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Why do we study QGP?

Last month, two giants, T.D.Lee and J.Bjorken, passed away

Wikipedia

The goal of heavy-ion collisions should be remembered

▶ Little Bang on the Earth to simulate Big Bang of the Universe

▶ I initiated my research to understand the hierarchy of matter

▶ Now I have more detailed questions, of course
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Quarkonium: can we witness color fields in the QGP?
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Why do we study QGP?

Last month, two giants, T.D.Lee and J.Bjorken, passed away

Wikipedia

The goal of heavy-ion collisions should be remembered

▶ Little Bang on the Earth to simulate Big Bang of the Universe

▶ I initiated my research to understand the hierarchy of matter

▶ Now I have more detailed questions, of course

Ask a big question, and try to answer smaller questions
眼高手低（益川語録） never 眼低手低
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Heavy-ions

Key achievements
▶ Formation of Quark-Gluon Plasma (QGP)
▶ Strongly coupled nature of QGP ← Nearly perfect fluid η/s ∼ 1/4π

Quark-gluon plasma

Hydrodynamics Kinetic theory

Hadron gas Observed

Free streaming

CGC

Thermalization

Challenges
▶ Hydrodynamization in a rapid expansion
▶ Hydrodynamic collectivity for small systems
▶ Dynamical properties of strongly coupled QGP η, ζ,D, · · ·
▶ How to study critical point and dense matter at lower energies?
▶ How to deal with abundant charms in higher energies?
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A speculated QCD phase diagram

Rep. Prog. Phys. 74 (2011) 014001 K Fukushima and T Hatsuda

Figure 1. Conjectured QCD phase diagram with boundaries that define various states of QCD matter based on SχB patterns.

and sets a natural scale for the critical temperature of
chiral restoration. In the chiral perturbation theory (χPT)
the chiral condensate for two massless quark flavours at
low temperature is known to behave as 〈ψ̄ψ〉T /〈ψ̄ψ〉 =
1 − T 2/(8f 2

π ) − T 4/(384f 4
π ) − · · · with the pion decay

constant fπ $ 93 MeV [29]. Although the validity of
χPT is limited to low temperature, this is clear evidence
of the melting of chiral condensate at a finite temperature.
At low baryon density, likewise, the chiral condensate
decreases as 〈ψ̄ψ〉nB/〈ψ̄ψ〉 = 1 − σπN nB/(f 2

π m2
π )− · · ·

[30–32] where σπN ∼ 40 MeV is the π–N sigma term.
(For higher order corrections, see [33, 34].)
The chiral transition is a notion independent of the
deconfinement transition. In section 3.2 we classify the
chiral transition according to the SχB pattern.

2.2. Conjectured QCD phase diagram

Figure 1 summarizes our state-of-the-art understanding on the
phase structure of QCD matter including conjectures which
are not fully established. At present, relatively firm statements
can be made only in limited cases—phase structure at a finite
T with a small baryon density (µB & T ) and that at an
asymptotically high density (µB ' %QCD). Below we will
take a closer look at figure 1 from a smaller to larger value of
µB in order.

Hadron-quark phase transition at µB = 0. The QCD phase
transition at finite temperature with zero chemical potential
has been studied extensively in the numerical simulation on
the lattice. Results depend on the number of colours and
flavours as expected from the analysis of effective theories
on the basis of the renormalization group together with the
universality [35, 36]. A first-order deconfinement transition
for Nc = 3 and Nf = 0 has been established from the
finite-size scaling analysis on the lattice [37], and the critical
temperature is found to be Tc $ 270 MeV. For Nf > 0

light flavours it is appropriate to address more on the chiral
phase transition. Recent analyses on the basis of the staggered
fermion and Wilson fermion indicate a crossover from the
hadronic phase to the quark–gluon plasma for realistic u, d
and s quark masses [38, 39]. The pseudo-critical temperature
Tpc, which characterizes the crossover location, is likely to be
within the range 150–200 MeV as summarized in section 4.2.

Even for the temperature above Tpc the system may be
strongly correlated and show non-perturbative phenomena
such as the existence of hadronic modes or pre-formed
hadrons in the quark–gluon plasma at µB = 0 [28, 40]
as well as at µB (= 0 [41–43]. Similar phenomena can
be seen in other strong-coupling systems such as the high-
temperature superconductivity and in the BEC regime of
ultracold fermionic atoms [44].

QCD critical points. In the density region beyond µB ∼ T
there is no reliable information from the first-principles lattice
QCD calculation. Investigation using effective models is a
pragmatic alternative then. Most of the chiral models suggest
that there is a QCD critical point located at (µB = µE, T = TE)
and the chiral transition becomes first order (crossover) for
µB > µE (µB < µE) for realistic u, d and s quark masses
[45–48] (see point E in figure 2). The criticality implies
enhanced fluctuations, so that the search for the QCD critical
point is of great experimental interest [49, 50].

There is also a possibility that the first-order phase
boundary ends at another critical point in the lower-T and
higher-µB region whose location we shall denote by (µF, TF)
as shown by point F in figure 2. As discussed in section 6,
the cold dense QCD matter with three degenerate flavours
may have no clear border between superfluid nuclear matter
and superconducting quark matter, which is called the quark–
hadron continuity.

In reality, the fate of the above critical points (E and F)
depends strongly on the relative magnitude of the strange quark
mass ms and the typical values of T and µB at the phase
boundary.

3

[Fukushima-Hatsuda (11)]

Can we discover the critical point or 1st order transition
in heavy-ion collisions or by lattice simulations?
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Critical point search on the lattice and in the heavy-ions

1. QCD critical point in the phase diagram
▶ Lattice + Pade + LYZ

2. Critical point search in heavy-ions: static properties
▶ Ising universality class
▶ Higher cumulants
▶ Experimental data

3. Critical point search in heavy-ions: dynamic properties
▶ Model H
▶ Kibble-Zurek scaling
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Contents
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2. Critical point search in heavy-ions: static properties

3. Critical point search in heavy-ions: dynamical properties

4. Summary
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Lattice QCD has the sign problem at finite µ

Path integral for QCD partition function

Z(β, µ) = eP (T,µ)V/T = Tre−β(H−µN)

=

∫
DU det[D̸(U) +mq − µγ4]︸ ︷︷ ︸

complex “probability” at µ ̸= 0

eSE [U ]

Monte Carlo method fails → several attempts

▶ Taylor expansion

▶ Canonical approach

▶ Reweighting method

▶ Imaginary chemical potential

▶ Lefschetz thimble

▶ Path optimization

▶ Complex Langevin method
...
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Several approaches presented at CPOD2024

▶ Lattice QCD with Taylor expansions
▶ Lee-Yang edge singularities
▶ Dyson-Schwinger equations
▶ Functional renormalization group
▶ Black hole engineering

Versions of a QCD phase diagram
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Freezeout/Andronic
DSE: C. Fischer 2019
FRG: J. M. Pawlowski 2020
BHE: M. Hippert 2022
LY fit: Parma-Bielefeld 2023

Zero µB : Tc (µB) crossover [Lattice QCD, Wuppertal-Budapest + BNL-Bielefeld 2006. . . 2020]

Low µB : transition line [Lattice QCD, Pisa group + Wuppertal-Budapest + BNL-Bielefeld 2015. . . ]

Low µB : Tfreeze�out ⇡ Tc (µB) [Braun-Munzinger, Stachel, Wetterich, nucl-th/0311005]

High µB : Tfreeze�out < Tc (µB) [Floerchinger, Wetterich 1202.1671]

What can Lattice QCD still do about the phase diagram?
2 / 23

[Borsanyi @CPOD2024]
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Lattice QCD with Taylor expansions

Basic idea: Expand P (T, µ) in terms of µ

P (T, µ)

T 4
=
P (T, 0)

T 4
+

1

2!

µ2

T 2
χ2(T ) +

1

4!

µ4

T 4
χ4(T ) + · · ·

eP (T,µ)V/T =

∫
DU det[D̸(U) +mq − µγ4]eSE [U ]

Lattice calculation of χ2n involves expansion of det(· · · )

J
H
E
P
1
0
(
2
0
1
8
)
2
0
5

B Statistics and lattice details

In table 1 we give the number of analyzed configurations per ensemble. The simulation

parameters and the details of the analysis are given in ref. [28].

