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When 0<<1 (small subsystem size
limit ), the behavior of relative
entropy is governed by the lightest

Primary operator O of the CFT
[Sarosi, TU]

S(pvllew) = ca [(Opv) — (Opw)])” 632

S(8)

B (CETHE T HDIEELLY,

In the total system

/ limit,
S(pv||pw) — oo

When |V) L |W)
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Mainly based on the Work with G Sarosi
arXiv :1705.01486

“Modular Hamiltonians of excited states, OPE blocks and emergent bulk fields”

See also
Faukner, Haehl, Hijano, Parrikar, Rabideau, Van Raamsdonk

"Nonlinear Gravity from Entanglement in Conformal Field Theories"
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RE and Einsteln €0 Sr1705.01486]

/[CFTside : DM excitation}

po — po + 0p

CFT on the bdy

\_

S(po + 0p||po) = SM (p) + 5P (5p) + - --

" Equivalent

-

Quantum gravity
in AdS

go — go + 0g

0= E(go + 0g) = B (3g) + E®(3g) + - -

k%«dSside: metric excitation}

Can read off bulk Einstein eqgs from the CFT relative entropy



e ERITIEWV2DDIREDHETFAE— S(oo +0pllpo) (& dp IZTDWWTRERETES,

o0

S(po + 0pllpo) = D ™ (p)

m=1

E F}ﬁ 0)%*)] 0) IE (j: S(l) (5p) REd) IE1|E,|‘$75\ B 5% ifd: (1—*L (jfll \ (-j—fd:l.t \ o [Bhattacharya, Nozaki, Takayanagi, TU]

) AdSFE Y THRIZAE S T=Einstein FFER

[Lashkari Van Raamsdonk..] [ Takayanagi et al][ Faulkner Meyers et al...]

BEDO2xDHEE S (5p) Fisher [EMBEFEITNS.

) Einstein AR XX DA D IEERIEIZ 3T Ity
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« ERITEV2DODKREDHE T ,AE— S(po +dollpo) (& 0p IZDWLWTRBETES,
S(po+dpllpo) = > _ S (6p)
m=1
ERORDIEIL 51V (6p) REQIEMBEMEMNDHEZZITAILFAL,

) AdSFE Y THRIZAE S T=Einstein FFER

[Lashkari Van Raamsdonk..] [ Takayanagi et al][ Faulkner Meyers et al...]

BEDO2xDHEE S (5p) Fisher [EMBEFEITNS.

=) Einstein ATEX Dex#I D IELFHZIEI 3T s
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HxtT> bOE—DIEEER

I FAE—®DHETIE., EVaAaT7—NSILEZ=ZT Y
K,=—logp FEHIEIZES.

S(p|lo) = tr |plog p| — tr [plog o]
= —{pKp) + (pKo)
—RRDIEIRRETIX, K, [FEFBIZIERBRTH,

[‘[\'

L/h\L/s :—::I:O) x‘/ﬁ'glj po = trae |0><0| (_OL\—C[i Kpo (IJ%FEE"]

7&3‘%2%—?#9( Rindler \S)LFZ=72), E-TEFERAOEFLGHES
[Z74




Vacuum modular Hamiltonian

When the subsystem A is a ball shaped region, the modular Hamiltonian
of vacuum has a local expression,

R2 —7“2
¥z Too + SEE

Kyoue = QW/drde_g
A

This generates the boost symmetry of the causal diamond of A.

Conformally mapped to Rindler Hamiltonian of Half space. @




Sketch of the argument

e Step 1: Write p = pg + p

* Step2: Expand K, = —logp (the entanglement Hamiltonian of P )w/ 0p

K, =Ko+ ) 6K™(ép)

. . . > 1 1
B the int | flog : — _ _
y using the integral expression of log log p /0 dg (5 R 1)

S(pllo) = S(po + dpllpo + 60)
= Z Sn.m(0p"6a™)

* Step3: Combine them to get
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CFT results

* In the small subsystem size limit |A| — 0 , the reduced density matrix PV
of an excited state |V/) is getting closed to the vacuum RDM.

py = trpe V><V| — PO

Therefore we can write it as a perturbation Py = po + 0p , and apply the
perturbative scheme

S(pvllpo) = Z Su™ (8p)

(The generalization is straight forward.)
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Stepl: The expression of dp

In our case of interest, it turned out that 5€ can decomposed into
contributions of primary operators in the CFT.

= po + e T Z C‘(?{”/B@k (90, —HQ)GWK

RN

1pt function:Ctr = (V|Ok|V) OPE block

The OPE block Box (0o, —00) of a primary (9,, is summing up all
descendants of it.



Step?2: Expanding the log

* We can the modular Hamiltonian by using the formula,

> 1 1
—logp:/o dﬁ<6+p_ﬁ+1)

n

Ky = Ko+ 31" [ dsndsiko(on, o) [ (5

n=1 k=1

The result is

The parameter s is the Rinder time in the causal diamond.




