloff, PRE (2012) 

Massanes, Oppenheim, Nat.Comm(2017) 
Wilming, Gallego, PRX (2017) 
Tarnto et al., PRL (2025)
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Thermal operations

• Examples of important thermal operations

(1) Cooling to the ground state 
      preparing for an initial state

Third law

Levy, Alicki, Kosloff, PRE (2012) 
Massanes, Oppenheim, Nat.Comm(2017)

(3) Copying process Maxwell-demon
Sagawa, Ueda, PRL  (2008) 

(2) Bit erasure Landauer principle
Proesmans, Ehrich, Bechhoefer PRL (2020)
Miller, Guarnieri, Mitchison, Goold, PRL (2020)

Vu, KS, PRL (2022)
Rolandi, Perarnau-Llobet, Quantum (2023)

(4) Proofreading Hopfield、PNAS (1974) 
Rao, Peliti, JSMech (2015) 
Chiuchiu, Mondal, Pigolotti, NJP (2023)

26

The third law!



Common aspects in important thermal operations

• Common aspects

state

pr
ob

ab
ili

ty cooling

copy

bit erasure

. . . 1 0 1 0 0 1 1 . . .

. . . 0 0 0 0 0 0 0 . . .

proofreading

 ``Some states are set to zero probabilities”

<latexit sha1_base64="jctkPaAbeaVwCzhMReIjVAmnFhA="></latexit>x <latexit sha1_base64="TsSGzKUUNvwupk/HAtLHz2ZHyMk="></latexit>y

<latexit sha1_base64="QZa2XJRV3nZgh01OG+qiVX3p6wQ="></latexit>

(0, 0), (1, 1)

27



Separated states

• Three-way trade-off relations for making the separate states?
Time

(Thermodynamic) Cost

Error
?

• ``Separated states”

e.g.
<latexit sha1_base64="u7g9DwiBqUv5+X2hMJLJsvYcvd0="></latexit>u

<latexit sha1_base64="sFONV1Cr3XbE0r6S0zD+Vf7LmAQ="></latexit>

d

<latexit sha1_base64="sFONV1Cr3XbE0r6S0zD+Vf7LmAQ="></latexit>

d

<latexit sha1_base64="u7g9DwiBqUv5+X2hMJLJsvYcvd0="></latexit>u

<latexit sha1_base64="u7g9DwiBqUv5+X2hMJLJsvYcvd0="></latexit>u

<latexit sha1_base64="58U+DUlU2/9T11NOG3BMQuwCPoM="></latexit>

Pd :=
X

i2d

P (i)

<latexit sha1_base64="MEgLkbJ42Pk0P+E4+s5JC8aznqI="></latexit>

Pu :=
X

i2u

P (i)

<latexit sha1_base64="lxYD5Ywgzn2XkQzE/IUTAkxxbyw="></latexit>

Pu = 0, Pd = 1

<latexit sha1_base64="7XJWxjUCRXpiGC2mvew4i9fXvek=">AAAC03ichVE7SwNBEB7PV3wmaiMIEiKRiBD2RFSsgjaW8ZEYSEK4u6xxyb3YuwvEI42kEuwECysFC7XUf2BjZ2WRnyCWCjYWzl0iosE4y+7OfjPfzH6MbKrMsglpdAndPb19/YGBwaHhkdFgaGw8bRkOV2hKMVSDZ2TJoirTacpmtkozJq eSJqt0Vy6ve/HdCuUWM/Qdu2rSvCaVdLbHFMlGqBCadnN+EVdWHVoL57gWjjl6kVqM0+JcrRCaIXHiW7jdEVvOTCKSmz9pJKpJI/QIOSiCAQo4oAEFHWz0VZDAwpUFEQiYiOXBRYyjx/w4hRoMItfBLIoZEqJlPEv4yrZQHd9eTctnK9hFxc2RGYYoeSJX5JU8kBvyTD7+rOX6Nby/VPGWm1xqFoJHk9vv/7I0vG3Y/2Z1YHzlcozu4e6sz8acFV8XQ52mj3iKlWavysHp6/bqVtSdJRfkBbWekwa5R7V65U253KRbZx1+IuNfvO64cKDi7/G1O+mFuLgUX9zEya5B0wIwBRGI4fyWIQEbkIQU9qjDNdzCnZASXOFQqDdTha4WZwJ+mHD8CTPrqXs=</latexit>