The determination of the µ derivatives follows the lines of refs. [7, 28]. We calculate

four quantities per configuration and per quark mass

Aj =
d

dµj
log(detMj)

1/4 =
1

4
trM−1

j M ′
j , (B.1)

Bj =
d2

(dµj)2
log(detMj)

1/4 =
1

4
tr
(
M ′′

j M
−1
j −M ′

jM
−1
j M ′

jM
−1
j

)
, (B.2)

Cj =
d3

(dµj)3
log(detMj)

1/4 =
1

4
tr
(
M ′

jM
−1
j − 3M ′′

j M
−1
j M ′

jM
−1
j

+2M ′
jM

−1
j M ′

jM
−1
j M ′

jM
−1
j

)
, (B.3)

Dj =
d4

(dµj)4
log(detMj)

1/4 =
1

4
tr
(
M ′′

j M
−1
j − 4M ′

jM
−1
j M ′

jM
−1
j − 3M ′′

j M
−1
j M ′′

j M
−1
j

+12M ′′
j M

−1
j M ′

jM
−1
j M ′

jM
−1
j

−6M ′
jM

−1
j M ′

jM
−1
j M ′

jM
−1
j M ′

jM
−1
j

)
. (B.4)

Here Mj is the fermion matrix corresponding to the j-th quark mass in the system. M ′

and M ′′ indicate the first and higher order derivatives with respect to the quark chemical

potential. For this simple staggered action higher order derivatives are equal to lower order

ones, M ′′′ = M ′ and M ′′′′ = M ′′ by construction. These traces are calculated using the

standard stochastic method, by calculating the effect of the matrices on random sources.

At finite (imaginary) chemical potentials we used 4× 256 Gaussian random sources for the

light quarks and 4 × 128 sources for the strange quarks. The analysis was accelerated by

calculating 256 eigenvectors of the Dirac operator first. These eigenvectors were then fed

into an Eig-CG algorithm.

Using the isospin symmetry (mu = md), the ABCD traces can be used to calculate

the χuds derivatives with the following formulas:

χuds
200 = +⟨Bu⟩+ ⟨A2

u⟩ − ⟨Au⟩2 (B.5)

χuds
110 = +⟨A2

u⟩ − ⟨Au⟩2 (B.6)

χuds
101 = +⟨AuAs⟩ − ⟨As⟩⟨Au⟩ (B.7)

χuds
300 = +⟨Cu⟩+ 3⟨AuBu⟩+ ⟨A3

u⟩ − 3⟨Bu⟩⟨Au⟩ − 3⟨Au⟩⟨A2
u⟩+ 2⟨Au⟩3 (B.8)

χuds
210 = +⟨AuBu⟩+ ⟨A3

u⟩ − ⟨Bu⟩⟨Au⟩ − 3⟨Au⟩⟨A3
u⟩+ 2⟨Au⟩3 (B.9)

χuds
120 = +⟨AuBu⟩+ ⟨A3

u⟩ − ⟨Bu⟩⟨Au⟩ − 3⟨Au⟩⟨A2
u⟩+ 2⟨Au⟩3 (B.10)

χuds
111 = +⟨AuAuAs⟩ − ⟨As⟩⟨A2

u⟩ − 2⟨Au⟩⟨AuAs⟩+ 2⟨As⟩⟨Au⟩2 (B.11)

– 19 –
J
H
E
P
1
0
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2
0
1
8
)
2
0
5

χuds
400 = +⟨Du⟩+ 3⟨BuBu⟩+ 4⟨AuCu⟩+ 6⟨A2

uBu⟩+ ⟨A4
u⟩

− 4⟨Cu⟩⟨Au⟩ − 3⟨Bu⟩2 − 6⟨Bu⟩⟨A2
u⟩ − 12⟨Au⟩⟨AuBu⟩

− 4⟨Au⟩⟨A3
u⟩ − 3⟨AuAu⟩⟨A2

u⟩+ 12⟨Bu⟩⟨Au⟩2

+ 12⟨Au⟩2⟩⟨A2
u⟩ − 6⟨Au⟩4 (B.12)

χuds
310 = +⟨AuCu⟩+ 3⟨A2

uBu⟩+ ⟨A4
u⟩ − ⟨Cu⟩⟨Au⟩ − 3⟨Bu⟩⟨A2

u⟩
− 6⟨Au⟩⟨AuBu⟩ − 4⟨Au⟩⟨A3

u⟩ − 3⟨A2
u⟩⟨A2

u⟩
+ 6⟨Bu⟩⟨Au⟩2 + 12⟨Au⟩⟨Au⟩⟨A2

u⟩ − 6⟨Au⟩4 (B.13)

χuds
220 = +⟨B2

u⟩+ 2⟨A2
uBu⟩+ ⟨A4

u⟩ − ⟨Bu⟩2 − 2⟨Bu⟩⟨A2
u⟩

− 4⟨Au⟩⟨AuBu⟩ − 4⟨Au⟩⟨A3
u⟩ − 3⟨A2

u⟩⟨A2
u⟩

+ 4⟨Bu⟩⟨Au⟩⟨Au⟩+ 12⟨Au⟩⟨Au⟩⟨A2
u⟩ − 6⟨Au⟩4 (B.14)

χuds
211 = +⟨AuBuAs⟩+ ⟨A3

uAs⟩ − ⟨As⟩⟨AuBu⟩ − ⟨As⟩⟨A3
u⟩ − ⟨Bu⟩⟨AuAs⟩ − ⟨BuAs⟩⟨Au⟩

− 3⟨Au⟩⟨A2
uAs⟩ − 3⟨AuAs⟩⟨A2

u⟩+ 2⟨As⟩⟨Bu⟩⟨Au⟩+ 6⟨As⟩⟨Au⟩⟨A2
u⟩

+ 6⟨Au⟩2⟨AuAs⟩ − 6⟨As⟩⟨Au⟩3 (B.15)

If the listed products of the A,B,C,D traces are calculated as products of the stochastic

estimators, a bias could be introduced. Thus, in products different random vectors have to

be used in each factor. Alternatively, the expectation value of the bias has to be subtracted.

The last step is to express the derivatives in terms of µB, µQ and µS in eq. (2.2) using

eqs. (2.1), which is a straightforward exercise.

C Data tables

For the reproducibility of this work we tabulate the raw data at two temperatures of this

study in tables 3–6. We have chosen one temperature below deconfinement (140MeV) and

one above (170MeV), near the peak of the higher order baryon fluctuations.

For T = 140 MeV we used the parameters: β = 3.7420, amud = 0.00185777, ams =

0.0519023 and amc = 0.615042. For T = 170 MeV we had β = 3.8236, amud = 0.00151761,

ams = 0.0420951 and amc = 0.498827. For a complete list of the simulation parameters

see ref. [28]. In all cases we used the ρ = 0.125 smearing parameters in four levels of stout

smearing in the fat links of the standard staggered action. For the gluon fields we employed

the tree-level improved Symanzik action.

In table 2 we illustrate the correlations between the mean baryon, electric charge and

strangeness. Black dots means 100% correlation, red dot stands for perfect anti-correlation.

The strong correlations can be understood by the relation

χB
1 − 2χQ

1 + χS
1 = 0 (C.1)

which is exactly satisfied by our data. This relation follows from the isospin symmetric

setting of our simulations with mu = md and µu = µd for the u and d quarks.

– 20 –

[Borsanyi et al, JHEP10(2018)205]
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Taylor expansion up to µ8

Budapest-Wuppertal
[Borsanyi et al, 2312.07528]

upper (lower) panels: µS = 0 (nS = 0) 3
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FIG. 1. Our lattice results for the ratios �B
4 /�

B
2 (left), �B

6 /�
B
2 (center), �B

8 /�
B
2 (right). For the first two, the continuum

extrapolation is shown as a yellow band. HRG model predictions are shown as solid black lines in all cases.

linear definition is computationally cheaper, care should
be taken in considering these results.

The linear definition also breaks the exact Roberge-
Weiss periodicity [47] of the partition function. Even if
one assumes that there are no problems with logarithmic
divergences, the loss of Roberge-Weiss periodicity with
the linear definition can potentially lead to large cut-o↵
e↵ects, since it e↵ectively means that at a finite spacing,
in contrast to the continuum, the free energy gets contri-
butions from Hilbert subpsaces not only at integer, but
also at non-integer values of the baryon number, which at
the very least, is a non-physical feature at finite spacing.

