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LETTERSNATURE NANOTECHNOLOGY

the correlated temperature fluctuation to reduce the noise equiva-
lent temperature24. A temperature resolution of ~4 mK was achieved, 
allowing for detection of thermal conductance (G) with a resolu-
tion of ~36 pW K–1, ~1/5 of the lowest G of all measured samples 
(Supplementary Note 3).

Figure 2a plots the measured room temperature κ versus Dh, with 
all nanowires having suspended lengths of ~15 μm. Interestingly, 
the data indicate a clear transition at Dh = 26 nm. For thicker wires, 
κ decreases as Dh decreases, as a result of the boundary scattering of 
three-dimensional (3D) phonons at nanowire surfaces22; however, 
as Dh drops further, κ demonstrates a steep upward trend. In fact, 
compared to the moderate reduction from 7.1 to 4.3 W m−1 K−1 as 
Dh decreases from 135 to 26 nm, κ increases by ~25-fold and reaches 
109 W m−1 K−1 for a 6.8-nm-diameter wire.

Since bulk NbSe3 is a metallic compound, to understand the 
underlying mechanism for the observed transition, we first evalu-
ate the electronic contribution to κ. The electrical resistance of 
NbSe3 nanowires was measured using the four-probe method 
(Supplementary Note 7). Based on the measured electrical resistiv-
ity, we can estimate the electronic thermal conductivity, κe, using 
the Wiedemann–Franz law with the Lorenz number taking the 
Sommerfeld value, which is a good approximation for NbSe3 (ref. 
22). We find the electrons contribute to 42% of the total κ for the 
NbSe3 nanowire with Dh = 24 nm at 300 K. However, κe drops rapidly 
as Dh decreases, and for Dh = 10.8 nm, the electronic contribution is 
merely 3% (Supplementary Fig. 11). As such, phonons are respon-
sible for the drastically enhanced κ of ultrathin wires.

The intriguing size dependence prompts us to examine the 
length dependence of κ, through measuring the same nanowire 
with different suspended lengths (Supplementary Note 8). Figure 
2b plots the normalized room temperature thermal conductivity, κ*, 
versus the normalized suspended length, L*, both with respect to 
the values for the respective longest samples, for eight nanowires 
of different Dh. For meaningful comparison, the maximum length 
in Fig. 2b is kept at ~15 μm (14.2–16.3 μm). Interestingly, for wires 
with large Dh, κ first increases with L from ~2 to ~6 μm, and then 
increases only marginally as L further increases, indicating that κ 
converges to a saturated value during the ballistic to diffusive transi-
tion as the wire length exceeds the phonon mean free path. However, 
as Dh decreases to below 26 nm, κ exhibits a much stronger length 
dependence even for L > 6 μm, suggesting a transition from diffu-
sive to anomalous transport in the length dependence. To further 
explore the length dependence, we measured thinner samples with 
much longer suspended lengths. Figure 2c illustrates the measured κ  

versus L, which indicates that for nanowires with Dh in the range 
of 10.6 to 12.3 nm, the length dependence extends beyond 40 μm at 
300 K, which is larger than the previously reported 8.3 µm for SiGe 
wires25, ~10 µm for SWCNTs13, ~13 µm for Ta2Pd3Se8 wires26 and 
~15 µm for a 25-nm-diameter GaP nanowire27.

Importantly, the data in Fig. 2c indicate that in the length range 
of 6.5 to 42.5 µm, the measured κ follows a trend of κ ∝ Lβ, with a 
constant β of 1/3. For phonons as major heat carriers, a divergent 
κ originates from either (1) substantial ballistic phonon transport 
or (2) phonon scattering mainly through normal process with 
conserved momentum. Partially ballistic transport, while renders 
a length dependence of κ, does not follow a trend of κ ∝ Lβ with a 
constant β over a large size range and would converge to a constant 
κ at large L, as evidenced by the thicker wires in Fig. 2b. Instead, 
both numerical simulations and mode coupling analyses predicted 
a universal κ ∝ L1/3 divergence law for 1D nonlinear lattices at the 
long chain limit7,11,12 (Supplementary Note 8).

