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Sign problems in the canonical approach

Canonical partition function: Z (Fugacity expansion)
7o (T, 1) = Z Z-(T,N) exp(Nu/T) = Z W(N)
N N

Effective potential as a function of the quark number N.

Vetf(N) = —InW(N) = —InZ¢(T,N) — N %

At the minimum,
OVeff(N)  OInW(N)  dInZ (T,N) pu

0
ON ON dN T
First order phase transition: Two phases coexist. |
Vage(N) ) dlnZ(N) Maxwell construction
dN
\/\/ =

oInZ(T, N)
ON

In the thermodynamic limit, %(N) = —



Hopping parameter expapnsion, Fugacity expansion

Grand partition function 7 = HdU (x) (det

X,U
Hopping parameter expansion [K~1/(quark mass)]

"(IndetM)

In(det M (K)) = nzc; nl[

oK™

M)Nt 7>

\ Quark matrix

} K" =S 1D K"
K=0

— nl

D,: Sum of all n-step Wilson loops (connected)

winding number N=0 N=1
No u—dependence

Periodic B.C.

[T
1UT| e F’T

A

e,u/T

N=2
Periodic

B.C.

e

2ulT

Nu/T

Polyakov loop Q2
Classify the Wilson loops by the winding number.

Fugacity expansion: expansion with the winding number N.

Zoe(T,0) = ) Ze(N,T) exp(Nu/T)



Center symmetry

Quenched QCD (no dynamical quarks, dethl)2 . i}

Center of SU(3) group: Ucenter = wl, w = {1, e 3, 3

On one time slice, U, = wU,
Polyakov loop Q2 changes as (2) = w{(N)

Q in the complex plane

(2) = 0, when the symmetry is unbroken. Z(3) symmetric

winding number N loop
(Qy) = 0" {(2y)

Canonical partition

Z:(N,T) = wVZ (N, T) o |
Probability distribution at T,

\n- :',L,l'l m
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= Z:(N,T) =0, when N # 3 x (integer)
For U(1) gage theory, Z-(N,T) = eN9Z.(N,T) (0 <6 < 2n)

Z~(N,T) =0, forN #0 .
> ZcN,T) orNF We discuss U(1) gauge theory.



Center symmetry in U(1) gauge theory

Centers of group are all members U= e,
Under the center transformation,

ZGCGUlOZ{EZZC(N’T)Effemwn

N
Except for N=0, the canonical partition function is zero.

Zec(T’ﬂ)Z;I{ZZC(N,T)@N%N“”}M: Z.(0,T)+0+0+---
N

Charged particles cannot exist. No u-dependence.

Probability distribution of Polyakov loop Q"

0.4

The distribution is always U(1) symmetry.

The expectation value of Q is always zero.

To discuss the symmetry breaking,
Explicit breaking term: required,
e.g. dynamical quarks.

0.2

Im Q2

Lattice 2
Nt=4
Ns=12
Ns=16 *°
Ns=24

Deconfinement
I I I

o Broken phase

Confinement
Symmetric phase -

-0.6 -



Spontaneous Symmetry Breaking

Adding dynamical quark with a small K

" K~1/(quark
- Center symmetry: explicitly broken. (quark mass)

+ Double limit: V — « and K — 0. V: volume

Polyakov loop (Re(2)

U(1) gauge theory
|

Re Q

0.003 0.6 |
- Confinement
Symmetric phase
0002- 3=0.8 0.4 —
“ﬁ,;!!! !!!! % (ReQ) ~ VKNt |
u,-i‘ai“"‘ &4
0.001 0o Deconfinement- Lattice
‘,,m; !,QQ”” B ro ke n p h aS e N t:4
!,.!_q!-‘" """ le.z 1 NS:24
0 g!m.i .,-i""" l l | | N S= 1 6
0.00e+000 2.00e-005 4.00e-005 0.00e+000 2.00e-005 4.00e-005 Ns=12
K K

