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研究目的
u先行研究
非線形な電流-電場特性を示し、電場に対して電流が多価に
なる領域が存在する。

結果

Introduction
uゲージ・重力対応とは…

(d+1)次元の重力理論とd次元の場の量子論が理論的に等価であるという仮説。

Black
Hole

(d+1)次元曲がった時空中にD7ブレーンがある系

D3-D7モデル

D7-brane

d次元の境界⇡
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d次元強い相互作用が働く電気伝導系

対応する場の量子論
電流電場 E 6= 0
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等価

u本研究の目的

まとめ
・Fを非平衡定常状態の自由エネルギーとみなしエントロピーを計算。
・NDC相のエントロピーは常に負となる。
・エントロピーが温度に対して冪乗的振る舞いを示す。
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電場固定の下で温度を変化させ熱力学的性質、特に平
衡系でエントロピーに対応する物理量を計算し、その
振る舞いを調べる。
（AdS境界における発散の繰り込み処方や有限繰り込
みの任意性を考える必要がない。）
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PDC相とNDC相との間で
相転移？

この領域における熱力学
的な振る舞いは？

温度大
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Figure 1. The J-E characteristics for T = 0.34335 (solid), T = 0.34350 (dashed), and T = 0.34380

(dotted).

2.2 Thermodynamic property

We now turn to study the thermodynamic properties of the NESS system in the D3/D7

model, particularly those from the contributions of the D7-brane. In equilibrium, the

Helmholtz free energy (or the Gibbs free energy) is defined from the bulk action [14, 15, 18].

In analogy with the case of equilibrium, we define the free energy in our NESS system from

the on-shell bulk action.

S̃D7 = NV

%
dzL̃D7 = NV

%
dz

&
(−g)− gzzgxxJ2

&
1 + gttgxxE2, (2.21)

where V =
,
dtd3x. We obtain the on-shell action by substituting the solution of the

equation of motion for θ into Eq. (2.21). Here, we have to consider the regularization of

the divergence in the on-shell action at the AdS boundary. If we plug the asymptotic form

of θ given by Eq. (2.17) into the Euclidean action, we find that it can be expanded as

S̃D7

)))
on-shell

= NV

% z∗−!∗

!
dz

-
1

z5
− θ20

z3
− (2πα′)2

2

E2

z
+O(z)

.
, (2.22)

In order to regularize the divergences at the AdS boundary, we need to introduce the

following counterterms [8, 19]:

L1 =
1

4
NV

√
−G, L2 =

1

2
NV

√
−Gθ(*)2,

Lf =
5

12
NV

√
−Gθ(*)4, LF =

1

2
NV (2πα′)2

√
−GF ijFij log(κ*), (2.23)

where G = det(Gij) and Gij is the induced metric on z = * slice. Note that we introduce κ

in order to make the argument of the logarithm dimensionless in the last counterterm in
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F ⌘ � 1

NV

⇣
S̃D7

���
on-shell

+ L1 + L2 + Lf + LF

⌘
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Eqs. (2.23). The value of this factor is scheme dependent, and there are several possibilities

as employed in different contexts [11, 12, 20]. Thus, we define the regularized on-shell

action density as

S̃reg = S̃D7

)))
on-shell

+ L1 + L2 + Lf + LF . (2.24)

Then, one candidate of definitions3 of the free energy in our NESS system is

F ≡ −S̃reg

NV
, (2.25)

From this definition, we have to numerically integrate the on-shell Lagrangian with the

above counterterms in the integration range of * ≤ z ≤ z∗ − *∗ when we compute the

free energy. The above regularization process also might lead to a lack of the accuracy in

the numerical integration since we have to substitute the numerical solution of θ into the

action.

On the other hand, the regularization process becomes simpler if we evaluate the dif-

ference between the two free energies with E fixed. For instance, we consider the difference

between the free energy at temperature T and that at slightly different temperature T+∆T

with E fixed, which is expected to relate to an entropy S, namely4

S = −∂F

∂T
≈ −

-
F (T +∆T )− F (T )

∆T

.