To further confirm the superdiffusive transport, we also plot 
the measured κ at 100 K in Fig. 2c, which again follows the trend of 
κ ∝ L1/3 in the same length range. If partially ballistic phonon trans-
port was responsible for the observed length dependence, a steeper 
slope would exist at 100 K as the phonon mean free path is larger at 
lower temperature28. Thus, the consistent power law dependence at 
the very different T values of 100 and 300 K strongly suggests that 
the length dependence in the range of 6.5 to 42.5 µm is due to super-
diffusive behaviour of 1D phonons. Note that a deviation from the 
1/3 power law is shown for the measured results at 30 K, which is 
because at 30 K, 3D phonon modes, that is, both intra-chain and 
inter-chain phonons, make an important contribution to thermal 
transport, as discussed below. Therefore, no 1/3 power law length 
dependence is expected.

The excitation of 1D phonons in the ultrathin nanowires is 
also supported by a transition in the temperature dependence of 
κ, as shown in Fig. 2d. For wires with Dh > 26 nm (lower panel), κ 
decreases as T increases in the range of 50–300 K, a signature of 
Umklapp scattering. However, as Dh further decreases to below 
26 nm (upper panel), κ starts to display an increasing trend in this 
high temperature regime, and a linear T dependence is observed 
for the measured κ of a 6.8 nm wire. This is drastically different 
from the T−2 dependence for the measured κ of SWCNTs, where 
Umklapp scattering dominates phonon transport29.

The transition to positive temperature dependence cannot be 
explained by changes in phonon mean free path (l) or group velocity 
(v). As such, it must be due to the altered temperature dependence 
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Fig. 1 | Crystalline structure of NbSe3 and experimental set-up for thermal/electrical measurements. a, Schematic showing the stacking of the prisms 
in NbSe3. b, A projection of the crystal structure perpendicular to the b axis. I, II and III denote three types of chain in the unit cell. c, Schematic of the 
measurement device. d, SEM micrograph showing a nanowire on the device. e, A high-resolution TEM image of an ultrathin NbSe3 nanowire.
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極端に細く、長い材料の実現 
直径 ~   長さ ~  
          一次元固体
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ナノワイヤの流れる熱流
L. Yang et al. Nat. Nanotechnol (2021)

グラフェン中の電子の流体力学的振る舞い
J. A. Sulpizio et al. Nature (2019)

純度の高いグラフェンを実現 
電子が原子核や不純物によって散
乱されず、流体的に振る舞う 
                二次元流体
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低次元流体/固体の特徴
LETTERS NATURE NANOTECHNOLOGY

of heat capacity (C) according to κ ∼ Cvl. This transition suggests 
that for ultrathin wires, the excited phonon modes must be differ-
ent from those in thicker wires. The increasing κ with temperature 
suggests that more 1D phonon modes along the molecular chain 
are continuously populated, which can occur only if the Debye 
temperature, θD, shifts to a higher value. The θD of bulk NbSe3 is 
~200 K (ref. 22), and since θ

D

∝
√
E (ref. 30), a higher θD implies an 

enhanced Young’s modulus (E), a phenomenon known as elastic 
stiffening that occurs in various nanowires31,32.

To verify our hypothesis, we measured E of individual nanow-
ires along the axial direction, that is, the b direction, using a 
three-point bending scheme with an atomic force microscope 
(AFM). E can be extracted from the force–deflection curve (Fig. 
3a) recorded during the extension and retraction process in the 
bending test (Supplementary Note 9). Figure 3b shows that for 
wires with Dh > 40 nm, E remains constant, and the average value of 
E = 86 GPa is consistent with the reported bulk value33. However, E 
increases sharply as Dh decreases below 26 nm, reaching 423 GPa for 
Dh = 8.9 nm, which represents a fivefold enhancement with respect 

to Young’s modulus of the bulk, Ebulk. Even though elastic stiffening 
has been observed in various nanowires31,32, the observed value here 
represents about threefold more E enhancement as compared to the 
up to 100% enhancement for ZnO (ref. 31) and Ag (ref. 32) nanowires.