(undesired)

<latexit sha1_base64="Rn2Y9hohMbnPtEtm2UinaAWxosk="></latexit>

(desired)

28

• Thermal operation tries to 
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Stochastic thermodynamics

• Quantum dynamics: the GKSL equation, System+Bath

• Crucial quantities

2. Activity:
<latexit sha1_base64="ciVHzhAbmzwp+5C3Ea57o9ULBZ8="></latexit>� 0

number of transitions
<latexit sha1_base64="S80QlkC39tuUWwUXhOyRn9+0QPw="></latexit>

at =
X

m 6=n

Wm,nPn +Wn,mPm

1. Entropy production rate:
<latexit sha1_base64="ciVHzhAbmzwp+5C3Ea57o9ULBZ8="></latexit>� 0

irreversibility
<latexit sha1_base64="Wb+lfu8Y8WwvoxQXFhp2q9MjFnA="></latexit>

�t =
1

2

X

m,n

(Wn,mPm �Wm,nPn) ln


Wn,mPm

Wm,nPn

�

• Classical probabilistic process
<latexit sha1_base64="lRireuTrOvvqXwpKQ1yOFOErwLw="></latexit>

@

@t
Pn(t) =

X

m( 6=n)

Wn,m(t)Pm(t)�Wm,n(t)Pn(t)



Main results: Three-way trade-off relation

• Error: evaluated though the prob. of undesired states
<latexit sha1_base64="5KivZyuP06VjeBa6YXU5nDPD11Y="></latexit>

✏t := �1/ lnPu(t)
<latexit sha1_base64="GXAIzWbaArxVpaPZ/89/p1VXqF8="></latexit>

✏t 2 [0,1]
<latexit sha1_base64="7JuQBOzLazDuIbPblHtE8q7M+hg="></latexit>

Pu(t) = 0+
<latexit sha1_base64="mu6aqbUDQO88F2JZ/KnNJFOzXNc="></latexit>

Pu(t) = 1�

Time Cost Error
Relative error ratio

<latexit sha1_base64="/U8fuV6kS9/L6Oj+LDdVoywf1jo="></latexit>

⌧ · C · ✏⌧ � ⌘⌧
<latexit sha1_base64="MFKZYAa1VeuBOXteHwSD3BooIMk="></latexit>

⌘⌧ :=
✏0 � ✏⌧

✏0
= 1� ✏⌧/✏0

• Time-cost-error trade-off relation 

• Cost: thermodynamic cost
<latexit sha1_base64="2pDtcsAJwgZ5wIo8Qv58g+DtGK8="></latexit>

� : inverse of

<latexit sha1_base64="Yu2ZsTiXpTMxV3lY7DiVcr37qN8="></latexit>

g(x) = 1� �(x)
<latexit sha1_base64="x26NBAzbAicY1fyH04yEpmD6Vuo="></latexit>

x� 1

x+ 1
lnx

<latexit sha1_base64="Peh7XUOPHRcM1i/w1wzdnj+8y+I="></latexit>

C :=
1

⌧

Z ⌧

0
dtwd,u g(�t/at)

30



Copying case: the details of the no-go theorem

No-go theorem Daffertshofer, Plastino, Plastino, PRL (2002)
<latexit sha1_base64="A0H1xvlmteFF7O/+miaIeoHZ+Fg="></latexit>

D [q(x)p(y)|q0(x)p(y)] = D [q(x), q0(x)]