3. Lattice calculation of fluctuations up to eighth order

In this letter, we present the first continuum results
for baryon fluctuations up to the sixth order for temper-
atures between T = 130�200MeV, and up to the eighth
order for a temperature of T = 145MeV. Continuum
extrapolation is made possible by the introduction of a
new discretization, which we call the 4HEX action, that
strongly suppresses taste breaking e↵ects compared to all
available actions in the literature. Although more costly,
we pursue a direct determination at µB = 0, in order
to avoid possible systematic e↵ects due to a choice of fit
ansatz, necessary for the imaginary chemical potential
method. Moreover, in order to avoid possible issues with
the introduction of the chemical potential, we employ the
exponential definition to all orders. Due to the extreme
statistics cost of the direct method, this endeavour is only
feasible in a volume that is smaller than what is typically
used in the field, with an aspect ratio LT = 2. Thanks
to the availability in the literature of the aforementioned
results at finite lattice spacing, but with larger volume,
we are able to show that below T = 145MeV, finite vol-
ume e↵ects in our results are under control. Note that
this is the relevant temperature range for the search for
the elusive critical endpoint of QCD.

The novel lattice action we use for this thermodynam-
ics study, 4HEX, is based on rooted staggered fermions
with 4 steps of HEX smearing [48] with physical quark
masses, and the DBW2 gauge action [49]. This lattice
action benefits from dramatically reduced taste breaking
e↵ects, compared to all other actions used in the litera-

ture. We simulate 163 ⇥ 8, 202 ⇥ 10 and 243 ⇥ 12 lattices
to obtain a well-controlled continuum extrapolation. De-
tails on the 4HEX action, the scale setting procedure,
and the systematic error estimation can be found in the
supplemental material.

We calculate fluctuations of the baryon number at zero
strangeness chemical potential:

�
B
n ⌘

✓
@
n(p/T 4)

@(µB/T )n

◆

µS=0

. (1)

We also include results on the strangeness neutral line
ns ⌘ 0 in the Supplemental Material, which lead to sim-
ilar conclusions as in the µS = 0 case.

We use the exponential definition of the chemical po-
tential at all orders in µB on all our lattices. For the
N⌧ = 8, 10 lattices, we use the reduced matrix formalism
to calculate the fluctuations, in the same way as we did
in Refs. [50, 51]. For the N⌧ = 12 lattice, we use the
standard random source method [52].

We show our continuum extrapolated results for
�
B
4 /�

B
2 (left) and �

B
6 /�

B
2 (center), together with the cor-

responding finite lattice spacing results in Fig. 1. The
continuum results are obtained together with a spline fit
of the temperature dependence. The exact procedure is
described in the Supplemental Material. The bands in-
clude statistical and systematic uncertainties, consisting
of di↵erent scale settings and di↵erent spline fits of the
data. The covered temperature range is 130MeV  T 
200MeV. Also shown are the results on the N⌧ = 8, 10
lattices for �

B
8 /�

B
2 (right). For this observable, we also

include the continuum extrapolation at a single tempera-
ture of T = 145MeV. Hadron resonance gas predictions
are shown, and they equal 1 in all cases independently
from the temperature and the hadron spectrum used.

From Fig. 1, it is apparent how small the cut-o↵ e↵ects
of the 4HEX action are, as is the fact that, for T <

145MeV, the fluctuations in continuum QCD are in very
good agreement with the HRG results.

4. Comparisons with the literature:
Being our results on the sixth and eighth order fluc-

tuations the first ever continuum extrapolated, we pro-
ceed to compare them to previous results from the liter-

8

0.1

0.15

0.2

0.25

0.3

 130  140  150  160  170  180  190  200

s1

continuum

163x8
203x10
243x12

HRG

T [MeV] -0.2

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

 130  140  150  160  170  180  190  200

102 s3
continuum

163x8
203x10
243x12

HRG

T [MeV]
-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

 130  140  150  160  170  180  190  200

103 s5
continuum

163x8
203x10
243x12

HRG

T [MeV]

FIG. 7. Our lattice results for the coe�cients s1 (left), s3 (center), s5 (right). The continuum extrapolation is shown as a
yellow band. HRG model predictions are shown as solid black lines.

0.0

0.2

0.4

0.6

0.8

1.0

 130  140  150  160  170  180  190  200

p4/p2 continuum

163x8
203x10
243x12

HRG

T [MeV]
-1.0

-0.5

0.0

0.5

1.0

1.5

 130  140  150  160  170  180  190  200

p6/p2 continuum

163x8
203x10
243x12

HRG

T [MeV] -4.0

-3.0

-2.0

-1.0

0.0

1.0

2.0

3.0

4.0

5.0

 130  140  150  160  170  180  190  200

p8/p2
LT=2 continuum

163x8
203x10
243x12

HRG

T [MeV]

FIG. 8. Our lattice results for the strangeness neutral ratios p4/p2 (left), p6/p2 (center), p8/p2 (right). For the first two, the
continuum extrapolation is shown as a yellow band. HRG model predictions are shown as solid black lines.

[3] D. Bollweg, D. A. Clarke, J. Goswami, O. Kaczmarek,
F. Karsch, S. Mukherjee, P. Petreczky, C. Schmidt, and
S. Sharma (HotQCD), Equation of state and speed of
sound of (2+1)-flavor QCD in strangeness-neutral matter
at nonvanishing net baryon-number density, Phys. Rev.
D 108, 014510 (2023), arXiv:2212.09043 [hep-lat].
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k ¼ 2, 4, 6. We show these expansion coefficients in
Appendix B. As expected, the qualitative features of the
temperature dependence of χ̄B;k2 in the nS ¼ 0 and μS ¼ 0
cases are similar; i.e., they behave like χBkþ2.
In Fig. 1, we show results for χ̄B;2k0 for the two different

cases considered throughout this paper; i.e., we work in the
isospin symmetric case, corresponding to μQ ¼ 0, and
consider for the strangeness sector (i) the case μS ¼ 0
(left) and (ii) the strangeness neutral case nS ¼ 0 (right),
respectively. Continuum extrapolated results for the

leading-order expansion coefficient of the pressure series,
χ̄B;20 , are shown in the two panels on the top in Fig. 1. They
are based on datasets generated on lattices with temporal
extent Nτ ¼ 6, 8, 12, and 16. Results for the case μQ ¼
μS ¼ 0 at T ≳ 135 MeV had been shown already in
Ref. [33]; we added here our results at T ¼ 125 MeV
obtained on lattices with temporal extend Nτ ¼ 8, which
have not been used in the continuum extrapolations. The
insets given in these figures for χB2 (left) as well as χ̄B;20

(right) show comparisons with the same cumulants

FIG. 1. The nth-order cumulants χ̄B;n0 , contributing to the Taylor series of the pressure of (2þ 1)-flavor QCD as a function of
μ̂B ¼ μB=T versus temperature. Shown are the expansion coefficients for the cases of (i) μQ ¼ μS ¼ 0 (left column) and (ii) μQ ¼ 0,
nS ¼ 0 (right column), respectively. In both cases, the actual nth-order expansion coefficients in the Taylor series are obtained with these
cumulants as χ̄B;n0 =n!. Yellow bands show the location of the pseudocritical temperature Tpcð0Þ ¼ 156.5ð1.5Þ MeV [31].
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P (µ)− P (0)
T 4

= P2µ̂
2 + P4µ̂

4 + P6µ̂
6 + P8µ̂

8, µ̂ =
µ

T

P4∆P (µ)

P 2
2 T

4
= x̄2 + x̄4 + c6x̄

6 + c8x̄
8, x̄ =

√
P4

P2
µ̂
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What can we learn from χ2−8? – Padé approximation

1. Taylor series up to µ8 + [4,4] Padé approximation

P4∆P (µ)

P 2
2 T

4
≃ (1− c6)x̄2 + (1− 2c6 + c8)x̄

4

(1− c6) + (c8 − c6)x̄2 + (c26 − c8)x̄4︸ ︷︷ ︸
4 poles in complex x̄ plane

= P [4, 4]

2. Poles in complex µ̂ plane (nearest to the origin)

positive and negative roots of z!. They yield four poles of
the [4, 4] Padé in the complex μB plane with the non-
vanishing imaginary part of μ̂B. We represent these poles in
polar coordinates:

μ̂!B;c ¼ !rc;4e!iΘc;4 : ð26Þ

For temperatures 135 MeV ≤ T ≤ 165 MeV, the zeros z!