Elastic stiffening can influence the lattice thermal conductivity 
(κl) in several ways. First, the enhanced E corresponds to a higher 
speed of sound, which is directly proportional to κl. In addition, the 
higher θD shifts the phonon spectrum to lower wave vectors at any 
given T, and enlarges the bandgap between acoustic and optical 
phonons; both contribute to a reduced Umklapp scattering rate34–36. 
These factors all help boost κl, leading to the ~25-fold κ enhance-
ment. It is a surprise, however, that so far no experimental data or 
numerical results have been reported to show the effects of elas-
tic stiffening on phonon transport. As such, we modelled the κl of 
bulk NbSe3 with different interatomic force constants by combin-
ing first-principles calculations and the Boltzmann transport equa-
tion37,38 (Supplementary Note 10). In modelling bulk NbSe3, the 
effect of phonon-boundary scattering is neglected; this is reasonable 
because in ultrathin NbSe3 wires, 1D phonons along the molecular 
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Fig. 2 | Divergent and superdiffusive transport of 1D phonons. a, Measured room temperature κ versus Dh. The grey solid line is a guide for the eyes. The 
error bars represent uncertainties calculated based on measurement errors in thermal conductance, nanowire length and cross-section (Supplementary 
Note 5). Inset: AFM scanning profile of the nanowire with Dh!=!6.8!nm. b, Normalized room temperature κ versus the normalized suspended length, which 
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and 300!K) display a 1/3 power-law divergence. The black lines are used to connect the measured thermal conductivity data for the same sample. Note 
that the deviation from the 1/3 power law at 30!K is because at this temperature, the transport is not 1D phonon dominant. d, Temperature dependence of 
κ for different diameter wires (the suspended lengths are ~15!μm for all samples). α in the top panel is a constant. The measured κ for the thickest NbSe3 
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1次元ナノワイヤ 
熱伝導率が で大きくなる 
(実験的観測にも成功)

L1/3
2次元流体 
粘性率が で大きくなる 
(今後の実験に期待)
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低次元系では、輸送係数がシステムサイズとともに発散的に増大することが知られている
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FIG. 2. Simulation and theoretical results for the system-size dependence of observables for Couette geometry in fluctuating hydrodynamics.
Colored lines represent simulation results for di↵erent system sizes: L = 32 (purple), L = 64 (blue), and L = 128 (green). The red lines
represent theoretical results [Eqs. (17) and (20)]. The black dashed line in (c) and (e) represents the input parameter ⌘0 = 0.10. (a) Scaled
velocity profiles hvy(x)i/U as a function of the scaled position x/L. Inset: Zoomed-in view near the wall. (b) Shear stress profiles h�xy(x)i
as a function of x/L. (c) Observed viscosity profiles ⌘obs(x) as a function of x/L. (d) System-size dependence of ⌘obs in the bulk region,
calculated from Fig. (c). (e) Zoomed-in view of ⌘obs(x) near the wall as a function of position x, taken from Fig. (c). Inset: Comparison
between simulation and theory. Parameters are fixed at ⇢0 = 0.765, T = 1.0, ⌘0 = 0.10, U/L = 0.002, auv = 1.0, c

2
T
= 1000 (approximating an

incompressible fluid), and ⇣0 = 1.0. The atomic scale is used as the unit, the details of which are described in Sec. IV A.

This boundary condition assumes the complete elimination
of thermal fluctuations near the solid wall. We anticipate
that this elimination will significantly reduce the fluctuation-
induced contribution �⌘ at the boundaries. To verify this ex-
pectation, we perform numerical simulations of fluctuating
hydrodynamics [Eqs. (3), (4) and (13)-(15)]. The specific nu-
merical methods used in the fluctuating hydrodynamics simu-
lations are detailed in Appendix B.

To disentangle contributions from the bare viscosity and the
fluctuations to various physical quantities, we focus on the
distinct system-size dependence of these contributions in two-
dimensional systems. Specifically, fluctuation-induced cor-
rections diverge logarithmically with increasing system size,
whereas contributions from the bare viscosity remain system-
size-independent. Based on this, we perform a series of simu-
lations with varying system sizes L and analyze the observed
system-size dependence of physical quantities. Although our
simulations are performed at a constant shear rate U/L, the
focus is on the linear response regime, where the shear rate
becomes irrelevant to the scaling behaviors. See Appendix C
for details.

