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カイラルソリトン格子

monoaxial DM interaction in the form of !D " S1 # S2

between localized neighboring spins S1 and S2 along the
crystallographic c axis in Cr1=3NbS2. Here, D represents
the DM vector. Competition between DM interaction and
the isotropic ferromagnetic (FM) coupling (J > 0) gives
rise to the helical structure of spin magnetic moments
SðzÞ ¼ Sð cos!ðzÞ; sin!ðzÞ; 0Þ with the azimuthal angle
given by !ðzÞ ¼ Q0z, as shown in Figs. 1(b) and 1(c). z
is defined as a coordinate along the helical axis (c axis) and
Q0 is the single modulation wave number of the helix given
by Q0 ¼ a!1

0 tan!1ðD=JÞ with a0 being the atomic lattice
constant along the helical axis (1.21 nm in Cr1=3NbS2
[21]). Importantly, the direction of D determines whether
spin magnetic moments rotate in a left- or right-handed
manner along the helical axis, thus providing chirality to
the given magnetic helix and calling it CHM. The magni-
tude of D ¼ jDj is usually 1 or 2 orders of magnitude
smaller than J because of its relativistic origin. Therefore, a
spatial period of CHM, Lð0Þ ¼ 2"=Q0 ffi 2"a0J=D
amounts to some tens of nanometers in chiral magnetic
crystals, which is obviously incommensurate with respect
to the background atomic lattice.

Under magnetic fields applied perpendicular to the hel-
ical axis, the magnetic field favors FM domains commen-
surate to the atomic lattice because of Zeeman energy

while the DM interaction tries to keep incommensurate
CHM. This situation is well reproduced by the effective
one-dimensional chiral sine-Gordon model [10–12,17–20].
Consequently, the order of CHM is periodically distorted
and CSL appears as the ground state unique to chiral
magnetic crystals in the magnetic field as shown in
Fig. 1(d). CSL is the nonlinear magnetic superlattice con-
sisting of forced FM domains periodically partitioned by
360( magnetic domain walls. The period of CSL is given
by LðHÞ ¼ 8Kð#ÞEð#Þ=ð"Q0Þ [10–12,17–20], whereKð#Þ
and Eð#Þ, respectively, denote the elliptic integrals of the
first and second kinds with the elliptic modulus # (0 )
# ) 1). The modulus # is determined by minimizing the

CSL formation energy and given by #=Eð#Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
H=Hc

p
,

whereHc ¼ ð"a0Q0=4Þ2JS corresponds to # ¼ 1. #=Eð#Þ
monotonically increases from 0 to 1 as # changes from 0 to
1. Then, Hc has a meaning of the critical field strength
at which the continuous phase transition from CSL at
H <Hc to the commensurate forced FM states state at
H >Hc occurs. Using the relations Kð0Þ ¼ Eð0Þ ¼ "=2,
we see that the dimensionless ratio LðHÞ=Lð0Þ given by

LðHÞ=Lð0Þ ¼ 4Kð#ÞEð#Þ="2; (1)

which depends solely on H=Hc. As H=Hc increases,
LðHÞ=Lð0Þ evolves monotonically toward infinity at
H=Hc ¼ 1.
Magnetic structure of Cr1=3NbS2 was first investigated

experimentally by small-angle neutron diffraction at zero
magnetic field [21]. Below the Curie temperature TC ¼
127 K, Cr1=3NbS2 exhibits a magnetic Bragg peak of
0:13 nm!1, which was considered as a manifestation of
helical order with magnetic moments rotating in the
ab plane in a 48 nm period along the c axis.
In the meanwhile, a steep change of magnetization atHc

applied perpendicular to the helical axis was interpreted as
the discontinuous phase transition between CHM and
forced FM states [5,21]. However, an intermediate phase
in perpendicular fields below Hc was not identified as
CSL state.
The transition at Hc should be interpreted as the con-

tinuous I-C phase transition theoretically envisioned by
Dzyaloshinskii [10]. This type of transition was actually
reported to occur in Ba2CuGe2O7 [22]. Recently, we re-
examined magnetization profiles of Cr1=3NbS2 and found
that the data indirectly suggest a formation of CHM and
CSL [12,23].
Previous theoretical treatments demonstrate that CSL

will support a variety of interesting functions for spintronic
applications in magnetic chiral crystals. CSL enables us to
carry magnetic information [17] and exhibits characteristic
physical properties such as magnetic-phonon-like elemen-
tary excitations [18], current-driven sliding motion [19],
and field-induced metal-to-insulator transition [20].
Therefore, direct observations of CSL have been eagerly
desired in the magnetic system.