are complex conjugate to each other. In the x̄ plane, the
absolute value of the distance of the poles from the origin is
then given by

jzþz−j1=4 ¼
!!!!
1 − c6;2
c26;2 − c8;2

!!!!
1=4

; ð27Þ

which is the Mercer-Roberts estimator, introduced in
Eq. (14), for a series in the rescaled expansion parameter
x̄. We note that this relation between the Mercer-Roberts
estimator and the magnitude of jz!j does not hold for the
case of purely real or purely imaginary poles of the [4, 4]
Padé (see discussion in Appendix C). In these cases, the
distances to the origin jzþj and jz−j differ from each other.
Using Eqs. (26) and (27), we obtain for c6;2 < 1 the

location of the poles in the complex μB plane:

rc;4 ¼ rc;2jzþz−j1=4 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
12χ̄B;20

χ̄B;40

s !!!!
1 − c6;2
c26;2 − c8;2

!!!!
1=4

; ð28Þ

Θc;4 ¼ arccos

0

B@
c6;2 − c8;2

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − c6;2Þðc26;2 − c8;2Þ

q

1

CA

¼ arccos
#
ðc6;2 − c8;2Þχ̄B;40

24ð1 − c6;2Þχ̄B;20

r2c;4

$
: ð29Þ

Expressing the relation given in Eq. (28) in terms of the
cumulants χ̄B;n0 entering the Taylor series for the pressure
[Eq. (7)], we have in the region of complex poles

rc;4 ¼
#
8!

4!

$
1=4

!!!!
30ðχ̄B;40 Þ2 − 12χ̄B;60 χ̄B;20

56ðχ̄B;60 Þ2 − 30χ̄B;80 χ̄B;40

!!!!
1=4

: ð30Þ

The positions of the poles in the complex μ̂B plane are
shown in Fig. 6. Only the two poles in the region
Reðμ̂BÞ ≥ 0 are shown. With decreasing temperature, the
poles move closer to the real axis as c8;2 approaches cþ8;2,
i.e., Θc;4 ¼ 0 for c8;2 ¼ cþ8;2. Furthermore, it is clear from
Eq. (29) that Θc;4 and rc;4 are correlated, which leads to the
orientation of the 1σ error ellipse in the complex μB;c plane
arising from the errors on c6;2 and c8;2, which are assumed
to given by independent Gaussian distributions of the
variables c6;2 and c8;2.
In Fig. 7, we show as symbols and bands, respectively,

the distance of poles of the [2, 2] and [4, 4] Padé
approximants from the origin as a function of temper-
ature. The bands shown in Fig. 7 have been obtained by
using the spline interpolations of χ̄B;60 and χ̄B;80 on Nτ ¼ 8

FIG. 6. Location of poles nearest to the origin obtained from the [4, 4] Padé approximants in the complex μ̂B plane. Only poles with
ReðμBÞ > 0 are shown. Shown are results for the case μQ ¼ μS ¼ 0 (left) and the strangeness neutral, isospin symmetric case (right).

FIG. 7. Magnitude of poles nearest to the origin obtained from
the [2, 2] (squares and circles) and [4, 4] (bands) Padé
approximants for Taylor expansions at μQ ¼ μS ¼ 0 and for
strangeness neutral, isospin symmetric media, respectively.

TAYLOR EXPANSIONS AND PADÉ APPROXIMANTS FOR … PHYS. REV. D 105, 074511 (2022)

074511-9

[Bollweg et al, PRD105(2022)074511]

3. Critical point is unlikely to exist in 135 ≤ T ≤ 165 MeV
▶ Because poles are away from real µ̂
▶ It may exist below T = 135 MeV
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Ising model ∼ QCD critical point

1. Massless 2-flavor QCD has SU(2)L ⊗ SU(2)R ≃ O(4) symmetry

L|near CP ≃
1

2
(∇ψ⃗)2 +

a

2
ψ⃗2 +

b

4
(ψ⃗2)2 +

c

6
(ψ⃗2)3 − hψ0

2. Speculated mapping from (a, b, h) to (T, µ(ms),mud) of QCD

We can use the critical exponents of Ising model for static observables
13 / 33



Critical fluctuations of QCD critical point

1. Ising model in (r, h) phase diagram

∂

∂h
↔ ϕ︸ ︷︷ ︸

critical

,
∂

∂r
↔ ϕ2︸ ︷︷ ︸

less singular

2. Chiral condensate fluctuation at QCD critical point φ ≡ ⟨q̄q⟩ − ⟨q̄q⟩c
∂

∂ĥ
↔ φ,

∂

∂r̂
↔ φ2

3. Baryon and energy densities mix with φ

∂

∂ĥ
= c1

∂

∂β
+ c2

∂

∂(βµ)
↔ c1 (e− ec)︸ ︷︷ ︸

∆e

+c2 (n− nc)︸ ︷︷ ︸
∆n

↔ φ,

∂

∂r̂
= c3

∂

∂β
+ c4

∂

∂(βµ)
↔ c3(e− ec) + c4(n− nc)↔ φ2

Almost any linear combinations of ∆e and ∆n are critical
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Scaling with correlation length

1. Mean field approximation around ground state ϕ− ⟨ϕ⟩ = δϕ→ ϕ

f(ϕ) =
1

2
m2ϕ2 +

1

3
b3ϕ

3 +
1

4
b4ϕ

4

2. Roughly, kinetic term drops at ∆x ∼ ξ

F [ϕ] ≃ ξ3
∑
i

[
1

2
m2ϕ2i +

1

3
b3ϕ

3
i +

1

4
b4ϕ

4
i

]
∼ T,

ϕi ∼
√
T/ξ, b3 ∼ b̄3/T 1/2ξ3/2, b4 ∼ b̄4/Tξ

ξ ξ

RG
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Non-Gaussian fluctuations

1. Cumulants near the critical point

V κ2 =
1

V

∫
x,y
⟨ϕ(x)ϕ(y)⟩c ∼

ξ6

V

∑
i

⟨ϕ2i ⟩c ∼
ξ6

V

V

ξ3
T

ξ
∼ Tξ2,

V n−1κn =
1

V

∫
x1,··· ,xn

⟨ϕ(x1) · · ·ϕ(xn)⟩c ∼
ξ3n

V

∑
i

⟨ϕni ⟩c

∼ ξ3n

V

V

ξ3

(
T

ξ

)n/2

∼ Tn/2ξ5n/2−3

2. Formula [Stephanov (09)]

∴ κn ∼
Tn/2ξn(5−η)/2−3

V n−1
, η ≈ 0.04

Higher-order cumulants are sensitive to ξ but suppressed by 1/V
ϕ = almost any linear combination of ∆n and ∆e
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Theoretical expectation of kurtosis [Stephanov (11)]

1. Signs of kurtosis κ4 in Ising model and freezeout surface

negative in the sector bounded by two curved rays
H=t!" ¼ "const (corresponding to # # "0:32).

Also in Fig. 1 we show the dependence of $4 along a line
which could be thought of as representing a possible map-
ping of the freeze-out trajectory (Fig. 2) onto the tH plane.
Although the absolute value of the peak in $4 depends on
the proximity of the freeze-out curve to the critical point,
the ratio of the maximum to minimum along such an H ¼
const curve is a universal number, approximately equal to
$28 from Eq. (10).

The negative minimum is small relative to the positive
peak, but given the large size of the latter, Refs. [7,15], the
negative contribution to kurtosis may be significant. In
addition, the mapping of the freeze-out curve certainly
need not be H ¼ const, and the relative size of the positive
and negative peaks depends sensitively on that.