The results are summarized in Fig. 2. The atomic scale
is used as the unit, the details of which are described in
Sec. IV A. Figure 2(a) shows the scaled velocity profiles,
hvyi/U, as a function of the scaled position x/L. For an ideal
uniform shear flow predicted by the deterministic Navier-
Stokes equation, the velocity profile should exhibit a perfectly

linear dependence on x/L. However, in this figure, we observe
deviations from this ideal linear behavior, particularly near the
walls. In contrast, the shear stress profile h�xy(x)i presented in
Fig. 2(b), is spatially uniform across the entire system, which
is exactly derived from the force balance condition in Eq. (4).
In addition, a system-size dependence of h�xy(x)i is observed,
even though the velocity gradient remains approximately con-
stant at U/L.

Recall that the observed viscosity is given by

⌘obs(x) =
h�xyi

@xhvyi + @yhvxi . (16)

The spatial uniformity of the shear stress h�xy(y)i, combined
with the non-uniform velocity gradient, implies that ⌘obs(x)
exhibits a position dependence. This is clearly shown in
Fig. 2(c), which displays the overall profiles of ⌘obs(x) for
di↵erent system sizes. In the bulk region, ⌘obs(x) diverges
logarithmically with increasing system size, as depicted in
Fig. 2(d). This behavior is characteristic of anomalous trans-
port phenomena [Eq. (12)]. In contrast, near the walls,
Fig. 2(e) reveals that ⌘obs(x) is independent of system size.

Notably, the value of ⌘obs(x) at the walls is nearly identical
to ⌘0 = 0.10, the value that we chose for the bare viscos-
ity in our simulations. This observation is consistent with the
physical understanding of fluctuation-induced corrections; the
no-slip boundary condition suppresses the fluctuations intro-
duced by ⇧ran(r, t), and consequently, �⌘ should diminish as

η ∝ log L
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従来の流体力学
https://www.ryutai.co.jp/shiryou/liquid/water-mitsudo-1.htm

水の粘性係数 
（大気圧下での温度依存性）

流体力学の教科書によると… 
輸送係数はその流体の熱力学的な状態の
みに依存する

低次元固体/流体は 
従来理論の範疇にない
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本発表のテーマ

低次元流体を記述する流体力学は？

今回の発表では、 
1. 揺らぐ流体力学とは何か？ 
2. 揺らぐ流体力学の定量的記述能力

熱揺らぎの存在を考慮した『揺らぐ流体力学』
(1970年代から知られている)
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D. Forster, D. R. Nelson, and M. I. Stephen, Phys. Rev. A 16, 732 (1977)

『揺らぐ流体力学』は場の量子論と似た数学的構造を持っており、議論の中心は”繰り込み” 
低次元流体力学の研究を場の量子論の専門家と共有したい

H. Nakano, Y. Minami, and K. Saito, 
arXiv:2502.15241 (2025)



イントロダクション

揺らぐ流体力学とは



従来の流体力学
Landau and Lifshitz, “Fluid Dynamics” (1959)
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引用元：wikipedia

流体力学： 
気体や液体が示すマクロな挙動 
を記述する理論的枠組み

ρ0[ ∂v
∂t

+ (v ⋅ ∇)v] = − ∇p + η∇2v非圧縮流体のナビエ・ストークス方程式

決定論的な連続場の方程式で現象を定量的に記述する
8/27



揺らぐ流体力学とは：アイデア
314 H. Nakano, S. Sasa

Fig. 1 Model using by Kirkwood

Fig. 2 Model using by Bocquet
and Barrat

where kB denotes the Boltzmann constant, T the temperature of the fluid, ⟨·⟩eq a canonical

ensemble average at temperature T , and F̂
K
t the total microscopic force exerted on the sphere

by the fluid at time t .
When the fluid satisfies the Navier–Stokes equation, Kirkwood’s formula (3) involves the

boundary condition. For example, the friction coefficient for a viscous fluid at low Reynolds
number is given by