FIG. 1 (color). Schematic diagram of crystalline and magnetic
structures of Cr1=3NbS2. (a) A unit cell of the crystal. Spin
magnetic moments of localized electrons rotate in the
ab plane along the helical c axis because of DM interaction,
giving rise to CHM. A part of left-handed CHM is schematically
drawn in ten unit cells in (b), whereas a whole left-handed CHM
in (c). (d) In magnetic fields perpendicular to the helical c axis,
CHM continuously transforms into CSL. CSL has the same
magnetic chirality as the underlying CHM.
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パリティ対称性が破れた ソリトンが並ぶ 結晶状態

• カイラル磁性体 Togawa et al., PRL (2012)

• 強磁性相互作用→隣り合ったスピンをそろえる

• ゼーマン効果→スピンは磁場の方向を向く

• Dzyaloshinskii・Moriya相互作用→隣り合ったスピンを捻る



QCDにおけるCSL
• 非中心衝突

The STAR Collaboration, Nature (2017)

• マグネター
https://www.riken.jp/press/2020/20201005_2/index.html

クォーク・グルーオン・プラズマ相

ハドロン相

カラー超伝導相v
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200MeV
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1GeV

？
•周期電磁場系

https://academist-cf.com/journal/?p=14730

Brauner and Yamamoto, JHEP (2017) Yamada and Yamamoto, PRD (2021)



CSLの普遍性
NG粒子 あらわな破れ 

（周期ポテンシャル）
表面項（ソリトンを安定化）

カイラル磁性体 [1]    マグノン 磁場 ジャロシンスキー・守谷 
相互作用

回転する（磁場中の） 
QCD物質 [2,3]

η’(π) 
中間子 クォーク質量項 トポロジカル項

ソリトン

[1] Togawa et al., PRL (2012) 
[2] Son and Stephanov, PRD (2008); Brauner and Yamamoto, JHEP (2017) 
[3] Huang, Nishimura and Yamamoto, JHEP (2018); Nishimura and Yamamoto, JHEP (2020)



非可換CSL

• 2フレーバの中間子：
<latexit sha1_base64="a6IlgNT5jkd0E5k4H/jXbyGmqyc="></latexit>

U = exp

✓
i⌘

f⌘

◆
⌃ , ⌃ 2 SU(2)

NG粒子 あらわな破れ 表面項 崩壊定数比

可換CSL U(1)A
クォーク質量 

+ 
QCD anomaly

トポロジカル項 ❌

非可換CSL
クォーク質量 

+ 
QCD anomaly

トポロジカル項
<latexit sha1_base64="64qCeOeB+lIEwxZWqUvCEfMH/A0="></latexit>

U 2 U(2)
<latexit sha1_base64="2CM4tFBX2t44sOm7OD9e30/E5Ts="></latexit>

✏ ⌘ 1� (f⇡/f⌘)
2

• 非可換CSL=S2の自由度を持つ、パリティを破るソリトンによる結晶状態

自発的対称性の破れ：
<latexit sha1_base64="/H3HY90Wlg+nSs/zcBmBMZSPnDY="></latexit>

SU(2) ! U(1)



カイラル摂動論

• QCDアノマリー項
<latexit sha1_base64="DWrstgD7JEuKJ0uEPVM+TamROKM="></latexit>

Lanom =
A

2
(detU + detU †)

• トポロジカル項
<latexit sha1_base64="B3iAlR38H7rY7Xznd0MyB3z5EPo="></latexit>

Ltopo =
µ2
B

2⇡2f⌘
⌦ ·r⌘

• 運動項
<latexit sha1_base64="ajsuWnd62F02LNA0eeTftgGSLfc="></latexit>

Lkin =
f2
⇡

4
gµ⌫tr(@µ⌃@⌫⌃

†) +
1

2
gµ⌫@µ⌘@⌫⌘

• クォーク質量項
<latexit sha1_base64="+Favl53lzXGJ4GqXBSoXTfJs2GQ="></latexit>

Lmass =
B

2
tr(MU +MU †)