The trend described above appears to show in the recent
lattice data, Ref. [10], obtained using Padé resummation of
the truncated Taylor expansion in %B. As the chemical
potential is increased along the freeze-out curve, the 4th

moment of the baryon number fluctuations begins to
decrease, possibly turning negative, as the critical point
is approached (see Fig. 2 in Ref. [10]).
Another observation is that $$4 grows as we approach

the crossover line, corresponding to H ¼ 0, t > 0 on the
diagram in Fig. 1(a). On the QCD phase diagram the
freeze-out point will move in this direction if one reduces
the size of the colliding nuclei or selects more peripheral
collisions (the freeze-out occurs earlier, i.e., at higher T, in
a smaller system).
Experimental observables.—In this section we wish to

connect the results for the fluctuations of the order parame-
ter field & to the fluctuations of the observable quantities.
As an example we consider the fluctuations of the multi-
plicity of given charged particles, such as pions or protons.
For completeness we shall briefly rederive the results of

Ref. [7] using a simple model of fluctuations. The model
captures the most singular term in the contribution of the
critical point to the fluctuation observables. Consider a
given species of particle interacting with fluctuating criti-
cal mode field &. The infinitesimal change of the field "&
leads to a change of the effective mass of the particle by the
amount "m ¼ g"&. This could be considered a definition
of the coupling g. For example, the coupling of protons in
the sigma model is g& !pp. The fluctuations "fp of the
momentum space distribution function fp consist of the
pure statistical fluctuations "f0p around the equilibrium
distribution np for a particle of a given mass, which itself
fluctuates. This gives

"fp ¼ "f0p þ
@np
@m

g"&: (11)

Using this equation we can calculate the most singular
contribution from the critical fluctuations to the moments
or correlators of "fp. The fluctuation of the multiplicity
N ¼ Vd

R
p fp is given by

"N ¼ "N0 þ Vg"&d
Z
p

@np
@m

; (12)
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20
0

20
40
60
80

100
120

t

Κ 4

FIG. 1 (color online). (a) The density plot of the function
$4ðt; HÞ given by Eq. (10) obtained using Eq. (9) for the linear
parametric model Eqs. (6)–(8) and ! ¼ 1=3, " ¼ 5. The $4 < 0
region is red, the $4 > 0 is blue. (b) The dependence of $4 on t
along the vertical dashed green line on the density plot in (a).
This line is the simplest example of a possible mapping of the
freeze-out curve (see Fig. 2). The units of t, H, and $4 are
arbitrary.
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FIG. 2 (color online). A sketch of the phase diagram of QCD
with the freeze-out curve and a possible mapping of the Ising
coordinates t and H.
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negative in the sector bounded by two curved rays
H=t!" ¼ "const (corresponding to # # "0:32).

Also in Fig. 1 we show the dependence of $4 along a line
which could be thought of as representing a possible map-
ping of the freeze-out trajectory (Fig. 2) onto the tH plane.
Although the absolute value of the peak in $4 depends on
the proximity of the freeze-out curve to the critical point,
the ratio of the maximum to minimum along such an H ¼
const curve is a universal number, approximately equal to
$28 from Eq. (10).

The negative minimum is small relative to the positive
peak, but given the large size of the latter, Refs. [7,15], the
negative contribution to kurtosis may be significant. In
addition, the mapping of the freeze-out curve certainly
need not be H ¼ const, and the relative size of the positive
and negative peaks depends sensitively on that.

The trend described above appears to show in the recent
lattice data, Ref. [10], obtained using Padé resummation of
the truncated Taylor expansion in %B. As the chemical
potential is increased along the freeze-out curve, the 4th

moment of the baryon number fluctuations begins to
decrease, possibly turning negative, as the critical point
is approached (see Fig. 2 in Ref. [10]).
Another observation is that $$4 grows as we approach

the crossover line, corresponding to H ¼ 0, t > 0 on the
diagram in Fig. 1(a). On the QCD phase diagram the
freeze-out point will move in this direction if one reduces
the size of the colliding nuclei or selects more peripheral
collisions (the freeze-out occurs earlier, i.e., at higher T, in
a smaller system).
Experimental observables.—In this section we wish to

connect the results for the fluctuations of the order parame-
ter field & to the fluctuations of the observable quantities.
As an example we consider the fluctuations of the multi-
plicity of given charged particles, such as pions or protons.
For completeness we shall briefly rederive the results of

Ref. [7] using a simple model of fluctuations. The model
captures the most singular term in the contribution of the
critical point to the fluctuation observables. Consider a
given species of particle interacting with fluctuating criti-
cal mode field &. The infinitesimal change of the field "&
leads to a change of the effective mass of the particle by the
amount "m ¼ g"&. This could be considered a definition
of the coupling g. For example, the coupling of protons in
the sigma model is g& !pp. The fluctuations "fp of the
momentum space distribution function fp consist of the
pure statistical fluctuations "f0p around the equilibrium
distribution np for a particle of a given mass, which itself
fluctuates. This gives

"fp ¼ "f0p þ
@np
@m

g"&: (11)

Using this equation we can calculate the most singular
contribution from the critical fluctuations to the moments
or correlators of "fp. The fluctuation of the multiplicity
N ¼ Vd

R
p fp is given by

"N ¼ "N0 þ Vg"&d
Z
p

@np
@m

; (12)
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FIG. 1 (color online). (a) The density plot of the function
$4ðt; HÞ given by Eq. (10) obtained using Eq. (9) for the linear
parametric model Eqs. (6)–(8) and ! ¼ 1=3, " ¼ 5. The $4 < 0
region is red, the $4 > 0 is blue. (b) The dependence of $4 on t
along the vertical dashed green line on the density plot in (a).
This line is the simplest example of a possible mapping of the
freeze-out curve (see Fig. 2). The units of t, H, and $4 are
arbitrary.
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FIG. 2 (color online). A sketch of the phase diagram of QCD
with the freeze-out curve and a possible mapping of the Ising
coordinates t and H.
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2. Sign change expected in Beam Energy Scan experiment

lower energy ←

negative in the sector bounded by two curved rays
H=t!" ¼ "const (corresponding to # # "0:32).

Also in Fig. 1 we show the dependence of $4 along a line
which could be thought of as representing a possible map-
ping of the freeze-out trajectory (Fig. 2) onto the tH plane.
Although the absolute value of the peak in $4 depends on
the proximity of the freeze-out curve to the critical point,
the ratio of the maximum to minimum along such an H ¼
const curve is a universal number, approximately equal to
$28 from Eq. (10).

The negative minimum is small relative to the positive
peak, but given the large size of the latter, Refs. [7,15], the
negative contribution to kurtosis may be significant. In
addition, the mapping of the freeze-out curve certainly
need not be H ¼ const, and the relative size of the positive
and negative peaks depends sensitively on that.

The trend described above appears to show in the recent
lattice data, Ref. [10], obtained using Padé resummation of
the truncated Taylor expansion in %B. As the chemical
potential is increased along the freeze-out curve, the 4th

moment of the baryon number fluctuations begins to
decrease, possibly turning negative, as the critical point
is approached (see Fig. 2 in Ref. [10]).
Another observation is that $$4 grows as we approach

the crossover line, corresponding to H ¼ 0, t > 0 on the
diagram in Fig. 1(a). On the QCD phase diagram the
freeze-out point will move in this direction if one reduces
the size of the colliding nuclei or selects more peripheral
collisions (the freeze-out occurs earlier, i.e., at higher T, in
a smaller system).
Experimental observables.—In this section we wish to

connect the results for the fluctuations of the order parame-
ter field & to the fluctuations of the observable quantities.
As an example we consider the fluctuations of the multi-
plicity of given charged particles, such as pions or protons.
For completeness we shall briefly rederive the results of

Ref. [7] using a simple model of fluctuations. The model
captures the most singular term in the contribution of the
critical point to the fluctuation observables. Consider a
given species of particle interacting with fluctuating criti-
cal mode field &. The infinitesimal change of the field "&
leads to a change of the effective mass of the particle by the
amount "m ¼ g"&. This could be considered a definition
of the coupling g. For example, the coupling of protons in
the sigma model is g& !pp. The fluctuations "fp of the
momentum space distribution function fp consist of the
pure statistical fluctuations "f0p around the equilibrium
distribution np for a particle of a given mass, which itself
fluctuates. This gives

"fp ¼ "f0p þ
@np
@m

g"&: (11)

Using this equation we can calculate the most singular
contribution from the critical fluctuations to the moments
or correlators of "fp. The fluctuation of the multiplicity
N ¼ Vd

R
p fp is given by

"N ¼ "N0 þ Vg"&d
Z
p

@np
@m

; (12)
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FIG. 1 (color online). (a) The density plot of the function
$4ðt; HÞ given by Eq. (10) obtained using Eq. (9) for the linear
parametric model Eqs. (6)–(8) and ! ¼ 1=3, " ¼ 5. The $4 < 0
region is red, the $4 > 0 is blue. (b) The dependence of $4 on t
along the vertical dashed green line on the density plot in (a).
This line is the simplest example of a possible mapping of the
freeze-out curve (see Fig. 2). The units of t, H, and $4 are
arbitrary.