= − 1

∆T

/
(T +∆T )S̃reg (T +∆T )− T S̃reg (T )

0

= − T

∆T

-% z∗−!∗

!
dz∆LD7 +∆L2 +∆Lf

.
− S̃reg (T +∆T ) , (2.26)

where

∆LD7 = LD7 (T +∆T )|on-shell − LD7 (T )|on-shell , (2.27)

∆L2 =
1

N

'
L2 (T +∆T )− L2 (T )

(
, (2.28)

∆Lf =
1

N

'
Lf (T +∆T )− Lf (T )

(
. (2.29)

It should be noted that L1 and LF vanish since these counterterms are independent of θ

and thus completely canceled for fixed m and E when we consider the difference between

the free energies for different temperatures. As can be seen from Eq. (2.22), the divergent

parts at the AdS boundary should be completely canceled in ∆LD7 if we fix m and E. Since

the divergences of the counterterms are also canceled in ∆L2 and ∆Lf , these terms give

finite contributions. Note that we need to perform the regularization in order to calculate

the last term of S̃reg (T +∆T ). Then, we define our entropy as

S̃ = S + S̃reg (T +∆T ) . (2.30)

3Another definition of the free energy is employed in Ref. [10–12]. In these studies, the current density

is considered as the control parameter. In this paper, however, we employ the definition of Eq. (2.25) in

order to compute the free energy with E fixed.
4The location of the effective horizon is different at different temperatures as understood from Eq. (2.11).

However, this difference yields a sufficiently small contribution if we consider two slightly different temper-

atures. In our calculations, we use a smaller z∗ as the upper limit of the integration range.
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SD7 = �TD7

Z
d8⇠

p
det(gab + (2⇡↵0)Fab)
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DBI作用： ✓(z) = mqz +
1

2

 
hq̄qi
N

+
m3

q

3

!
z3 + · · ·
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Ax(t, z) = �Et+
J

2N
z2 + · · ·
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mq :

hq̄qi :
J :
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quark mass

chiral condensate

current density
D7-brane embedding：
gauge field：

✓(z)
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Ax(t, z)
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Ansatz

uD3-D7モデルによる荷電粒子伝導系 A. Karch and A. O’Bannon, JHEP 09 (2007) 024.

熱浴温度に対する電流とエントロピーの振る舞い 有効温度に対する電流と有効エントロピーの振る舞い
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・NDC相のエントロピーは負
・絶縁相への転移は一次相転移的
・冪乗則に従う振る舞い
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Figure 5. The left panel shows the logarithmic plot of |J − J0|/m3 with respect to (T∗ − T∗0)/m

for the PDC region for J < J0 (triangles), the NDC region (circles), and the PDC region for J > J0
(diamonds). The right panel shows the logarithmic plot of S̃∗ with respect to (T∗ − T∗0)/m for the

PDC region for J < J0 (triangles) and the PDC region for J > J0 (diamonds). The solid line shows

the fitting results.

shows the logarithmic plot of |J−J0|/m3 in the left panel and that of S̃∗ in the right panel

with respect to (T∗−T∗0)/m. We find that |J−J0|/m3 and S̃∗ as a function of (T∗−T∗0)/m

are well-fitted by a power law:

)))J̃ − J̃0

))) ∝
3
(T̃∗ − T̃∗0)

0.496 (PDC for J < J0),

(T̃∗ − T̃∗0)
0.532 (PDC for J > J0),

(3.3)

S̃∗ ∝
3
(T̃∗ − T̃∗0)

−0.634 (PDC for J < J0),

(T̃∗ − T̃∗0)
−0.420 (PDC for J > J0),

(3.4)

where T̃∗ = T∗/m and J̃ = J/m3.

4 Summary and conclusion

In this paper, we study the thermodynamic properties of the current-driven NESS system

which is realized in the D3/D7 system by using the gauge/gravity duality. We are par-

ticularly focus on the entropy since it can be calculated without concerning the numerical

divergence nor the ambiguity in the counterterm if we fix the electric field. We calculate

the entropy by employing the two different definitions: the entropy given by Eq. (??) and

the effective entropy given by Eq. (??).