<latexit sha1_base64="WBnKo1+wFpGliN54gzldYpSz10k="></latexit> 

<latexit sha1_base64="x6cixD3rK+pa9APynUPU3Hb520Y="></latexit>

D [T [q(x)p(y)] |T [q0(x)p(y)]]
<latexit sha1_base64="yDd7X2p1VbXJV1a8qgEQicLWA78="></latexit>

� D [q(y)|q0(y)]

• More details with the time-cost-error trade-off
<latexit sha1_base64="jctkPaAbeaVwCzhMReIjVAmnFhA="></latexit>x

<latexit sha1_base64="Z0vNPJktk+417S6Ab2TJi72saYw="></latexit>

x = 0, 1
<latexit sha1_base64="mLFYTLyuJBmdgQN9L1kxvG4Iuj4="></latexit>

y = 0, 1

<latexit sha1_base64="TsSGzKUUNvwupk/HAtLHz2ZHyMk="></latexit>y
bit memory

copy

• Copying with CPTP map 
<latexit sha1_base64="XuC49yVXVNdYii/EuAOks6fHtsI="></latexit>

q(x)p(y)
<latexit sha1_base64="WqT9okGYz9FkqT8viNTI7N8vFn0="></latexit>

T [q(x)p(y)]
<latexit sha1_base64="oO41IiOMMmU5miPCnsmRs5j2R8Q="></latexit>

= P (x, y)
<latexit sha1_base64="dXeEH6oMNfjY5v831ggsfahU2Rc="></latexit>X

x

P (x, y)
<latexit sha1_base64="ZtChmKAYXtdKT+2iZMyoQmVbfCM="></latexit>

= q(y)
<latexit sha1_base64="Ynn7LgS4HLMAK2NMUda8GC1/HL0="></latexit>

8q(x)

<latexit sha1_base64="jctkPaAbeaVwCzhMReIjVAmnFhA="></latexit>x
<latexit sha1_base64="TsSGzKUUNvwupk/HAtLHz2ZHyMk="></latexit>y

bit memory
copy

<latexit sha1_base64="/U8fuV6kS9/L6Oj+LDdVoywf1jo="></latexit>

⌧ · C · ✏⌧ � ⌘⌧

<latexit sha1_base64="HT7eJ/WPN7To4ADlaM6uCnegwt4="></latexit>

(x, y) = (0, 0), (1, 1), (0, 1), (1, 0)

<latexit sha1_base64="jK8xW8LlpQ9GsRrFH20Wdm1kEYM="></latexit>

desired
<latexit sha1_base64="Gi6Vc3frhsD9EuEmy/amMP9+deA="></latexit>

undesired
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Ongoing!
<latexit sha1_base64="/U8fuV6kS9/L6Oj+LDdVoywf1jo="></latexit>

⌧ · C · ✏⌧ � ⌘⌧

<latexit sha1_base64="POU0BUvMzCskUvfOHBGarjLlBcs="></latexit>

D→ → D0 +
1

ω
(D0ε ↑ j2)

<latexit sha1_base64="qNWI1iIt4R6lCDUoCXIWnsRyHbk="></latexit>

[VarJ ]ω
Jω

sinh
[ ω

2kBJω

]
→ 1

Thank you for your attention !



Giant diffusion: Application of inverse TUR

• Competing between f and potential V enhances the diffusion 

• The giant diffusion

<latexit sha1_base64="482bcw3puUpKOwy3FrofiQL+a4Q="></latexit>

f

: Enhanced diffusion in the periodic boundary
<latexit sha1_base64="JG5v3AiWmT65A9lLfE9ZHReRmo4="></latexit>

V (x+ L) = V (x)
<latexit sha1_base64="w8/3KPvt26BDxXc0rF8XV08ae90="></latexit>

ẋ = µ(f � @xV (x)) +
p
2D0⌘(t)

Reimann, et al., PRL (2001)