µB, GeV

, GeV

0

0.1

T

t

1

H

critical
point

freeze-out
curve

nuclear
matter

hadron gas

quark−gluon plasma

FIG. 2 (color online). A sketch of the phase diagram of QCD
with the freeze-out curve and a possible mapping of the Ising
coordinates t and H.
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→ higher energy
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Experimental data of kurtosis

STAR data updated

discussed above). A total of 1143 sets were found to have
the same derivative sign at all

ffiffiffiffiffiffiffiffi
sNN

p
. The probability that

at least one derivative at a given
ffiffiffiffiffiffiffiffi
sNN

p
has a different sign

is found to be 0.998 857, which corresponds to 3.1 σ. A
similar procedure was applied to the lower-order product
of moments. The σ2=M (not shown) strongly favors a
monotonic energy dependence excluding the nonmono-
tonic trend at a 3.4 σ level. Within 1.0 σ significance, the
Sσ allows for a nonmonotonic energy dependence.
This is consistent with a QCD-based model expectation
that the higher the order of a moment, the more sensitive
it is to physics processes such as a critical point [11].
Figure 4 shows the variation of Sσ (or C3=C2) and κσ2

(or C4=C2) as a function of
ffiffiffiffiffiffiffiffi
sNN

p
for central and

peripheral Auþ Au collisions. In central collisions, as
discussed above, a nonmonotonic variation with beam
energy is observed for κσ2. The peripheral collisions on
the other hand do not show a nonmonotonic variation
with

ffiffiffiffiffiffiffiffi
sNN

p
around the statistical baseline of unity, and

κσ2 values are always below unity. It is worth noting that,
in peripheral collisions, the system formed may not be
hot and dense enough to undergo a phase transition or
come close to the QCD critical point. The expectations
from an ideal statistical model of hadrons assuming
thermodynamical equilibrium, called the hadron
resonance gas (HRG) model [33], calculated within
the experimental acceptance and considering a grand
canonical ensemble (GCE), excluded volume (EV) [49],
and canonical ensemble (CE) [50], are also shown in
Fig. 4. The HRG results do not quantitatively describe
the data. Corresponding κσ2 (Sσ) results for 0%–5%
Auþ Au collisions from a transport-based UrQMD

model [31] calculation, which incorporates conservation
laws and most of the relevant physics apart from a phase
transition or a critical point, and which is calculated
within the experimental acceptance, show a monotonic
decrease (increase) with decreasing collision energy (see
the Supplemental Material [34] for a quantitative com-
parison). An exercise with the UrQMD and HRG models
with the CE as the noncritical baseline yielded a similar
significance, as reported in Fig. 3. Similar conclusions
are obtained from the Jet AA Microscopic (JAM)
transport model [51]. Neither the UrQMD nor the
HRG model calculations explain simultaneously the
measured dependence of the κσ2 and Sσ of the net-proton
distribution on

ffiffiffiffiffiffiffiffi
sNN

p
for central Auþ Au collisions.

This can be seen from the values of a χ2 test
between the experimental data and various models forffiffiffiffiffiffiffiffi
sNN

p ¼ 7.7–27 GeV given in Table I; p reflects the
probability that a model agrees with the data. However,
for a wider energy range

ffiffiffiffiffiffiffiffi
sNN

p ¼ 7.7–62.4 GeV,
the p value with respect to HRG CE is larger than
0.05 [50].
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FIG. 4. Sσ (1) and κσ2 (2) as a function of collision energy for net-proton distributions measured in Auþ Au collisions. The results are
shown for central (0%–5%, filled circles) and peripheral (70%–80%, open squares) collisions within 0.4 < pTðGeV=cÞ < 2.0 and
jyj < 0.5. The vertical narrow and wide bars represent the statistical and systematic uncertainties, respectively. Shown as an open
triangle is the result from the High Acceptance Di-Electron Spectrometer (HADES) experiment [52] for 0%–10% Auþ Au collisions
and jyj < 0.4. The shaded green band is the estimated statistical uncertainty for the second beam energy scan (BES-II) at RHIC. The
peripheral data points have been shifted along the x axis for clarity of presentation. Results from different variants (GCE, EV, CE) of the
HRG model [33,49,50], and a transport model calculation (UrQMD [31]) for central collisions (0%–5%) are shown as black, red, and
blue bands and a gold band, respectively.

TABLE I. The p values of a χ2 test between data and various
models for the

ffiffiffiffiffiffiffiffi
sNN

p
dependence of Sσ and κσ2 values of net-

proton distributions in 0%–5% central Auþ Au collisions. The
results are for the energy range 7.7–27 GeV, which is relevant for
the search for a critical point [12,13].

Moments HRG GCE HRG EV
(r ¼ 0.5 fm)

HRG CE UrQMD

Sσ < 0.001 < 0.001 0.075 4 < 0.001
κσ2 0.005 53 0.014 5 0.045 0 0.022 1
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the same derivative sign at all

ffiffiffiffiffiffiffiffi
sNN

p
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ffiffiffiffiffiffiffiffi
sNN

p
has a different sign
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Figure 4 shows the variation of Sσ (or C3=C2) and κσ2
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sNN
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peripheral Auþ Au collisions. In central collisions, as
discussed above, a nonmonotonic variation with beam
energy is observed for κσ2. The peripheral collisions on
the other hand do not show a nonmonotonic variation
with
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sNN
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around the statistical baseline of unity, and

κσ2 values are always below unity. It is worth noting that,
in peripheral collisions, the system formed may not be
hot and dense enough to undergo a phase transition or
come close to the QCD critical point. The expectations
from an ideal statistical model of hadrons assuming
thermodynamical equilibrium, called the hadron
resonance gas (HRG) model [33], calculated within
the experimental acceptance and considering a grand
canonical ensemble (GCE), excluded volume (EV) [49],
and canonical ensemble (CE) [50], are also shown in
Fig. 4. The HRG results do not quantitatively describe
the data. Corresponding κσ2 (Sσ) results for 0%–5%
Auþ Au collisions from a transport-based UrQMD

model [31] calculation, which incorporates conservation
laws and most of the relevant physics apart from a phase
transition or a critical point, and which is calculated
within the experimental acceptance, show a monotonic
decrease (increase) with decreasing collision energy (see
the Supplemental Material [34] for a quantitative com-
parison). An exercise with the UrQMD and HRG models
with the CE as the noncritical baseline yielded a similar
significance, as reported in Fig. 3. Similar conclusions
are obtained from the Jet AA Microscopic (JAM)
transport model [51]. Neither the UrQMD nor the
HRG model calculations explain simultaneously the
measured dependence of the κσ2 and Sσ of the net-proton
distribution on

ffiffiffiffiffiffiffiffi
sNN

p
for central Auþ Au collisions.

This can be seen from the values of a χ2 test
between the experimental data and various models forffiffiffiffiffiffiffiffi
sNN

p ¼ 7.7–27 GeV given in Table I; p reflects the
probability that a model agrees with the data. However,
for a wider energy range

ffiffiffiffiffiffiffiffi
sNN

p ¼ 7.7–62.4 GeV,
the p value with respect to HRG CE is larger than
0.05 [50].
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FIG. 4. Sσ (1) and κσ2 (2) as a function of collision energy for net-proton distributions measured in Auþ Au collisions. The results are
shown for central (0%–5%, filled circles) and peripheral (70%–80%, open squares) collisions within 0.4 < pTðGeV=cÞ < 2.0 and
jyj < 0.5. The vertical narrow and wide bars represent the statistical and systematic uncertainties, respectively. Shown as an open
triangle is the result from the High Acceptance Di-Electron Spectrometer (HADES) experiment [52] for 0%–10% Auþ Au collisions
and jyj < 0.4. The shaded green band is the estimated statistical uncertainty for the second beam energy scan (BES-II) at RHIC. The
peripheral data points have been shifted along the x axis for clarity of presentation. Results from different variants (GCE, EV, CE) of the
HRG model [33,49,50], and a transport model calculation (UrQMD [31]) for central collisions (0%–5%) are shown as black, red, and
blue bands and a gold band, respectively.

TABLE I. The p values of a χ2 test between data and various
models for the

ffiffiffiffiffiffiffiffi
sNN

p
dependence of Sσ and κσ2 values of net-

proton distributions in 0%–5% central Auþ Au collisions. The
results are for the energy range 7.7–27 GeV, which is relevant for
the search for a critical point [12,13].