Expanding the log

* The explicit expression of the kernel is

2 2 ‘n—1
’Cn(817 RS Sn) — i 7T72_+_1 S1 Snz n . Sk—Sk—1
(47)" ! cosh 2L cosh 2+ [ [, _, sinh ==
* Some special cases: . 1
1) = (2cosh %)2
1 1
,CQ(Sla 82) —

167 cosh 871 cosh %2 sinh %



CFT results

e Using the general formula, we derived the (formal) perturbative
expression of the excited state mH. The leading term is

> ds o .
KV:K—|— ZC‘?{‘// ‘hzﬁBOk(T_ﬂ-_'_ZSJT_T(—i_ZS)—I_"'
k#vac —oo COSIL 5

and for entanglement entropy, g _ i 5t
m=2

. d
552 = ~ 3 7(Cky ) / S R A — T — 1)

25
- 8 cosh ;

Where F is the 4pt conformal block of the primary O
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SHIZZDFisher TBER=ZIZDVVTHOCFTRRERZ . EHERAIDZZRAWNWTESTH®RZ -,

/‘ YA : RT surface in the bulk
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Fisher (B E==1E T )L ¥ —

ds

2
cosh %

_ o /Z A €T, ((V]6]V))

A

F(r, 7,7 — Ts, T — Ts)

Holographic Studies:

[Nozaki Numasawa Prudenziatti Takayanagi]

[Lin marcori Ooguri Stoica]

[van Raamsdonk, Lashkari]

O & CFTEIDTSA4<)—EEF O IIHIET HE HEREIDIS
T ((V]oIV)) [FEDZDARLVAT YL

T

EHRE=-IFEITR)LT—DIEH
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Fisher [BiE==-1E £ T R)LT—

/) 5A
AG

- t Back reaction
{(VIO|V),--} ooy {(V[$|V), -}

The excitation turns on non trivial CFT 1pt functions Bulk profile

A(Ko) + S (pv)

—
)
/

This formula captures the first non trivial back reaction effect in the bulk spacetime.
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T hAE—&ET7 A2 34 AR

EZCEWT, B/MEEATEEN-EEIEL, MRODAHILD
ZVIHR—ILD SNEREEBERI—HRTE S,

2

dr
ds® = — f(r)dt? + + r?ds?
A f( ) f(’l”) Hg 1
3 RS4RI ZE = Y A
¢b f A COBHEFHIE BRIZEVWTEDAS—TO—EEMT 5,

EIEBAOEZDEEZZOBHAO I FAE—EEL

A
S(pa) = BH

4G N
) BRECESIUFOE—OZEEE. Wald DS ETHRFTES,



Wald formalism

ENEROEAE L[] ETHE ZOEHE
oL = E[¢] 6¢ + dO(¢, 5¢)

Presymplectic 6k (ZEHDIERIF)
NORILIG & (29D R—3—hL Uk
J[¢€] = ©(¢,Leg) — icL
(XEGL ¢ A BENARERZHE=-TESHREFTHH, —iRICIE

J¢] = dQl¢] + Cl¢]

EENAERXICLHIT S, - FARXMDXL



BH T FAE—&ER—A—ET

BHIhAE—: BRIOKRSIAA ETOES

S=Ama

48



BH T FAE—&ER—A—ET

EBRICBITHAIREDOREIL. FROPHILBHD FhfE (2%t it

po — po +0p @ o —P+00

COREIZHESBHIVFAE—(EE) EBE(ED15—/\3)LE
—T7O)DEIEE

s = [ 5Qle), oK = [ 5QIE] -~ ic®(0.50
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BH T FAE—&ER—A—ET

DRz §¢ ITDONTRERFEL. CFTAIDREDFER ELLET H L.
—RMDIE

CFTD#ER
0K — 68|, = / SEM(5¢) =  SEW(§¢4) =0
Y

—RMDIE
CFTO#ER

0K — 68|, = / SE) (59) +/ € Top d2° wmp SEP@)(5¢) = 0
> >

TAVD13( VO FEXOEBERRANE TS,
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Cubic order term of RE

* Similarly we can evaluate the cubic order term of the EE

55‘(/3) = —(C‘(?V)g/ dSldSQICQ(Sl, 82)
i(SQ — 81)<

o Bo(t — 7, T — Ts, ) Bo(T — Tsy, T — 75, ) Bo(T, 7)) s,

X

In the small subsystem size limit we can evaluate the integral,

P!

127D (3£38)°

55\(/3) = (260)**(C)*Cooo

This again agree with the holographic calculationicsi, casne wyers, in the presence of

Lour = (00)* — ke®

the bulk cubic interaction.
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NEHAEHEDHEEnstein AR DI D IEHRFIENEH TES,
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