We find that the entropy in the NDC region is negative at any temperature, while

that in the PDC region is always positive. This result may imply the instability of the

NDC region. We also find that the entropy becomes divergent at the critical values for

both the NDC region and the PDC region. This behavior implies that the phase transition

between the NDC region, the PDC region, and the insulating region at the critical value is

first-order in the sense of the phase transitions in equilibrium system. This is because if we

apply the thermodynamic principles to our NESS system by identifying our entropy as the

thermodynamic entropy in equilibrium systems, which is first derivative of the free energy,

– 11 –

������ ������ ������ ������ ������ ������
�����	

������

������

������

����
�

����
	

����
�

����
�

������ ������ ������ ������ ������ ������

-	�

-
�

�


�

	�

Figure 2. The left panel shows the behavior of J/m3 as a function of T/m for E/m2 = 0.04. The

dashed line denotes the critical value of J/m3 and T/m below which there are no solutions with

finite value of J/m3. The right panel shows the entropy given by Eq. (??) as a function of T/m.

3.1 Entropy from heat-bath temperature

We show the behavior of J/m3 as a function of T/m in the left panel of Fig. 2. As the

temperature increases, the current density also increases in the PDC region, whereas it

decreases in the NDC region. The dashed line denotes the critical values (T0/m, J0/m
3) =

(0.343298, 0.000844) at which the PDC region and the NDC region meet at a single point.

In the right panel of Fig. 2, we show the entropy given by Eq. (??) as a function of

T/m. We find that the entropy in the PDC region is positive, while that in the NDC region

is negative. If we apply a thermodynamic discussion in equilibrium systems into our NESS

system, this negative entropy implies the thermodynamic instability of the NDC region. In

addition, the entropy near critical value of T/m seems not to connect continuously between

the PDC region and the insulating region nor the NDC region and the insulating region.

This behavior implies that the phase transition between them by controlling temperature

is first-order if we use the criterion in equilibrium thermodynamics since the entropy is

discontinuously changed at the critical point.

We also study the behaviors of the current density and the entropy with respect to

temperature. Fig. 3 shows the logarithmic plot of |J − J0|/m3 in the left panel and that of

|S̃| in the right panel with respect to (T − T0)/m. For both the NDC region and the PDC

region, we find that |J − J0|/m3 and |S̃| as a function of (T − T0)/m are well fitted by a

power law:
)))J̃ − J̃0

))) ∝
3
(T̃ − T̃0)

0.471 (NDC),

(T̃ − T̃0)
0.540 (PDC),

(3.1)

|S̃| ∝
3
(T̃ − T̃0)

−0.710 (NDC),

(T̃ − T̃0)
−0.461 (PDC),

(3.2)

where T̃ = T/m and J̃ = J/m3.

3.2 Effective entropy

Furthermore, we study the thermodynamic properties in our NESS system by using the

effective temperature given by Eq. (2.33). We show that the behavior of J/m3 as a function
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Figure 2. The left panel shows the behavior of J/m3 as a function of T/m for E/m2 = 0.04. The

dashed line denotes the critical value of J/m3 and T/m below which there are no solutions with

finite value of J/m3. The right panel shows the entropy given by Eq. (??) as a function of T/m.
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(0.343298, 0.000844) at which the PDC region and the NDC region meet at a single point.
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Figure 5. The left panel shows the logarithmic plot of |J − J0|/m3 with respect to (T∗ − T∗0)/m

for the PDC region for J < J0 (triangles), the NDC region (circles), and the PDC region for J > J0
(diamonds). The right panel shows the logarithmic plot of S̃∗ with respect to (T∗ − T∗0)/m for the

PDC region for J < J0 (triangles) and the PDC region for J > J0 (diamonds). The solid line shows

the fitting results.
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Figure 5. The left panel shows the logarithmic plot of |J − J0|/m3 with respect to (T∗ − T∗0)/m

for the PDC region for J < J0 (triangles), the NDC region (circles), and the PDC region for J > J0
(diamonds). The right panel shows the logarithmic plot of S̃∗ with respect to (T∗ − T∗0)/m for the