<latexit sha1_base64="mHTJdKqxii5F4DBtmcwFo0HpQ4Q="></latexit>

�fx+ V (x) , (V (x) = sin(x))
5 10 15 20

-30

-25

-20

-15

-10

-5
<latexit sha1_base64="uSMfaK5yZqMquk9cFxfUzKbcoJw="></latexit>

f < fc

<latexit sha1_base64="ro9KwPNhpusPRWpgX2qPCqF8Pbw="></latexit>

f > fc

<latexit sha1_base64="bcko+GXVwbdnhCcyrtExuFLLU84="></latexit>

f = fc

<latexit sha1_base64="YUzXJokRX9zKAvGNW+nhwVuXJxU="></latexit>

f

<latexit sha1_base64="OWDLhtMWnp6wTl+DDKyc9Nhbk4M="></latexit>

D/D0

<latexit sha1_base64="xmjkfqrrvrA692GI/96JgVPhmFc="></latexit>

fc
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Giant diffusion: experiments

• Many experiments of the giant diffusion
DNA polymer in periodic array    Kim, et.al., PRL (2017)

F-1 motor                                     Hayashi, et.al., PRL (2015)
A dielectric silica dumbbell         Bellando, et.al., PRL (2022)

• F-1 motor experiment

34



More details of the thermodynamic cost
<latexit sha1_base64="u7g9DwiBqUv5+X2hMJLJsvYcvd0="></latexit>u

<latexit sha1_base64="sFONV1Cr3XbE0r6S0zD+Vf7LmAQ="></latexit>

d

<latexit sha1_base64="7XJWxjUCRXpiGC2mvew4i9fXvek="></latexit>

(undesired)

<latexit sha1_base64="Rn2Y9hohMbnPtEtm2UinaAWxosk="></latexit>

(desired)
<latexit sha1_base64="V1ZJocD1ZImq/IIh+BvU2PZ+LWE="></latexit>

@tPd(t) = !d,uPu(t)� !u,dPd(t)
<latexit sha1_base64="5bEymzsP3qB+xrn8if9ELJakT84="></latexit>

@tPu(t) = !u,dPd(t)� !d,uPu(t)

<latexit sha1_base64="Peh7XUOPHRcM1i/w1wzdnj+8y+I="></latexit>

C :=
1

⌧

Z ⌧

0
dtwd,u g(�t/at)

<latexit sha1_base64="nR0Gejtl8sjiDBNl+T6nlMWPCY8="></latexit>�t : Total entropy production rate
<latexit sha1_base64="UpKiHh3v03tq4svMhdyFdML93ZE="></latexit>at : Activity btw     and     :  Number of jumps btw     and    

<latexit sha1_base64="Obm2iTuG/JZPNNloBe6WlTjqcnA="></latexit>

d
<latexit sha1_base64="1GJ/xq/rhwLHHb14I8hWVNPOOoY="></latexit>u <latexit sha1_base64="1GJ/xq/rhwLHHb14I8hWVNPOOoY="></latexit>u

<latexit sha1_base64="Obm2iTuG/JZPNNloBe6WlTjqcnA="></latexit>

d
: Entropy production per one jump at time t

: Escape rate from <latexit sha1_base64="1GJ/xq/rhwLHHb14I8hWVNPOOoY="></latexit>u
<latexit sha1_base64="CeXdj/LRSlaclTE3FFkp+P7rD5g="></latexit>wd,u

• Quantities

<latexit sha1_base64="0sGZHBfIQJ8wiZSkRL69WjhV334="></latexit>

�t/at

0.0 0.5 1.0 1.5 2.0
0.0

0.2

0.4

0.6

0.8

1.0

<latexit sha1_base64="tg5BuxU3/2DqgFz9q0v9ayp5do8="></latexit>x

<latexit sha1_base64="KE2Om2TMtIU5Au9HOw7fD6FqKuA="></latexit>

2
p
x

<latexit sha1_base64="KW+a8q7maiV/qCA7T36MFZfP/+E="></latexit>

g(x)  1� e�(8/5)max(
p
x,x)

