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＊Introduction

＊Formalism : Review of the previous study

＊Results : Conductivity & Relaxation time

＊Summary
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High density region in QCD phase diagram
QCD phase diagram

Quark-Gluon Plasma

Hadron CSC
100MeV

𝑇

𝜇

QCD critical 
point (CP)

1st order

Ongoing
・ BES II at RHIC
・ NA61/SHINE at LHC
・ HADES at GSI

Future
・FAIR at GSI
・NICA at JINR
・J-PARC-HI (planned)

We focus on QCD CP & CSC.

Experiments for high density 
region with high statistics
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They donʼt interact strongly.
Photon self-energies 𝚷𝝁𝝂 are needed for dilepton production rates.

They develop around critical points from 2nd phase transition.
QCD CP : mesonic fluctuations ( Fujii and Ohtani (2004) )
CSC : diquark fluctuations ( Kitazawa, Koide, Kunihiro, Nemoto (2005) )

Soft modes & Dileptons

𝑑!Γ
𝑑𝑘! = −

𝛼
12𝜋!

1
𝑘"

1
𝑒#$ − 1

𝑔%&Im Π'%&(𝑘)

We have calculated how soft modes affect dilepton productions.

Soft modes

Dileptons

𝚷𝝁𝝂 = + + +
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QCD CP

Dilepton production rates from soft modes

TN, Kitazawa, and Kunihiro. 
In press (PTEP 2022)

Red : Contribution of soft modes & Blue : Results of free quark gases

TN, Kitazawa, and Kunihiro. 
In preparation

CSC
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𝜌! 𝒌,𝜔 =
𝜎𝜔"

𝜏𝜔# − 𝐷𝒌# # +𝜔#

𝜎 =
𝜕
𝜕𝜔

𝜌! 𝟎,𝜔 -
$%&

, 𝜏 = −
1
3 ! 𝜎

𝜕"
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𝜌! 𝟎,𝜔 -
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Kadanoff & Martin (1963)

Purpose of this study
Difference of dilepton production in the two systems

Electrical conductivity "𝝈" and relaxation time "𝝉"

Kubo formula

𝜌'( 𝒌,𝜔 = −
1
𝜋
ImΠ)'( 𝒌,𝜔
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Model & soft modes

ℒ = #𝜓𝑖𝛾!𝜕!𝜓 + ℒ" + ℒ#
ℒ3=𝐺3[( &𝜓𝜓)4+( &𝜓𝑖𝛾5𝝉𝜓)4]
ℒ6=𝐺6( &𝜓𝑖𝛾5𝜏4𝜆7𝜓6)( &𝜓6𝑖𝛾5𝜏4𝜆7𝜓)

(𝑮𝑺 = 𝟓. 𝟎𝟏𝐌𝐞𝐕, 𝚲 = 𝟔𝟓𝟎𝐌𝐞𝐕 )

MFA

Kitazawa, Koide, Kunihiro, Nemoto (2002)

TN, Kitazawa, and Kunihiro. In press (PTEP 2022)

Ξ 𝒌,𝜔 =

Kitazawa, Koide, Kunihiro, Nemoto (2005)

2-flavor NJL model Propagator of soft modes

= 𝐺6 + 555+

T-matrix approx.

𝑮𝑪 = 𝟎. 𝟕𝑮𝑺
𝐓 = 𝟏. 𝟎𝟓𝑻𝑪
𝝁 = 𝟑𝟓𝟎𝐌𝐞𝐕

ImΞ) 𝒌,𝜔 [GeV+#]
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Attach two 
photon lines

Thermodynamic potential : One loop of diquark fluctuations

= + + + $$$ + $$$

Aslamazov-Larkin
(AL) term

Maki-Thompson
(MT) term

Density of states
(DOS) term

For one loopFor two loop

Construction of photon self-energy

𝚷𝝁𝝂 = + + +

Ward identity of 𝚷𝝁𝝂 is satisfied.
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AL

Time-depending Ginzburg-Landau (TDGL) approx.

Ξ! 𝒌,𝜔 =
𝐺"

1 + 𝐺"𝑄! 𝒌,𝜔
=

1
𝐴 + 𝐵𝒒# + 𝐶𝜔

Propagator of soft modes

Vertex of AL term

Thouless criterion : 1 + 𝐺!𝑄" 𝟎, 0 = 0 at 𝑇 = 𝑇!

𝑘$Γ$ 𝑞, 𝑞 + 𝑘 = Ξ%& 𝑞 + 𝑘 − Ξ%& 𝑞

W-I of vertex 

Compare the lowest order terms of 𝒌 and 𝝎.
Γ* 𝑞, 𝑞 + 𝑘 = 𝐶, Γ+ 𝑞, 𝑞 + 𝑘 = 2𝐵(2𝑞+ + 𝑘+)

Imaginary part of 
MT and DOS term cancels.

