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Figure 1. Conjectured QCD phase diagram with boundaries that define various
states of QCD matter based on S�B patterns.

The chiral transition is a notion independent of the deconfinement transition. In
section 3.2 we classify the chiral transition according to the S�B pattern.

2.2. Conjectured QCD phase diagram

Figure 1 summarizes our state-of-the-art understanding on the phase structure of QCD
matter including conjectures which are not fully established. At present, relatively firm
statements can be made only in limited cases – phase structure at finite T with small
baryon density (µB ⌧ T ) and that at asymptotically high density (µB � ⇤QCD).
Below we will take a closer look at figure 1 from a smaller to larger value of µB in
order.

Hadron-quark phase transition at µB = 0: The QCD phase transition at finite
temperature with zero chemical potential has been studied extensively in the numerical
simulation on the lattice. Results depend on the number of colours and flavours as
expected from the analysis of e↵ective theories on the basis of the renormalization
group together with the universality [35, 36]. A first-order deconfinement transition
for Nc = 3 and Nf = 0 has been established from the finite size scaling analysis
on the lattice [37], and the critical temperature is found to be Tc ' 270MeV. For
Nf > 0 light flavours it is appropriate to address more on the chiral phase transition.
Recent analyses on the basis of the staggered fermion and Wilson fermion indicate a
crossover from the hadronic phase to the quark-gluon plasma for realistic u, d and s

quark masses [38, 39]. The pseudo-critical temperature Tpc, which characterizes the
crossover location, is likely to be within the range 150MeV� 200MeV as summarized
in section 4.2.

Even for the temperature above Tpc the system may be strongly correlated and
show non-perturbative phenomena such as the existence of hadronic modes or pre-
formed hadrons in the quark-gluon plasma at µB = 0 [28, 40] as well as at µB 6= 0
[41, 42, 43]. Similar phenomena can be seen in other strong coupling systems such as

動機:QCD相図を理解したい
Fukushima, Hatsuda, Rept. Prog. Phys. 74 (2011) 014001 



どういうことがわかっているか?
For 3-flavor QCD : G = SU(3)L × SU(3)R × U(1)B

●超流動相(dilute phase) 
バリオン対凝縮

SU(3)L × SU(3)R × U(1)B → SU(3)V

Λ ∼ udsΔ = ⟨ΛΛ⟩ ≠ 0

●カラー超伝導相(dense phase)
“クォーク対凝縮”

= − ϵijkϵabc⟨(qR)b
j (CqR)c

k⟩(ΦL)i
a = ϵijkϵabc⟨(qL)b

j (CqL)c
k⟩

SU(3)L × SU(3)R × U(1)B → SU(3)V



ハドロン超流動相 カラー超伝導相(CFL相) 

μB対称性の破れのパターンは同じ
⇒クォークハドロン連続性

Schafer and Wilczek (’99) Hatsuda, Tachibana, Yamamoto, Baym (’06)
クォークハドロン連続性

u s
d

Alford, Rajagopal, Wilczek (’99)Tamagaki ('70), Hoffberg et al (’70)

バリオン ⇒ クォーク 
ベクトルメソン ⇒ グルーオン

励起状態

超流動相



非閉じ込め相は定義可能
離れたテスト電荷ペアをおいて間を貫く電束を測る

電束を測る

電束が存在: 非閉じ込め 遮蔽され電束がない:  
非閉じ込め相ではない

閉じ込めor Higgsの可能性



閉じ込め相とHiggs相は？
物理状態は定性的に異なるが相としては区別できない
例: Fradkin-Schenker Phys. Rev. D 19, 3682 (’79) 

19 PHASE DIAG RANIS OF LATTICE GAUGE THEORIES WITH. . . 3685

such as

y(r) pIexp. I A„(x)dx„l'(0)
— I'(0, r&

O

Zp GAUGE THEORY

FIG. 1. The phase diagram for the Z2 model (d ~ 3).
The shaded region is where the bounds for analyticity
hold. the full curves represent lines of second-order
transitions given by (2.18). The broken lines are their
extrapolation into the diagram. Notice that the analytic-
ity region has a finite width at both the Higgs region
(X=) and confinement (P=O). Also note the curvature
of the phase transition lines. The phases are described
in the text.