γK = CηR, (4)

whereη is the viscosity of the fluid, and R is the radius of the sphere. The numerical coefficient
C is equal to 4π for the perfect slip boundary condition and 6π for the stick boundary
condition. Here, the perfect slip boundary condition means that the velocity of the fluid
normal to the sphere at the boundary is equal of that of the sphere in this direction and
the shear stresses on the sphere are equal to zero. This expression (4) is directly obtained
from (3) by employing the fluctuating hydrodynamics [45–47]. By recalling that γK is the
friction coefficient defined from the difference between the velocity of the sphere and the
fluid at infinity, we notice that Kirkwood’s formula (3) may contain the global information
of system. Recently, Itami and Sasa reported such global nature of Kirkwood’s formula for
some configurations [47,48].

Second, we explain the local linear response theory for the partial slip boundary condition,
which was given by Bocquet and Barrat [35]. They considered a fluid in a semi-infinite
container with a stationary plane wall (Fig. 2) and focused on the friction force between the
fluid and wall, defined by

123

流体中に大きな球を置く

球のサイズを 
小さくしていく

確率的な力が導入される流体を構成する原子・分子のランダムな衝突

V

F = − γV F = − γV + 2γkBTξ(t)

引用元：wikipedia

ストークス抵抗 ブラウン運動

9/27



流体力学と熱揺らぎ
Landau and Lifshitz, “Fluid Dynamics” (1959)
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引用元：wikipedia

拡大

流体が原子・分子から構成されている以上、その熱運動の効果は避けられない
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揺らぐナビエ・ストークス方程式

：揺らぐ速度場v

1. 空間一様等方 
2. 運動量が保存量 
3. ガウシアン白色ノイズ 
4. 揺動散逸関係を満たす　　　　散逸  に対応してノイズ項を導入η0

この揺らぎの効果はランジュバン方程式的に拡張すれば、取り込める

Landau and Lifshitzの揺らぐ流体力学

ρ0[ ∂v
∂t

+ (v ⋅ ∇)v] = − ∇p + η0 ∇2v − ∇ ⋅ Πran

⟨Πran(r, t)Πran(r′￼, t′￼)⟩ = 2kBTη0δ(r − r′￼)δ(t − t′￼)

× [δacδbd + δadδbc − δabδcd]

11/27

Landau and Lifshitz, “Fluid Dynamics” (1959)

揺らぐ流体力学は決定論的流体力学の自然な拡張であり、次元に依存せずに存在する



揺らぐ流体力学の特徴

決定論的流体力学 揺らぐ流体力学 場の量子論

揺らぎの有無 決定論的場の理論 揺らぐ場の理論 揺らぐ場の理論

むしろ、決定論的流体力学は揺らぐ流体力学の熱揺らぎが無視できる極限 
揺らぐ流体力学の数学的構造は決定論的流体力学より場の量子論に似ている

結合定数・質量 粘性係数

UVカットオフ 原子・分子の 
長さスケール

量子揺らぎ 熱揺らぎ

揺らぐ流体力学の 
議論の中心は”繰り込み”
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壁に挟まれた流体

13/27
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FIG. 3. Measurement protocols for determining the bare viscosity ⌘0 and their validation. (a) Illustration of the method, focusing on near-
wall behavior in Couette geometry. (b) Protocol 1: Fitting the observed viscosity profile ⌘obs(x) (red line) with fluctuating hydrodynamics
simulations (black line), yielding ⌘0 = 0.325. (c) Protocol 2: Fitting ⌘obs(x) (red line) with the theoretical expression [Eq. (20)] (black
line), yielding ⌘0 = 0.304. (d) Validation using the velocity profile in Poiseuille flow. The black curve represents the prediction from
fluctuating hydrodynamics with the estimated ⌘0 = 0.325, the red line the results of the MD simulations, and the blue curve the prediction
from deterministic hydrodynamics given by Eq. (24), where the parameter ⌘ has been set to the observed viscosity ⌘obs in the bulk region. (e)
Further validation using the time correlation function of the momentum current in equilibrium. The black line is the prediction from fluctuating
hydrodynamics with the estimated ⌘0 = 0.325, and the red line the MD results. The parameters for the atomic system are V(�) = 10�2,
⇢0 = 0.765, T = 1.0, and L = 128.0. The conditions for (b) and (c) are U/L = 0.0014 in Couette geometry, and for (d) is an external force
g = 0.00002 in Poiseuille geometry.