<latexit sha1_base64="hWeNzs6JOhpT3v7G914Pd5l/N08="></latexit>

g(x) ⇠ 2
p
x x ⌧ 1

<latexit sha1_base64="FXy09t+avxYr5jsVCPjdXawdhjs="></latexit>

g(x) := 1� �(�1)(x)
<latexit sha1_base64="WtmU7KsEVO5cZuUMIleLA8Tny9A="></latexit>

�(x) =
x� 1

x+ 1
lnx

<latexit sha1_base64="fTzJbo10Hd+bqMDxEt29Bd96SRo="></latexit>

g(x)

• Function         : monotonically increasing
<latexit sha1_base64="fTzJbo10Hd+bqMDxEt29Bd96SRo="></latexit>

g(x)



Numerical demonstrations

• Cooling
<latexit sha1_base64="YMESP58n1Cjs9OuaMPLHdRuTSic="></latexit>

@tp1(t) = �w2,1(t)p1(t) + w1,2(t)p2(t)
<latexit sha1_base64="xMfeblEelBi3ndNLfxeSaxkZw0A="></latexit>

@tp2(t) = �w1,2(t)p2(t) + w2,1(t)p1(t)

• Check of the trade-off relation
<latexit sha1_base64="TcecklfeWDMA5sK/Ezvtb2QY/8s="></latexit>

⌧C✏⌧ � ⌘⌧ = 1� ✏⌧/✏0

Randomly generated
<latexit sha1_base64="zsyVdZGo9ko8q+LIaf6gmzYXbRg="></latexit>

�Et

<latexit sha1_base64="F27Fvz6B+L+4a0DxDrYGxrH3agA="></latexit>

w1,2(t) = wtot
e��Et

1 + e��Et

<latexit sha1_base64="LkRRfGOK+hLIa/ub1J/bTLHDkEE="></latexit>

w2,1(t) = wtot
1

1 + e��Et

<latexit sha1_base64="Fiaj54aWlY+Fl7YRGsAmivkiQCM="></latexit>

C
✏0✏⌧

✏0 � ✏⌧
� 1

⌧
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Numerical demonstrations

Randomly generated
<latexit sha1_base64="zsyVdZGo9ko8q+LIaf6gmzYXbRg="></latexit>

�Et

<latexit sha1_base64="F27Fvz6B+L+4a0DxDrYGxrH3agA="></latexit>

w1,2(t) = wtot
e��Et

1 + e��Et
<latexit sha1_base64="LkRRfGOK+hLIa/ub1J/bTLHDkEE="></latexit>

w2,1(t) = wtot
1

1 + e��Et

<latexit sha1_base64="Fiaj54aWlY+Fl7YRGsAmivkiQCM="></latexit>

C
✏0✏⌧

✏0 � ✏⌧
� 1

⌧Check of
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The cooling case: Effective temperature

• Cooling to <latexit sha1_base64="B0WZrPHzpcbKulsyRVbGGmNYgQ4="></latexit>

T = 0

<latexit sha1_base64="wt4s8dc7BN/Z/4QJUj1py9A/ak0="></latexit>

�b

<latexit sha1_base64="akNOh/gjbRcp77zCSnTRmlU+btU="></latexit>

�g

<latexit sha1_base64="1GJ/xq/rhwLHHb14I8hWVNPOOoY="></latexit>u

<latexit sha1_base64="Obm2iTuG/JZPNNloBe6WlTjqcnA="></latexit>

d

• Effective temperature <latexit sha1_base64="Ek459RkyJPnH/6EbIBTprm45yM8="></latexit>

Tt

<latexit sha1_base64="7luhteSpOoKteC/uWDMqMGlE+v4="></latexit>

hEit =
X

i

e�Ei/TtEi/Z(Tt)