Im + = 0MT DOS

Only AL term is necessary
to calculate the DPR. 

W-I of 𝚷𝝁𝝂 is satisfied 
with this approximation!!

Consistent with metallic SC !!!  
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QCD CP

Dilepton production rates from soft modes

TN, Kitazawa, and Kunihiro. 
In press (PTEP 2022)

Red : Contribution of soft modes & Blue : Results of free quark gases

TN, Kitazawa, and Kunihiro. 
In preparation

CSC
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𝛾$
Γ#

Scattering process
In free quark gases

＊Soft modes have strong support 
in space-like.

＊Dileptons are produced in time-like.
＊MT&DOS cancel. → Scattering in AL.

𝑘 = (𝒌,𝜔)
𝑘 = (𝒌,𝜔)

q9 = (𝒒9, 𝜔9) q9 = (𝒒9, 𝜔9)

q# = (𝒒#, 𝜔#)
q# = (𝒒#, 𝜔#)

|𝒒9| > 𝜔9
|𝒒#| > 𝜔#
𝜔 > 𝒌

This occurs only in space-like.
→ 𝒒K𝒒 annihilation contributes 

dilepton production in time-like 

𝜔 = 𝜔9 −𝜔#
𝒌 = 𝒒𝟏 − 𝒒𝟐

One of production processes 
caused by soft modes

Mechanism of enhancement at low 𝝎 9/14



𝜎 =
𝜕
𝜕𝜔

𝜌! 𝟎,𝜔 -
$%&

, 𝜏 = −
1
3 ! 𝜎

𝜕"

𝜕"𝜔
𝜌! 𝟎,𝜔 -

$%&

Conductivity “𝝈” and Relaxation time “𝝉”
Kubo formula

𝜌'( 𝒌,𝜔 = −
1
𝜋 ImΠ

)'( 𝒌,𝜔

Π#$
%& 𝒌,𝜔 = = 𝑁*

𝑑'𝑞
2𝜋 '

/Γ% 𝑞, 𝑞 + 𝑘 Ξ q + k /Γ& 𝑞 + 𝑘, 𝑞 Ξ(q)

AL term

QCD CP CSC

Fujii & Ohtani (2004) Kitazawa & Kunihiro et al (2005)

Soft mode
𝚵𝐑(𝐪,𝝎′)
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𝐴 + 𝐵𝒒# + 𝐶
|𝒒|𝜔′

, 𝐴 ∝ 𝑇 − 𝑇<
#
" 𝐴 ∝ 𝑇 − 𝑇< 91

𝐴 + 𝐵𝒒# + 𝐶𝜔′
,



Results of “𝝈” & “𝝉”

“𝝈” & “𝝉” are 
divergent at 𝑻𝑪!

𝜏𝑇
𝐶

𝜎
𝑇𝐶

QCD CP
𝑇! = 35.07 MeV
𝜇! = 322.20 MeV

CSC
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Conductivity “𝝈”
QCD CP CSC

𝜎
𝑇𝐶=>

~0.2

Aarts & Nikolaev (2021)

Contributions from soft modes are bigger 
than 𝝈/(𝑻𝑪𝐜𝐦) = 𝟎. 𝟐

in the range of 𝑻 − 𝑻𝑪 /𝑻𝑪 < 𝟎. 𝟏~𝟎. 𝟐!!

𝑇! = 35.07 MeV
𝜇! = 322.20 MeV
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𝜎 =
𝜕
𝜕𝜔

𝜌, 𝟎,𝜔 P
$-*

=
1
𝜋
Q
+

𝜕
𝜕𝜔

ImΠ.,++ 𝟎,𝜔 P
$-*

∝ S𝑞!𝑑𝑞Scoth
𝜔/

2𝑇
𝑑𝜔/ ImΞ'(𝒒, 𝜔′)

𝜕
𝜕𝜔′

ImΞ'(𝒒, 𝜔′)

𝜎 ~S𝑞!𝑑𝑞S𝑑𝜔/
1

𝐴 + 𝐵𝑞" "𝑞" + 𝐶𝜔/ "
"
~
1
𝐴
∝ 𝑇 − 𝑇0

1"2

𝜎 ~S𝑞!𝑑𝑞S𝑑𝜔/
1

𝐴 + 𝐵𝑞" + 𝐶34𝜔′ " + 𝐶56𝜔/ "
"
~
1
𝐴
∝ 𝑇 − 𝑇0

17"

ü TDGL approximation for 𝚵𝑹
ü T dependences of A

QCD CP

CSC

Divergences of “𝝈” & “𝝉”

Divergences of “𝝈” & “𝝉” are caused by soft modes. 