temperature. The interactions between the wall and fluid par-
ticles are modeled by repulsive forces, mimicking a hydropho-
bic surface. Details of the specific interaction potentials and
simulation parameters are provided in Appendix E. We con-
firm in Appendix F that the results in this section are quanti-
tatively valid for other types of microscopic walls.

In the following, we set the atomic mass m, the atomic di-
ameter �, and the temperature T to 1. These serve as the
fundamental units of mass, length, and energy, respectively;
the corresponding unit of velocity is the thermal velocity of
atoms, vth :=

p
kBT/m. Note that these units are also used

when presenting the results of fluctuating hydrodynamics cal-
culations, facilitating a direct comparison between the micro-
scopic and continuum descriptions of the fluid.

B. Measurement protocol of bare viscosity

In atomic systems, we can directly observe the noise-
averaged velocity and shear stress fields, which are fundamen-
tal quantities in hydrodynamics. We can then calculate the
observed viscosity ⌘obs(x) using Eq. (10), the same formula
used in fluctuating hydrodynamics. The red line in Fig. 3(b)

shows ⌘obs(x) obtained in the MD simulations. As predicted
by fluctuating hydrodynamics, ⌘obs(x) decreases near the wall
and increases away from it.

From this behavior, we determine ⌘0 in the following
procedure.

Protocol 1

1. measure ⌘obs(x) in atomic systems

2. fit obtained ⌘obs(x) with the results of fluctuating hydro-
dynamics simulations.

To ensure dimensional consistency in the fitting, we match the
mean density ⇢0, temperature kBT , and system size L between
the two descriptions. Only ⌘0 is used as the fitting parameter.
In practice, we systematically adjust ⌘0 in increments of 0.005
and search for the ⌘0 value that best reproduces the data in the
entire region.

Figure 3(b) illustrates the result for a specific atomic sys-
tem. The best-fitted curve (black) is overlaid on the MD re-
sults (red), which demonstrate that fluctuating hydrodynamics
with the best-fit ⌘0 accurately reproduces ⌘obs(x) in the atomic

以下では 
1. 低次元流体の文脈で、揺らぐ流体力学のど
のような解析が行われているか？ 
2. その解析が“繰り込み”との戦いであること 
について具体例を挙げて紹介する。

実際の応用例に近い 
二枚の平行な固体壁に挟まれた流体 
に注目する

H. Nakano, Y. Minami, and K. Saito, arXiv:2502.15241 (2025)



揺らぐ流体と決定論流体の違い

“繰り込み”がどう現れるか？



I. Srivastava et al. Phys. Rev. E 107, 015305 (2023)

▶︎ 実空間を正方格子に離散化し、数値計算を行う

auv

・denseな2次元流体に注目する 
・空間のメッシュサイズ ：理論のUVカットオフ長auv

v0

v0

▶︎ 固体壁は境界条件で与える

ṽ = (0, ± v0)・no-slip境界条件を課す

揺らぐ流体シミュレーション

揺らぐナビエ・ストークス方程式 ρ0[ ∂v
∂t

+ (v ⋅ ∇)v] = − ∇p + η0 ∇2v − ∇ ⋅ Πran

ノイズレスの決定論的流体力学と比較しながら、結果を紹介する 15/27
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0.0 0.5 1.0
0.0
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定常状態での速度場