(1) Sufficiently low temperatures, low-lying two-levels are dominant 
<latexit sha1_base64="BdjmP+vXx/VxeGFXly/GOZNOeDY="></latexit>

✏⌧ := � 1

lnPu(⌧)
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<latexit sha1_base64="yabRy8A5UbA34srXPIPXhI/awag="></latexit>

t

<latexit sha1_base64="j7AfVZhLtDce4txGkRsJqlYIHb0="></latexit>

hEit

<latexit sha1_base64="Ek459RkyJPnH/6EbIBTprm45yM8="></latexit>

Tt<latexit sha1_base64="ef9i688mYpw7ouLd4SZnLg90mbs="></latexit>

T⌧ � �g

⌧C⌧ + ✏0 + ln [(n� 1)�b/�g]

<latexit sha1_base64="Kx+72wczel+c+30n4z4lw6gNdKo="></latexit>

⇠ T⌧

(2) Essential bound of  the temperature

<latexit sha1_base64="96CMsgy9dUPdnZhbLyXrcIEvXRE="></latexit>n
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Generalization

• General current and finite time

<latexit sha1_base64="BWIvAu2J/yvYrExl5mZAIlkzf7M="></latexit>

g(x) =
2

ωx

(∫ 1

0
dz

1→ cos(zx)

z2(1 + z2)
+

∫ →

1
dz

1→ cos(zx)

2z3

)

<latexit sha1_base64="x7gmdN1D7ABEWX06OjGubEk60tQ="></latexit>

Dω :=
[
→X2(ω)↑ss ↓ →X(ω)↑2ss

]
/2ω

<latexit sha1_base64="ZfLg6ZMjLz1Yg3vhSMCGR3x0rTg="></latexit>

X(ω) :=

∫ ω

0
ds!(x(s)) → ẋ(s)

<latexit sha1_base64="UJuynce5PVYY2Ohy1In/9lWwBh4="></latexit>

j := lim
ω→↑

→X(ω)↑ss/ω
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<latexit sha1_base64="jctkPaAbeaVwCzhMReIjVAmnFhA="></latexit>x

<latexit sha1_base64="iiVvO33dxn8jwiGRa6I/dQmdnWM="></latexit>

g(x) → [0, 1]

• Remark

Vo, Dechant, KS, arXiv:2503.14204

(1)                 in equilibrium<latexit sha1_base64="0lpTDVwH+JYlHj1llYFvebmu6VA="></latexit>

Dω → D0

(2) In arbitrary-dimensional situations, a similar inequality holds

<latexit sha1_base64="f1jB+SaphKG8Q6OROkf5LxK49Wg="></latexit>

Dω → D0 + g(ω̄t)
Dmax ε ↑ j2

ω

<latexit sha1_base64="Gn4WRfhddq4ptvgx/0e30+SCmxc="></latexit>

ẋ = µ(f → ωxV (x)) +
↑
2Bε(t)

<latexit sha1_base64="fcYIXB9GlyloAd27qgKNz50Ff7c="></latexit>

Dmax = max
x

B!2(x)
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Markov jump process version 
<latexit sha1_base64="T2t5edsMXAQiRZHrFeYkgBEblQ8="></latexit>

ωtp(k, t) = →
∑

m( →=k)

wm,kp(k, t) +
∑

m( →=k)

wk,mp(m, t)

<latexit sha1_base64="NL8bx+6ZHN0sWcj37I0C/gpPeog="></latexit>

D0 =
∑

k,m

ωmwm,kd
2
m,k/2

<latexit sha1_base64="KI/f//uc/08SxmQcDQzrvgWT9EI="></latexit>

ω = max
k

∑

m( →=k)

wm,k

<latexit sha1_base64="iMylURUTGqUmbgvJ6ojc7Hef1fs="></latexit>

Dω → D0 +
ωε/2↑ j2

ϑ

: instantanuous fluctuation

: Maximum escape rate

λ : spectral gap for symmetrized matrix