Moments HRG GCE HRG EV
(r ¼ 0.5 fm)

HRG CE UrQMD

Sσ < 0.001 < 0.001 0.075 4 < 0.001
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[STAR (21)] [Esumi-san’s slide at HIC tutorial 2024]

Peak gone ..., but dip still there ? (I cannot see)
Deviation from normal phase base line should be discussed?
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Some thoughts about rapidity window dependence?

Diffusion of conserved densities in expanding system

κ
∂2

∂z2
=

κ

τ2
∂2

∂η2
=

1

τ
→ diffusion frozen at τD ∼ κ/(∆η)2

CMS data of D measure (≃ 3 for hadron gas / ≃ 1 for QGP)

D = 4⟨∆Q2⟩/⟨Nch⟩, Q = N+ −N−, Nch = N+ +N−

Shengquan Tuo
   

Quark Matter 2023, Houston

Net-charge fluctuations – D measure

11
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D

0-5%

 (5.02 TeV)-1PbPb 0.607 nbPreliminary CMS

 < 3.0 GeV
T

0.5 < p

Hadron Gas
QGP

• Comparing to ALICE, CMS results reach lower values of D-measure at 
larger ∆η

• With larger ∆η, D-measure reaches the fluctuations predicted with QGP

CMS-PAS-HIN-22-005

ALICE 2.76 TeV

Phys. Rev. Lett. 85, 2076 (2000) Phys. Rev. Lett. 110, 152301 (2013)

[Shengquan Tuo’s slide at QM2023]

Can we make a 2D scan at low baryon density regions?
[Sakaida-Asakawa-Kitazawa (14), Sakaida-Asakawa-Fujii-Kitazawa (17)]
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Hydrodynamic description

Long-time and long wavelength phenomena

▶ Conserved densities → change only through surface

▶ Nambu-Goldstone modes → massless boson

▶ Critical amplitudes near the critical point → large correlation length

▶ Gauge fields → unscreened magnetic field

Modes with limk→0 ω(k) = 0 are relevant
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Soft modes near the QCD critical point

1. Recall that almost any linear combinations of ∆e and ∆n are critical

∂

∂ĥ
= c1

∂

∂β
+ c2

∂

∂(βµ)
↔ c1 (e− ec)︸ ︷︷ ︸

∆e

+c2 (n− nc)︸ ︷︷ ︸
∆n

↔ φ

2. QCD critical point is Z(2) symmetry breaking → no NG modes

3. Color magnetic screening at long distance

4. Mixed with momentum density g → Hydrodynamics → Model H

Candidate: Hydrodynamics with ∆e,∆n, g

Keep relevant modes: Model H with ŝ = ∆(s/n), gT
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Conductivity σ ∝ ξ in Model H, intuitively [Hohenberg-Halperin (77)]

1. A lump of ŝ with linear dimension L in an electric field E

2. Electric current j ∼ ŝv in the equilibrium

j ∼ ŝv =
ŝ2

η
L2︸ ︷︷ ︸

∼ σ

E, ŝ2 ∼ L−3 1

L−2 + ξ−2︸ ︷︷ ︸
d3k/(k2 + ξ−2)

, σ ∼ 1

ηL

1

L−2 + ξ−2
≲ ξ

η

Conductivity scales with σ ∝ ξ
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Dynamical critical exponent z ≃ 3 in Model H

1. We can think of electric field generated by chemical potential slope

∂tŝ = −∇ · j = −σ∇ · E = σ∇ · ∇µ︸︷︷︸
= −E

=
σ

χ︸︷︷︸
= D

∇2ŝ

2. Diffusion constant scales with

D =
σ

χ
∼ ξ

ξ2
=

1

ξ

3. Time scale of diffusion for wavelength ξ

1

t
∼ D∇2 ∼ 1

ξ
· 1
ξ2
∼ 1

ξ3
, t ∼ ξ3(=: ξz) ∴ z ≃ 3

Relaxation time diverges ∝ ξz (critical slowing down)
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Dynamical simulations of critical models

Langevin models for critical fluctuations

ϕ̇ = {ϕ,H} − γδH/δϕ+ ξ

Model Method

[Berges-Schlichting-Sexty (10)] C CSS1

[Schlichting-Smith-vonSmekal (20)] G CSS
[Schweitzer-Schlichting-vonSmekal (20)] C(A) CSS (+damping)
[Schweitzer-Schlichting-vonSmekal (22)] B/BC2 Langevin
[Nahrgang-Bluhm-Schäfer-Bass (19)] B Langevin
[Schäfer-Skokov (22)] A Langevin
[Chattopadhyay-Ott-Schäfer-Skokov (23)] B Langevin + KZ scaling
[Chattopadhyay-Ott-Schäfer-Skokov (24)] H Langevin
[Florio-Grossi-Soloviev-Teaney (22)] G Langevin
[Florio-Grossi-Soloviev-Teaney (24)] G Langevin

Basically, they confirm the known dynamical scaling exponents

1CSS = Classical Statistical Simulation, i.e. initial distribution + Hamilton dynamics
2BC = A certain limit conserving energy, with a propagating mode unlike in D
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Isentropic trajectories on QCD phase diagram

Ideal hydrodynamics follows isentropic trajectories
Non-monotonicity of s/n on Th=0(µ)

[Pradeep-Sogabe-Stephanov-Yee (24)]

Passing the QCD critical point → What can we expect as a signal?
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Isentropic trajectories on QCD phase diagram

Ideal hydrodynamics follows isentropic trajectories
Non-monotonicity of s/n on Th=0(µ)

Generalization of Fig.1 of [Akamatsu-Teaney-Yan-Yin (19)]

Passing the QCD critical point → What can we expect as a signal?
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QCD critical point in an expanding system

Trajectory on the Ising phase diagram

r(t) = t/τQ, h(t) = 0, ξ(t) ∼ ℓo|r(t)|−ν (ν ≈ 0.5)
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Slow passing vs critical slowing down [Chandran-Erez-Gubser-Sondhi (12)]

1. Relaxation time for modes k ∼ 1/ξ(t)

τR(t) = τo

(
ξ(t)

ℓo

)z

critical slowing down ξ →∞

2. Effective time scales near the critical point

Power-laws of r(t) → ṙ(t)

r(t)
=

1

t

3. Scales when the critical mode ξ starts to get out of equilibrium

t∗ = τo

(
ξ(t∗)

ℓo

)z

∼ τo
(
t∗
τQ

)−νz

︸ ︷︷ ︸
passing vs relaxation

→ t∗ = τo

(
τQ
τo

) νz
1+νz

, ℓ∗ = ξ(t∗)

τo ≪ t∗ ≪ τQ︸ ︷︷ ︸
r(t∗) ≪ 1

, ℓo ≪ ℓ∗ = ℓo

(
τQ
τo

) ν
1+νz

≪ ℓo

(
τQ
τo

) 1
2

︸ ︷︷ ︸
kinetic regime
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Time scales

r

ξz

t

Time scales
t* ,ξ*
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Kibble-Zurek scaling [Chandran-Erez-Gubser-Sondhi (12)]

1. In the slow passing limit τQ/to ≫ 1, new scaling with t∗ and ℓ∗

⟨ϕ(t1, x1)ϕ(t2, x2)⟩ =
(

1

ℓ∗

)2∆

G
(
t1
t∗
,
t2
t∗
,
x1 − x2
ℓ∗

)
: KZ scaling

2. Mean field approx. of model B & H [Akamatsu-Teaney-Yan-Yin (19)]

N̄ŝŝ(t, k) = Nŝŝ(t, k)/Cp(t∗), Note: ŝ = n∆(s/n) in this paper
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ŝŝ
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equilibrium

Correlation enhances to Cp(t∗) for k∗ ∼ 1/ℓ∗

Fluctuation ∝ Cp(t∗ ̸= 0) is finite even in the luckiest case
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How to relate with observables? [Akamatsu-Teaney-Yan-Yin (19)]

1. Baryon number fluctuation

n̂ ≡ sδ
(n
s

)
= −n

s
ŝ

Nn̂n̂(t∗, k∗) ∼
(n
s

)2
Cp(t∗) ∝ ℓ2−η

∗ ∝
(
τQ
τo

) ν(2−η)
1+νz

2. Numerical estimate

ϵ ≡ τo
τQ
∼ 2 fm

10 fm
∼ 0.2,

Nn̂n̂(t∗, k∗)

baseline
∼ ϵ−0.43 ∼ 2,

ℓ∗ = ℓoϵ
−0.22 ∼ 1 fm× 1.4 = 1.4 fm

3. Two particle correlation enhanced at relatively short distance〈
dN
dη1

dN
dη2

〉
〈

dN
dη1

〉〈
dN
dη2

〉∣∣∣∣∣
∆p∼140 MeV

∼ 200%

Numbers are not quantitative!!
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Critical point search: current status and future

1. Location and existence of QCD critical point is still unclear

2. Experimental data on kurtosis updated and peak is gone

3. Investigation of nonequilibrium effect by Kibble-Zurek scaling

4. Within a few years, Kibble-Zurek scaling will be simulated
▶ Semi-analytical studies? Mode coupling (or FRG) for model H?