inement Coulomb

ABEL IAN GAUGE THEORY

FIG. 2. Phase diagram for the Abelian model with
Higgs fields in the fundamental representation (8= 4).
The broken line emerging from the XF transition (E=) is a line of first-order transitions. The fu11 line
that emerges from the pure gauge transition {P=0) is a
line of transitions of the same order as the pure gauge
critical point. Notice the curvature of the lines. The
phases are described in the text.

from an approximate picture where one of the
fields is either decoupled or frozen. In fact, all
products of local operators that are candidates for
distinguishing the two regimes turn out to have
the same qualitative behavior in each (see Sec.
IIB). Furthermore, gauge- invariant operators

create a "mesonlike" state in the strong-coupling
regime, while in the Higgs regime they create a
state with a massive photon (this is clearest in the
unitary gauge). Thus the spectrum of the theory
seems to be created by the same kind of operators
in both regimes. For these and other reasons,
Susskind has speculated that these two phases
could be 'continuously connected. '
In general, if the Higgs fields are in the funda-

mental representation and all the gauge invari-
ance has been broken no phase boundary will exist
between the Higgs regime and confinement. Owing
to analyticity we expect that the spectrum of the
theory will evolve continuously from one regime
to the other. Higgs fields and confinement are
compatible phases. A theory can at the same time
be confining and exhibit some sort of dynamical
Higgs mechanism.
The pure gauge transition wiQ be shown to be

stable. The arguments are based on a study that
Wegner" presented for the Z, model but that
generalizes for any compact group and dimension
(higher than the critical). A line of transitions
emerging from the pure gauge critical point
(S =O,%=X,) is expected.
Generally, two phases will be present in this
case:
(a) a Higgs-confinement phase,
(b) a free-charge or Coulomb (continuous

groups) phase.
The two possible phase diagrams discussed

above are, naturally, prototypes. They may
change if, for instance, one of the pure transi-
tions does not exist (generally the pure gauge
transition). It is also possible to find more com-
plicated situations depending on the structure of
the Higgs sector.
Our analysis is done on a lattice with fixed,

finite lattice spacing. The question of the con-
tinuum limit of these theories is still an open
question. This problem has to be answered by
means of a renormalization-group analysis.
The paper is organized as follows. In Sec. II

me study the discrete Z, group. There we discuss
most of the consequences of having the Higgs field
in the fundamental representation since the calcu-
lations are much simpler. In Sec. III we consider
the U(1) model (Abelian Higgs model). The results
are generalized to non-Abelian groups [mainly
SU{X)]in Sec. IV, which also serves as a conclu-
sion. In the Appendix we sketch the proof of
analyticity referred to in the text.

<latexit sha1_base64="qWXwQzMSCFvU0lOlUVPFoJV0dP4="></latexit>
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(a) and (b), if d~ 4, we find two phases (Fig. 2).
For K large and P small there is a Coulomb phase.
Here the photon is massless and the forces are
long-ranged. As in the Z, model it is also possible
to find states in the spectrum that behave. like free
charges. In the Higgs-confinement phase the pho-
ton is massive and the forces short-ranged. The
only states in the spectrum are created by gauge-
invariant local operators.

S,[A„]= P . cos[qA„(r)](,u)
+K Q cos[E„„(r)].