PDC region for J < J0 (triangles) and the PDC region for J > J0 (diamonds). The solid line shows
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shows the logarithmic plot of |J−J0|/m3 in the left panel and that of S̃∗ in the right panel

with respect to (T∗−T∗0)/m. We find that |J−J0|/m3 and S̃∗ as a function of (T∗−T∗0)/m

are well-fitted by a power law:

)))J̃ − J̃0

))) ∝
3
(T̃∗ − T̃∗0)

0.496 (PDC for J < J0),

(T̃∗ − T̃∗0)
0.532 (PDC for J > J0),

(3.3)

S̃∗ ∝
3
(T̃∗ − T̃∗0)

−0.634 (PDC for J < J0),

(T̃∗ − T̃∗0)
−0.420 (PDC for J > J0),

(3.4)

where T̃∗ = T∗/m and J̃ = J/m3.

4 Summary and conclusion

In this paper, we study the thermodynamic properties of the current-driven NESS system

which is realized in the D3/D7 system by using the gauge/gravity duality. We are par-

ticularly focus on the entropy since it can be calculated without concerning the numerical

divergence nor the ambiguity in the counterterm if we fix the electric field. We calculate

the entropy by employing the two different definitions: the entropy given by Eq. (??) and

the effective entropy given by Eq. (??).

We find that the entropy in the NDC region is negative at any temperature, while

that in the PDC region is always positive. This result may imply the instability of the

NDC region. We also find that the entropy becomes divergent at the critical values for

both the NDC region and the PDC region. This behavior implies that the phase transition

between the NDC region, the PDC region, and the insulating region at the critical value is

first-order in the sense of the phase transitions in equilibrium system. This is because if we

apply the thermodynamic principles to our NESS system by identifying our entropy as the

thermodynamic entropy in equilibrium systems, which is first derivative of the free energy,
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Figure 2. The left panel shows the behavior of J/m3 as a function of T/m for E/m2 = 0.04. The

dashed line denotes the critical value of J/m3 and T/m below which there are no solutions with

finite value of J/m3. The right panel shows the entropy given by Eq. (??) as a function of T/m.

3.1 Entropy from heat-bath temperature

We show the behavior of J/m3 as a function of T/m in the left panel of Fig. 2. As the

temperature increases, the current density also increases in the PDC region, whereas it

decreases in the NDC region. The dashed line denotes the critical values (T0/m, J0/m
3) =

(0.343298, 0.000844) at which the PDC region and the NDC region meet at a single point.

In the right panel of Fig. 2, we show the entropy given by Eq. (??) as a function of

T/m. We find that the entropy in the PDC region is positive, while that in the NDC region

is negative. If we apply a thermodynamic discussion in equilibrium systems into our NESS

system, this negative entropy implies the thermodynamic instability of the NDC region. In

addition, the entropy near critical value of T/m seems not to connect continuously between

the PDC region and the insulating region nor the NDC region and the insulating region.

This behavior implies that the phase transition between them by controlling temperature

is first-order if we use the criterion in equilibrium thermodynamics since the entropy is

discontinuously changed at the critical point.

We also study the behaviors of the current density and the entropy with respect to

temperature. Fig. 3 shows the logarithmic plot of |J − J0|/m3 in the left panel and that of

|S̃| in the right panel with respect to (T − T0)/m. For both the NDC region and the PDC

region, we find that |J − J0|/m3 and |S̃| as a function of (T − T0)/m are well fitted by a

power law:
)))J̃ − J̃0

))) ∝
3
(T̃ − T̃0)

0.471 (NDC),

(T̃ − T̃0)
0.540 (PDC),

(3.1)

|S̃| ∝
3
(T̃ − T̃0)

−0.710 (NDC),

(T̃ − T̃0)
−0.461 (PDC),

(3.2)

where T̃ = T/m and J̃ = J/m3.

3.2 Effective entropy

Furthermore, we study the thermodynamic properties in our NESS system by using the

effective temperature given by Eq. (2.33). We show that the behavior of J/m3 as a function
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