[Kitao-Akamatsu+, in progress?]

5. Electromagnetic probes?
▶ Dileptons from NJL calculation [Nishimura-Kitazawa-Kunihiro (23)]

▶ Photons from model H + phonon calculation
[Akamatsu-Asakawa-Hongo-Stephanov-Yee, in prep.]

6. Heavy quark probes?
▶ Unlikely for model H / likely for model B [Akamatsu-Asakawa (24)]
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What can we learn from χ2−8? – Black hole engineering (1/2)

1. Black hole solutions of Einstein-Maxwell-Dilaton equations

S =
1

2κ5

∫
M5

d5x
√
−g

[
R− (∂ϕ)2

2
− V (ϕ)︸ ︷︷ ︸

slat

−
F 2
µν

4
f(ϕ)︸︷︷︸
χlat
2

]
▶ Determine V (ϕ) and f(ϕ) by fitting slat(T, µ = 0) and χlat

2 (T, µ = 0)
▶ Introduce dilaton ϕ for non-conformal systems

2. Calculate the phase diagram for a particular V (ϕ) and f(ϕ)
3

that the form for f(�) is similar to the one proposed in
Ref. [39].

Bayesian setup and results. To systematically investigate
how results and uncertainties from lattice QCD drive pre-
dictions in the above holographic model, we constrain the
corresponding parameter space using Bayesian inference.
We will use the di↵erent functional forms for V (�) and
f(�) described in the previous section to gauge possible
biases from the chosen functional forms and flat priors,
and to test whether the features of the lattice QCD re-
sults can predict a unique location for the QCD critical
point.

We sample parameter sets from the posterior distri-
bution using Di↵erential Evolution Markov Chain Monte
Carlo (DE-MCMC). Prior knowledge is represented as
flat prior distributions over model parameters. Because
lattice results at di↵erent temperatures are correlated,
as a result of procedures such as the continuum extrap-
olation, an extra parameter is introduced to quantify
correlations between neighboring points. Details on the
Bayesian setup and prior ranges for each parameter are
shown in the Supplemental Material.

To locate the critical point, we plot lines of constant �0

while increasing �1, where �0 and �1 are, respectively,
the values of the dilaton and U(1) electric fields at the
event horizon of a black hole solution, corresponding to
the two initial conditions needed to numerically solve the
bulk field equations. These lines start o↵ parallel at µB =
0, but as we increase µB their behavior changes, leading
to a crossing at the CP and to a three-solution region
beyond it. We show this behavior in Fig. 1, where the
CP is indicated by a star. We construct a CP-locating
algorithm to automatically find the intersection between
these lines, and use it to locate the critical point for each
prior and posterior curve for V (�) and f(�).

The partially gray lines in the leftmost and middle pan-
els of Fig. 2 display the prior equations of state (entropy
density and second order baryon susceptibility �B

2 ), re-
sulting from the functions f(�) and V (�) utilized to start
the DE-MCMC algorithm. The rightmost panels show
the spatial distribution of critical points in the (T, µB)
plane corresponding to these samples of the priors. The
top and bottom panels correspond to the PHA and PA
models, respectively. It is evident that priors for the PA
version of the EMD model cover a wider range for the
equation of state, especially for �B

2 . While ⇠ 20% of
the prior sample does not produce a critical point at all
for the PA model,1 critical points found in this sample

1
About 30% � 50% of the prior sample for the PA model lacks

a critical point, but some of it is penalized in our analysis, for

missing points — i.e., not covering all the temperatures in the

lattice results due to computational or model limitations — or for

having a phase transition at µB = 0. If penalized realizations are

0 200 400 600 800 1000 1200
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150

200

T
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)

FIG. 1. Example of critical point location by finding the point
in the (T, µB) phase diagram where the lines of constant �0

at increasing �1 cross for the first time.

are scattered over a very wide region in the phase dia-
gram. On the other hand, the prior for the PHA version
of the model comparatively produces critical points that
are concentrated mainly in one region of the phase dia-
gram.

The DE-MCMC algorithm mentioned above allows us
to constrain the model parameters in Eqs. (2)-(5) to re-
produce the lattice QCD results for entropy density and
second-order baryon number susceptibility, thus yielding
samples of the posterior distributions for these functions.
Posterior samples for the zero-doping equation of state
are shown as blue lines in Fig. 2, together with the lat-
tice QCD results from Refs. [25, 26] (red points). Even
though, like the prior ones, these samples are shown indi-
vidually as partially transparent lines, they concentrate
in a clear-cut thin blue band, which roughly spans the
entire region allowed by the lattice error bars.

Figure 3 shows the predicted distributions for the crit-
ical point location from our Bayesian analysis for the
PHA (red) and PA (blue) Ansätze, together with the
corresponding 68% and 95% confidence levels. Di↵er-
ently from what was found for the prior samples, each
critical point predicted within the posterior samples is
located within a narrow region in T and µB . Moreover,
the regions for the PA and PHA Ansätze agree with each
other, with overlapping 68% confidence regions. This in-
dicates that it is the lattice QCD results at zero baryon
density that provide the main influence on the location
of the critical point in the holographic model, regardless
of the functional forms of the model potentials.

Also shown in Fig. 3 is the extrapolation of the lattice
QCD crossover line from Ref. [40], based on the peak of

removed, the proportion of the sample without a critical point is

reduced to ⇠ 20%.
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3. Systematics with Bayesian inference

P (V, f |s, χ2)︸ ︷︷ ︸
posteriori

P (s, χ2) = P (s, χ2|V, f)︸ ︷︷ ︸
likelihood

P (V, f)︸ ︷︷ ︸
prior
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FIG. 3. Predictions for the location of the critical point on
the (T, µB)-plane, based on the posterior distributions for the
PHA model (red area) and the PA model (blue area). Also
shown is the extrapolation of the lattice QCD transition line
from Ref. [40] (green band), based on the peak of the chiral
susceptibility. Lines around confidence regions for the critical
point location represent 68% and 95% confidence levels.
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FIG. 4. Collision energy dependence of the baryon chemi-
cal potential for the critical point from the PA model (Blue,
dashed lines) and the PHA model (red, dash-dotted lines).
The predicted range for the center of mass energy is

p
s =

4.4 ± 0.4 GeV for the PHA model and
p

s = 4.6+0.2
�0.1 GeV for

the PA one. The parametrization for µB(
p

s) is taken from
Ref. [43]. Lines represent 68% and 95% confidence levels.

been performed within the Holographic EMD model.
Di↵erent functional forms for the dilaton field potential
and its coupling to the Maxwell field have been tested
and constrained to reproduce the lattice QCD results
for the entropy density and second-order baryon number
susceptibility at µB = 0. While the prior distributions
for all functional forms yield critical points that cover

wide regions of the phase diagram, or no critical point at
all, all posterior predictions for the critical point location
collapse around (Tc, µBc)PHA = (104 ± 3, 589+36

�26) MeV
and (Tc, µBc)PA = (107 ± 1, 571 ± 11) MeV. The two
regions agree within 1 standard deviation, showing the
ability of the lattice results at zero baryon density to
strongly constrain the critical point location within the
holographic model. We predict that the collision energy
needed to discover the critical point lies in the range:p

s = 4.0 � 4.8 GeV , which is covered by the STAR
Fixed Target program and could be explored at FAIR.
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▶ PHA and PA: parametrizations of V (ϕ) and f(ϕ) with ∼ 10 parameters
▶ No critical point in 20% of prior samples
▶ Predicts a critical point at (Tc, µc) ∼ (105 MeV, 580 MeV)
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