(rs yV)

If P =~ the only configurations of A„ fields that
survive are those such that

(3.9)

B. Matter fields with multiple charge

'The situation is completely different if the
matter fields carry more than one unit of charge.
The introduction of the matter fields in some
higher representation generates a phase boundary
(i.e., singularities) between the Higgs and confine-
ment regimes that does not exist otherwise.
'The reason is that if the matter fields carry q

units of charge at the limit P=~ the system is
nontrivial. If we write the action in the unitary
gauge we get

ment of this 2, gauge charge. For K small, the
Wilson loop de.cays like the area. In this regime
we get confinement of static sources with the
fundamental charge. This phase exists for all
values of P and K small (see Fig. 3). On the other
hand, if K is large enough, the Wilson loop has a
perimeter law: Static fundamental sources are
not confined. "
'There is still the transition associated with the

massive or massless character of the photon.
This transition has already been discussed in the
model with q= 1 [Eq. (3.1)] and the same argu-
ments are valid for q 0 1.
In summary, when q41 three phases are ex-

pected to occur (d & 4) (Fig. 3):
(a) Confinement of static sources with the funda-

mental charge (K &K„all P). The spectrum is
made of gauge and Z, gauge charge neutral states.
'The gauge boson is massive.
(b) Higgs phase (k.&K„P&P,). The gauge boson

is still massive but Z, gauge cha, rge is not con-
fined. Static sources in the fundamental repre-
sentation are free, with an exponentially damped
force law.
(c) Coulomb phase (K&K„P&P,). The gauge

boson is massless and the static sources in the
fundamental representation are free with a
Coulombic force law. 'There is no confinement of

A„(r) = ",n„(r) integer.2n„(r)m
q

(3.10)
gauge charge. There are states in the spectrum
that represent free charges and have finite energy
(such as the Ising case).
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FIG. 3. Phase diagram of the Abelian Higgs inodel
for Higgs fields with two units of charge. The differ-
ence with Fig. 2 is that there is a phase with confine-
ment (in the Wilson sense) of static sources in the fun-
damental representation.

The constrained model (p = ~) is just a Z, gauge
theory. 'The Wilson loop for sources in the funda-
mental representation provides a test for confine-

C. Three dimensions

We have pointed out above that the argument on
the stability of Abelian gauge theory does not
apply in d = 3 where there is no transition at finite
coupling. Indeed, the stability argument shows
that the transition occurs at K, =~ to all orders
in P. We have no evidence for a Coulomb phase
in d = 3. Nevertheless, the analyticity arguments
apply here too. So, for charge-one Higgs field,
the Higgs and confining regimes still belong to the
same phase. The situation might be analogous to
the Z, model in d = 2. However, we cannot rule
out the existence of a ' pocket" of Coulomb phase.
Another possibility is a line of transitions ter-
minating at an interior point of the diagram. When
the Higgs fields carry q units of charge, we still
expect a phase boundary between the Higgs and
confining regimes to occur.

IV. CONCLUSIONS: NON-ABELIAN GROUPS

In the previous sections we have seen certain
general features of the phase diagram that are the
same for Z, and U(1) gauge groups. We want to
show now that these features persist for the more

q = 2
奇数電荷が非閉じ込め
-1次対称性の自発的破れℤ2



一般に相が相転移で区別されるには，

●(高次)対称性が創発し自発的に破れている

●理論に対称性があり 
　自発的に破れている/破れていない
●理論の対称性に保護されたトポロジカル相



物性物理の進展: トポロジカル相の理解の進展
場の量子論の進展: 一般化された対称性の発見

非自明なギャップのある量子相 
    ～“自発的”に破れた(創発した)一般化対称性 
　     ＋境界がある時の量子異常(対称性に保護されたトポロジカル相) 
低エネルギー有効理論: トポロジカルな場の理論

場の量子論の対称性 
   = トポロジカルな広がった物体のなす代数(群とは限らない)

Gaiotto,  Kapustin,  Seiberg,  Willet ('15)



通常の対称性の例: 対称性U(1)

時間によらない(粒子数保存則) = トポロジカル
荷電物体 
0次元的(場)

ψ
対称性演算子:時空の中の3次元物体 

U = eiQθ
Q = ∫ dVj0

一般化対称性の例:  1次対称性U(1)

対称性演算子:時空中の2次元物体  
時間によらない(磁束の保存則) = トポロジカル

UB = eiθQB

荷電物体 
1次元的(’t Hooft line)