壁 壁

v0

v0

定常状態での速度場の観測結果

決定論流体

簡単なセットアップでさえ、 
揺らぐ流体力学は決定論流体力学とは異なる予言を導く

速度場の勾配は非一様

ゆらぐ流体

ṽ = (0, ± v0)

no-slip境界条件を課す

16/27

速度場の勾配は一定



0 64 128x
0.000

0.001

hæxyi

定常状態でのせん断応力

v0

v0

定常状態のせん断応力の観測

∂
∂t

(ρ0vi) −
∂

∂xj
σij = 0

決定論流体

ゆらぐ流体

⟨σxy⟩ = − ρ0⟨vxvy⟩ + η0 (∂x⟨vy⟩ + ∂y⟨vx⟩)

ナビエ・ストークス方程式は 
運動量保存則の形で書き直すことができる せん断応力（流体に働く力）が定義される

(i, j = x, y)

揺らぎによる補正 
が存在

17/27



粘性係数の繰り込み補正

v0

v0

⟨σxy⟩ = ηR (∂x⟨vy⟩ + ∂y⟨vx⟩)
測定量としての粘性係数

速度場やせん断応力の観測結果は、粘性係数の繰り込みによって理解できる

⟨σxy⟩ = − ρ0⟨vxvy⟩ + η0 (∂x⟨vy⟩ + ∂y⟨vx⟩)
揺らぐ流体力学におけるせん断応力

測定される粘性係数は、非線形項の効果が繰り込まれた有効的な係数となる
18/27



0 64 128x
0.1

0.2

0.3

¥R

測定される粘性係数の位置依存性

v0

v0

速度場は固体壁直上では 
全く揺らがない

速度場やせん断応力の観測結果は、粘性係数の繰り込みによって理解できる

繰り込み補正の大きさは 
固体壁からの距離に依存し 
固体壁直上では0となる

繰り込み補正

ṽ = (0, ± v0)
no-slip境界条件を課す η0 = 0.1

境界（固体壁）の存在のために、複雑な繰り込み補正が現れる
19/27



測定される粘性係数のシステムサイズ依存性

v0

v0

低次元流体では、粘性係数の繰り込みにIR発散が見られる

0.0 0.5 1.0x/L

0.10

0.15

0.20

0.25

0.30

¥R

L = 32

L = 64

L = 128

固体壁近傍では 
システムサイズ依存性 
はない

固体壁から離れると 
システムサイズ 
とともに大きくなる

20/27

繰り込み補正のIR発散が実験的な観測量となる 
低次元固体/流体の中心テーマ：IR発散の定量的予言



揺らぐ流体力学の精度

揺らぐ流体力学は正しいのか？



流体のミクロモデル
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FIG. 3. Measurement protocols for determining the bare viscosity ⌘0 and their validation. (a) Illustration of the method, focusing on near-
wall behavior in Couette geometry. (b) Protocol 1: Fitting the observed viscosity profile ⌘obs(x) (red line) with fluctuating hydrodynamics
simulations (black line), yielding ⌘0 = 0.325. (c) Protocol 2: Fitting ⌘obs(x) (red line) with the theoretical expression [Eq. (20)] (black
line), yielding ⌘0 = 0.304. (d) Validation using the velocity profile in Poiseuille flow. The black curve represents the prediction from
fluctuating hydrodynamics with the estimated ⌘0 = 0.325, the red line the results of the MD simulations, and the blue curve the prediction
from deterministic hydrodynamics given by Eq. (24), where the parameter ⌘ has been set to the observed viscosity ⌘obs in the bulk region. (e)
Further validation using the time correlation function of the momentum current in equilibrium. The black line is the prediction from fluctuating
hydrodynamics with the estimated ⌘0 = 0.325, and the red line the MD results. The parameters for the atomic system are V(�) = 10�2,
⇢0 = 0.765, T = 1.0, and L = 128.0. The conditions for (b) and (c) are U/L = 0.0014 in Couette geometry, and for (d) is an external force
g = 0.00002 in Poiseuille geometry.

temperature. The interactions between the wall and fluid par-
ticles are modeled by repulsive forces, mimicking a hydropho-
bic surface. Details of the specific interaction potentials and
simulation parameters are provided in Appendix E. We con-
firm in Appendix F that the results in this section are quanti-
tatively valid for other types of microscopic walls.