QCD CP CSC

𝝉

𝝈 𝑻 − 𝑻𝑪
_𝟐𝟑 𝑻 − 𝑻𝑪

_𝟏𝟐

𝑻 − 𝑻𝑪 _𝟏 𝑻 − 𝑻𝑪
_𝟑𝟐
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＊ 𝝈 & 𝝉 diverge around QCD CP and CSC phase transition.
＊The behavior of divergence are different in the two systems.

＊Causality (quark number susceptibility)
＊Higher order contribution of soft modes
＊Dependence on the position of QCD CP

Summary

Outlook

We calculated how soft modes affect 𝝈 and 𝝉 through AL terms.
AL
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Back up



ImΞ! 𝒌,𝜔 [GeV%#]
𝑇 = 𝑇"
𝜇 = 𝜇"

space-like

ℒ = (𝜓𝑖 𝛾#𝜕# −𝑚 𝜓
+𝐺$[( (𝜓𝜓)%+( (𝜓𝑖𝛾&𝝉𝜓)%]

𝑮𝑺 = 𝟓. 𝟎𝟏𝐌𝐞𝐕, 𝚲 = 𝟔𝟓𝟎𝐌𝐞𝐕,𝒎 = 𝟒𝐌𝐞𝐕

We calculate at
each black points.

𝑻𝑪 = 𝟑𝟓. 𝟎𝟕𝟏𝐌𝐞𝐕
𝝁𝑪 = 𝟑𝟐𝟐. 𝟐𝟎𝟑𝐌𝐞𝐕

Ξ 𝒌,𝜔 = T-matrix approx.

=
𝐺)

1 + 𝐺)𝑄* 𝒌,𝜔
ImΞ! in energy-momentum plane

The discontinuity 
on the light cone. 

H𝒒𝒒 correlation

The soft mode in space-like region 
is the p-h mode.  Fujii & Ohtani (2004)

Phase diagram Soft modes



Validity of TDGL approximation (diquark)

𝑮𝑪 = 𝟎. 𝟕𝑮𝑺
𝐓 = 𝟏. 𝟎𝟓𝑻𝑪
𝝁 = 𝟑𝟓𝟎𝐌𝐞𝐕

𝐤 = 𝟎𝐌𝐞𝐕
𝝁 = 𝟑𝟓𝟎𝐌𝐞𝐕

TDGL approx. can reproduce 𝚵𝐑(𝐤,𝝎) in low 𝐤-𝝎 region near 𝑻𝑪



𝑻-dependence of DPR from mesonic modes at 𝒌 = 𝟎

Competition between 
contributions of soft modes and 

kinematical (temperature) effects

Bigger as 𝑻 → 𝑻𝑪

Bigger as 𝑻 is bigger

𝝁 < 𝝁𝑪 𝝁 > 𝝁𝑪



𝝁-dependence of DPR from mesonic modes at 𝒌 = 𝟎

Competition between 
contributions of soft modes and 

enhances of interaction between 𝜸 & 𝚵

Bigger as 𝝁 → 𝝁𝑪

Bigger as 𝝁 is bigger

𝑻 < 𝑻𝑪 𝑻 > 𝑻𝑪



DPR from diquark soft modes at 𝒌 = 𝟎

𝑻-dependence: Enhanced as 𝑻 → 𝑻𝑪
⋯ This behavior is expected from the property of soft modes.

𝝁-dependence: Enhanced as 𝝁 is bigger
⋯ Interactions between soft modes and photons increase.



Invariant mass spectrum

𝜇 = 𝜇< = 332 MeV

𝑴 < 𝟐𝟎𝟎𝐌𝐞𝐕 𝑴 < 𝟒𝟎𝟎𝐌𝐞𝐕

QCD CP CSC



Parameter dependence of 𝑨
QCD CP

CSC

Ξ! 𝒌,𝜔 =
𝐺"

1 + 𝐺"𝑄! 𝒌,𝜔

=
1

𝐴 + 𝐵𝒒# + 𝐶𝜔

𝜇! = 322.20 MeV𝑇! = 35.07 MeV

𝑻 < 𝑻𝑪 𝑻 > 𝑻𝑪 𝝁 < 𝝁𝑪 𝝁 > 𝝁𝑪

A of “CSC” is almost independent of 𝝁 & 𝑮𝑪
(𝑨 ∝ 𝑻 − 𝑻𝑪 𝟎.𝟗𝟗𝟕≅𝟏)

𝑻 − 𝑻𝑪 𝟎.𝟔𝟕𝟐 𝑻 − 𝑻𝑪 𝟎.𝟔𝟔𝟒 𝑻 − 𝑻𝑪 𝟎.𝟔𝟕𝟓 𝑻 − 𝑻𝑪 𝟎.𝟔𝟓𝟖