- Mが対角的なとき、SU(2)V対称

- CVEを中間子の自由度でマッチングした有効作用
Huang, Nishimura and Yamamoto, JHEP (2018); Nishimura and Yamamoto, JHEP (2020)

- Cf) カイラルアノマリーを中性パイ中間子でマッチングした有効作用（π0→2γ）
Wess and Zumino, Phys. Lett. B (1971); Witten, Nucl. Phys. B (1983)



カイラル渦効果
⌦

右巻き

⌦

左巻き

jL = � µ2
L

4⇡2
⌦ jR =

µ2
R

4⇡2
⌦

Vilenkin, PRD (1979)

スピン 運動量

•軸性カレント：
<latexit sha1_base64="laf+UXso3ODhggvNsaEvRSubniY="></latexit>

j5 ⌘ jR � jL =
1

2⇡2
µ2⌦ , (µR = µL = µ)

•カイラル渦効果の輸送係数はカイラルアノマリーで決定される：
Son and Yamamoto, PRL (2012); Stephanov and Yin, PRL (2012)

Landsteiner, Megias and Pena-Benitez, PRL (2011)

• 軸性カレント(アップ・ダウンクォーク)：

スピン 運動量

<latexit sha1_base64="VnqKGhwWzsi1tfnCPeyLtAP2Z28="></latexit>

j5 =
1

Nc⇡2
µ2
B⌦



カイラル摂動論
• 無次元化した有効ハミルトニアン

<latexit sha1_base64="RhQARBEO/Jhqy26WFK2iME8effY="></latexit>
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• 無次元化座標とパラメータ
<latexit sha1_base64="P6nfyhu4D46Xr1G8KYJU++hBjdY="></latexit>

⇣ ⌘
p
Cz

f⌘
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<latexit sha1_base64="F5gwh8EMYOwxXuD6hexjdB+LKCU="></latexit>

(C ⌘ 4mB)

• 相構造を決定する際に重要なパラメータ

：π,η中間子の崩壊定数比<latexit sha1_base64="4YVllntP1NVielkdSCA21LcXdRw="></latexit>✏ ：無次元化した角速度
<latexit sha1_base64="S0rm6jvDtqMJ2WtlQ0XG3mIuQ3U="></latexit>

S

•先行研究Nishimura and Yamamoto (2020)との違い：ε≠0
<latexit sha1_base64="+s+pYvl/EOhm/P+jSPLoLgsONzY="></latexit>

✏hadron ⇠ 0.17
<latexit sha1_base64="c1moYs5cHywbyeWIQf/uFCJSUXQ="></latexit>

✏CFL ⇠ 0.24
Donogue, Golowich and Holstein (1992) Son and Stephanov PRD (2000)



クォーク質量項
• 無次元化した中間子場：

• ポテンシャル：

<latexit sha1_base64="32S5pwAP3DKIn7b/AJk39SjjmSE="></latexit>

�0 ⌘ ⌘

f⌘
, �3 ⌘ ⇡0

f⇡

<latexit sha1_base64="xn7eqkqaO2SZKmSoMjQ7zWiZqmk="></latexit>

V = �2mB [cos(�0 + �3) + cos(�0 � �3)]
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<latexit sha1_base64="kr0hlSKGZfj2IJZxg3cbeDaGfXY="></latexit>

�0

<latexit sha1_base64="CyrGdNPDRVs0ISwAAH/kKzRysGs="></latexit>

�3

<latexit sha1_base64="OXwHuTtSz3FhPOQXwfNLPe9vWA0="></latexit>⇡

<latexit sha1_base64="OXwHuTtSz3FhPOQXwfNLPe9vWA0="></latexit>⇡

<latexit sha1_base64="3OuDDbHbpReBN3FySC/MhVabXVY="></latexit>�⇡

<latexit sha1_base64="PFam5Coas2gloPo2ZU+mTatOe7I="></latexit>

0 <latexit sha1_base64="vCvyKX+WiDhQdNZqMZbK5wbNcs0="></latexit>

2⇡

アップソリトン

ダウンソリトン

<latexit sha1_base64="48UOsP05bg0ROr1G1zzxyVCS7uI="></latexit>⌘ ソリトン



非可換ソリトン
<latexit sha1_base64="1f2ydOg10PymSxesLtJyQDPtsGE="></latexit>

U(2) ⇠=
SU(2)⇥U(1)