H = ei ∫C Ãμdxμ

QB = 1
2 ∫ dS ⋅ B



QCD相図を再検証
閉じ込め相 vs カラー超伝導(Higgs)相

超伝導相=磁束保存の対称性が破れてない相
クーロン相=磁束保存の対称性が自発的に破れた相

⇒光子は南部ゴールドストンボソン

超伝導渦の磁束が 2π
q

= 2π
−2 = − π に量子化されている

⇒トポロジカル秩序を持つ相(創発した  1次対称性が自発的に破れた相)ℤ2

クーパーペアが凝縮した超伝導相は

現代的視点では，
超伝導相を ゲージ対称性の自発的破れとは見ないU(1)



問: 仮想実験: 回転する中性子星

CFL相

ハドロン超流動

量子渦

CFL相の安定な渦は1/3の の巻き付き数U(1)B
Balachandran,  Digal, Matsuura (’06)

Cherman, Sen, Yaffe (’19)

CFL相の渦には磁束が刺さっている
トポロジカル相では？

創発した対称性が自発的破れていないので 
トポロジカル相ではない

Hirono, Tanizaki (’19)

Cherman, Jacobson, Sen, Yaffe (’20)

カラー超伝導の渦には磁束が刺さっている
ハドロン相には刺さっていないはず 
⇒相が区別できるはず

Hayashi (’23)

ハドロン相にも磁束が刺さっていてもいいし， 
途中で消えていっても良い
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バルクは連続的につながるが 
位相欠陥上に相転移が起きる可能性はないか？

位相欠陥上の有効理論は低次元系の場の理論で相転移を起こす可能性
答えはYes

ドメインウォール 量子渦

超流動性をともなう場合は量子渦が相転移を起こす可能性がる



格子模型U(1)gauge × U(1)global
cf. Motrunich, Senthil (’05)

具体例: 

場の強さ スカラー場 
(位相の自由度)

ゲージ場

K

β

“閉じ込め”

超流動相

相図

クーロン相

U(1)gauge :

U(1)global :

ℤ2F :

対称性

φ1 → φ1 + θ
φ2 → φ2 − θ
φ1 → φ2
φ2 → φ1

φ1 → φ1 − λ
φ2 → φ2 − λ
Aμ → Aμ + Δμλ “閉じ込め的” “Higgs的”

渦転移？

Δμφa(x) = φa(x + ̂μ) − φa(x)

<latexit sha1_base64="7ZSvq5jmF3K4byimYk+NhKxAvL0="></latexit>
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格子模型U(1)gauge × U(1)global

弱結合 (Higgs的)K ≫ 1

具体例: 

強結合 (閉じ込め的)K ≪ 1

区別可能な と が存在φ1 φ2
が自発的に破れているℤ2F

実質的自由度は の一つφ1 − φ2
渦は１種類で１重項

ゲージ場を積分した有効作用

変形Bessel関数I0(z) :

<latexit sha1_base64="VrawpGE4Ja+CPjogiDR/jLG3nm8="></latexit>
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具体的な判定法
離散的対称性が破れた場合:境界条件を対称性で 

ひねるとドメインウォールができる

例: Ising模型
強磁性相( が破れた相)ℤ2

φ1
φ2

弱結合( が破れた相)ℤ2F

模型U(1)gauge × U(1)global

↑↑↑↑↑↑ ↑↑↑↑↑↑



数値計算結果

弱結合( が大)で 

長距離の相関関数が有限
βg

対称性が自発的に破れている

渦上に相転移
0 2 4 6 8

l

0.0

0.1

0.2

0.3

0.4

0.5

0.6

C
(l

)

Øg = 1.2

Øg = 1.4

Øg = 1.6

Øg = 1.7

Øg = 1.8

Øg = 1.9

Øg = 2.0

⇒長距離

渦を貫く磁場の相関関数 渦 B(0) B(z)



まとめ

⇒Yes, 渦上の相転移によって区別できる場合がある

余次元 1: ドメインウォール上の相転移
余次元 2: 渦の相転移
余次元 3: 準位交差

ドメインウォールのジャンクション上の相転移も考えられる

より一般には様々な位相欠陥の相転移がありうる

超流動性をともなうヒッグス相と 
閉じ込め相は区別可能か？