In the following, we set the atomic mass m, the atomic di-
ameter �, and the temperature T to 1. These serve as the
fundamental units of mass, length, and energy, respectively;
the corresponding unit of velocity is the thermal velocity of
atoms, vth :=

p
kBT/m. Note that these units are also used

when presenting the results of fluctuating hydrodynamics cal-
culations, facilitating a direct comparison between the micro-
scopic and continuum descriptions of the fluid.

B. Measurement protocol of bare viscosity

In atomic systems, we can directly observe the noise-
averaged velocity and shear stress fields, which are fundamen-
tal quantities in hydrodynamics. We can then calculate the
observed viscosity ⌘obs(x) using Eq. (10), the same formula
used in fluctuating hydrodynamics. The red line in Fig. 3(b)

shows ⌘obs(x) obtained in the MD simulations. As predicted
by fluctuating hydrodynamics, ⌘obs(x) decreases near the wall
and increases away from it.

From this behavior, we determine ⌘0 in the following
procedure.

Protocol 1

1. measure ⌘obs(x) in atomic systems

2. fit obtained ⌘obs(x) with the results of fluctuating hydro-
dynamics simulations.

To ensure dimensional consistency in the fitting, we match the
mean density ⇢0, temperature kBT , and system size L between
the two descriptions. Only ⌘0 is used as the fitting parameter.
In practice, we systematically adjust ⌘0 in increments of 0.005
and search for the ⌘0 value that best reproduces the data in the
entire region.

Figure 3(b) illustrates the result for a specific atomic sys-
tem. The best-fitted curve (black) is overlaid on the MD re-
sults (red), which demonstrate that fluctuating hydrodynamics
with the best-fit ⌘0 accurately reproduces ⌘obs(x) in the atomic

流体はミクロに見えると、原子からできている
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分子動力学シミュレーション

▷ 非調和反発ポテンシャル

V(r) =
k
2

δ4

V(r) = 0

for δ > 0

for δ ≤ 0

▷ ハミルトンの運動方程式（古典力学）
dpi

dt
= −

∂V
∂ri

dri

dt
=

pi

m

m = σ = kBT = 1.0▷ 単位

流体の運動を原子や分子から再現

正方格子　＋　ランジュバン熱浴

▷ 固体壁を構成する粒子
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定常状態での速度場

0 64 128x
°0.1

0.0

0.1

hvyi

v0 = 0.0367

v0 = 0.0611

v0 = 0.0856

分子動力学シミュレーションでは、速度場やせん断応力を観測できる
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分子動力学シミュレーションの結果

0.0 0.5 1.0x/L

0.34

0.43

0.52

¥R

L = 512

L = 256

L = 128

古典力学に従う原子による記述でも、測定される粘性係数の繰り込み補正が観測される

固体壁近傍では 
システムサイズ依存性 
はない

固体壁から離れると 
システムサイズ 
とともに大きくなる

システムサイズに依存する粘性係数はIR発散する繰り込み補正の存在を示す
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揺らぐ流体力学の定量的記述能力

26/27

揺らぐ流体力学のパラメータ  をフィッティングパラメータとして、精度良く一致するη0

赤線：分子動力学 
黒点：揺らぐ流体

0 64 128x0.44

0.52

0.60

¥R

0 12 24x0.44

0.52

0.60

¥R

揺らぐ流体力学は固体壁近傍の挙動まで含めて、定量的予言を与える理論



まとめ
1. 古典流体には、原子・分子の運動から生じる熱揺らぎの効果が必ず存在する
ため、揺らぐ流体力学という枠組みが自然に存在する 

2. 揺らぐ流体力学は低次元流体を定量的に議論する上で必須の枠組みであり、
特に固体壁の存在などが複雑な繰り込み補正を導く 

3. 場の量子論の知見を用いることで、新しいことがわかるかも？ 

（おまけ） 
1. 決定論的流体力学は3次元でUVカットオフ長を十分に大きく取った時に、揺
らぎの効果が小さくなっていくことで正当化される 

2. UVカットオフ長の自然な下限が存在するかが未解決問題である。非平衡統
計力学的には、連続体記述が破綻するスケールを明確に定めて、そこをUVカッ
トオフ長の自然な下限としたい