Z2

⇠=
S3 ⇥U(1)

Z2
• 中間子場　　　　　の配位空間：

<latexit sha1_base64="t0n0Xo/Wzg+1LsPItSQSlV3lQQQ="></latexit>

U = ⌃ei�0

• ソリトン中心：
<latexit sha1_base64="rsyl7XD3BxjfM5Utr36R36GPSI0="></latexit>

(�0,�3) = (±⇡/2,±⇡/2)

• 対称性の自発的破れ：
<latexit sha1_base64="WRHItD4AECFnmorG1EsN0W+jou4="></latexit>

SU(2) ! U(1)

• ドメインウォールのモジュライ：
<latexit sha1_base64="yYN7TSZM4ircH26qSYA513ax+jo="></latexit>

SU(2)/U(1) ⇠= S2

<latexit sha1_base64="nnPkcG7t+RIRMU+j8YH6nLhj5L0="></latexit>

S2

北極：

南極：

<latexit sha1_base64="WjTitsjOym2zzCSsIaDqLFzZM1o="></latexit>

⌃ = 12 , e
i�0 = 1

<latexit sha1_base64="/sFOupL3SYiIVQdueGab6Jj8RYo="></latexit>

⌃ = �12 , e
i�0 = �1

Nitta, Nucl. Phys.B (2015); Eto and Nitta, PRD (2015)

• U(1)不変：
<latexit sha1_base64="fxKv0MNN+rrh/OSrbL/1xxnX9vw="></latexit>

ei✓⌧3ei⌧3⇡/2e�i✓⌧3 = ei⌧3⇡/2



非可換vs可換

-2

-1

0

1

2

-2

-1

0

1

2

• π中間子の勾配なし

•ポテンシャル山頂を登る必要あり

•π中間子の勾配あり

•ポテンシャル山頂を登る必要なし

•ε>0は勾配によるエネルギー増加を抑制



η’CSL
• ε=0, φ3=0のハミルトニアンと運動方程式

• 張力
<latexit sha1_base64="TtIFLH4LPqfMnfq1jhkxTAd51UE="></latexit>

M =

Z 1

�1
d⇣H/C = 8� 2⇡S
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• 臨界値：
<latexit sha1_base64="ckLCcHzWY6Xghjng3LsD9qMadPo="></latexit>

Sc = 4/⇡

• S>Scではドメインウォールの張力が 
　負なので、それらが並んだCSLが安定

• 解析解
<latexit sha1_base64="J7Awx1Tw1LrQ5cUihThRAULlyQw="></latexit>

�0 = 4tan�1exp(⇣ � ⇣0)

<latexit sha1_base64="z/lVQHGYQySPlmKmA37ybUoLVUs="></latexit>
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ε=0, φ3≠0
• ε=0, φ3≠0のハミルトニアン

<latexit sha1_base64="XUQe3h0ZJEFTjVQVfm1UdckoXkg="></latexit>
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#

φ±は完全に分離しており、各々のハミルトニアンはφ0の半分

• φ+の解：
<latexit sha1_base64="oQ6dK7uj2AXNjj6HmU9BHLRCz2E="></latexit>

�+ = 4tan�1exp (⇣ � ⇣+)

• 張力：
<latexit sha1_base64="23EcH3+a55klojGryE6Wwv/Pq7s="></latexit>

M+ = 4� ⇡S

• 臨界値：
<latexit sha1_base64="ckLCcHzWY6Xghjng3LsD9qMadPo="></latexit>

Sc = 4/⇡

• φ-の解：
<latexit sha1_base64="YnqUC5J0n0QHzlpRUdk8gLfUvd0="></latexit>

�� = 4tan�1exp (⇣ � ⇣�)

<latexit sha1_base64="XBUswqLS/lTXfnumR+ovQbE7zxs="></latexit>

M� = 4� ⇡S• 張力：

• 臨界値：
<latexit sha1_base64="ckLCcHzWY6Xghjng3LsD9qMadPo="></latexit>

Sc = 4/⇡

S>4/πではアップ・ダウンCSL両方が生じた状態が最も安定な状態となる
<latexit sha1_base64="ijihHIj9pB4aKJsqJVDewQ+9Yqk="></latexit>
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<latexit sha1_base64="NTKjM1+Ce7BE9+/DIPfKYuIrb70="></latexit>

⇣±：重心はもジュライ（並進のNG mode）

<latexit sha1_base64="hkRoYq0rFFvzEFyEejV+7y6iMHM="></latexit>

�± ⌘ �0 ± �3



η’CSLとup/down CSLの関係

アップ・ダウン間の距離はモジュライ

アップ間の距離はSで決定 ダウン間の距離はSで決定
<latexit sha1_base64="mtkF1XgDfUOOyDRWbSCrdEAgdbg=">AAACZHichVFNSwJBGH7cvswsLQmCICQxOskoUeFJ6NLRj/wAE9ldx1pcd5fdVTDpD9S16NCpICL6GV36Ax38A0F0NOjSodd1IUqqd5iZZ555n3eemZEMVbFsxnoeYWx8YnLKO+2b8c/OBYLzCwVLb5kyz8u6qpslSbS4qmg8byu2ykuGycWmpPKi1NgZ7Bfb3LQUXduzOwavNMUDTakrsmgTlalVgxEWY06ER0HcBRG4kdaDt9 hHDTpktNAEhwabsAoRFrUy4mAwiKugS5xJSHH2OY7hI22LsjhliMQ2aDygVdllNVoPalqOWqZTVOomKcOIsid2x/rskd2zF/bxa62uU2PgpUOzNNRyoxo4Wcq9/6tq0mzj8Ev1p2cbdWw7XhXybjjM4BbyUN8+uujnktlod41ds1fyf8V67IFuoLXf5JsMz17CRx8Q//nco6CQiMU3Y4nMRiSVdL/Ci2WsYp3eewsp7CKNPJ3LcYoznHueBb8QEhaHqYLH1YTwLYSVT84uieM=</latexit>

d

η’CSLはup/down CSLのd=0の特殊な状況！



φ±間の相互作用
• εに依存するポテンシャル

• ε>0=斥力

• ε<0=引力

<latexit sha1_base64="iPWmG/sC7jIHPZ6KE9qUho2UG2A="></latexit>
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ε≠0,β=0での相図

ηCSL (Abelian CSL) up/down CSL 
(Non-abelian CSL)

QCD vacuum



フェロ・フェリ磁性
• 磁場中のQCD物質におけるトポロジカル項

<latexit sha1_base64="TUxfKq2IH0eL002qDp6D4QXu7P4="></latexit>

Ltop =
quµB

4⇡2
r�+ ·B +

qdµB

4⇡2
r�� ·B

• アップ・ダウンソリトンの磁化＝フェリ磁性
<latexit sha1_base64="2rsnfVolOA7xI0RyHCbAXEorh9I="></latexit>

M+ = �quµB

4⇡2
r�+ , M� = �qdµB

4⇡2
r��

• ηのソリトンの磁化＝フェロ磁性
<latexit sha1_base64="i/+6Saq267eqn96soMveF32dTNU="></latexit>

M⌘ = �1
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eµB
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Son and Zhitnitsky, PRD (2004); Son and Stephanov, PRD (2008)



QCDアノマリーの効果
• QCDアノマリーの効果を含めたポテンシャル

<latexit sha1_base64="VhvDdYLcjv6/Fyih6cLHLgT2M5Q="></latexit>

V = sin�(1� cos2�0) + cos�(1� cos�0cos�3)

<latexit sha1_base64="p+M2JA437FrLLs51BA8tvsxNFHk="></latexit>⇣
C =

p
A2 + (4mB)2 , tan� = A/(4mB)

⌘

QCDアノマリーの効果が大きくなるとtriplet mesonの方向がフラットになるので 
φ3方向のドメインウォールが抑制される。



• NACSL (β=0, ε>0)：

• NACSL (β≠0, ε>0)：アップとダウン間の距離を近づけてηCSLにしようとする
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まとめと展望
•「回転するバリオン物質の相構造」を考えた

•基底状態は「非可換カイラルソリトン格子」

- 非可換CSL=S2の自由度を持ち、パリティを破るソリトンによる結晶状態

•そのソリトンは「反強磁性アイソスピン鎖」を構成している

•反強磁性アイソスピン鎖は「フェリ磁性」を示す

•3フレーバーへの拡張

•相構造のA（QCDアノマリーの強さ）とεの依存性