InV — oo, K = 0 limit,
Symmetric phase: (ReQ)=0, Broken phase: (ReQ)~VK"t(finite)



Integrate over the complex phase 6

* Introducing the distribution function W(|Q|)
U(1) symmetry
— A function of only [QY|, independent of 6

Indet M = 6 x 2NeNZKNE(Q + Q) + -+
/

1
(ReQ) = Ef DU ReQefVRelo=5g — fIQI cosfeV1eUcosO (10N ded| Q]

= evr [loPwAaD dial+ = [e~@KM ]

(eV)'m
n!2n-1

1
(ReQ™) = Zf DU Re)"etVRelo=5g — lelZ" wqapd|Q| + -

No complex phase, No sign problem



Canonical partition function by Saddle point |,
approximation (sk., phys. Rev. D78, 074507 (2008))

Inverse Laplace transformation

I ,U| /T _N o/ T /T)ZGC (T’,Uo + i:ul )

Saddle point

Integral
. N¢d(IndetM)
° A ! = = .
Saddle point: Zp_ D'(zp) <V 3G T) )“—z P Arbitrary o
« Canonical partition function in a saddle point approximation
ZC(TIP) . 1 —ia/2 1 — _— ([ F+ip
Zawenan@) a2z | PP o) = pzodle J DGl e e

quench

N ty  Ngo*(In detM) .
D(E)=—fl M (%) = = |D"|e@
r) =7 Gndenny  D"(5) =0 == D"

Derivative of In Zc ~1010Z,(T,p) _ {20 €"*®)quench

V 0 (eF+i<p>
Similar to the reweighting method _ p _ qu_ench
(sign problem & overlap problem) saddle point reweighting factor




Heavy quark region (K: small) u(1) theory
Approximation: Indet M = 6 X ZNtNS3KNt(e”/TQ + e_“/TQ*)

—10InZ(T,p) (2o eF ) tuench N eN [ x, e Vet d|Q)|
4 dp <9F+i(p>quench ng e Veffd|Q]

Zog = Xgo + 1Yo

U(1) symmetric
(eFtie) = j ef cos (NO) eV 1@UcosO (1) do d|Q|

External source

¢ =—-No (Q=]qle*)
N = pV Phase of Q

(Nf=2,K =0.02) (243 x 6 lattice) Solving the
500 ' | . | . | . . , , _sign problem
Veff
IS N E———
— Mo
300 f
200 _
100 — _
0 J%“W‘ ] | '__ 0 | | . |
0 0.1 2 0.3 0 0.1 2 0.3
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19



Quark number N vsS. %

—10InZ(T,p) _
|4 dp B
16 I | | |

* In the thermodynamic limit,

ad
T

Critical g at u=0
- - L =1.0096

14 |m “‘““ Ne=2 K =0.02
/ = 2 )

wT © f = | (243 x 6 lattice)

12 ¢

6=0.996 N =pV

— B=1.000
— B=1.004
— B=1008| -
— B=1012

I_U | | ] | ] |




Application to SU(3) gauge theory

. SU(3)

gauge theory in the low temperature phase:

The Polyakov loop is U(1) symmetric (not Z(3)) in the
large volume limit, if the Z(3) center symmetry Is

unoro

e |nthe

Ken.

nigh temperature phase of SU(3) gauge theory:

The probability distribution of complex phase is well-
approximated by a gaussian function.

Value of |Q|

Distribution of
the phase ®

— 0.06
— 0.08
— 010 |
— 0.12

6
5
4
sl
2
1
0



Summary

Quark number distribution function W (N)
ZGC(T’H): ZZC (T’ N)exp(NH/T)E ZW(N)
N N

Considering the Center symmetry,
— Canonical partition function of QCD is zero for N # 3n (n:integer).
— For U(1) gauge theory, Z- = 0 for N + 0.

It is Important to break the center symmetry adding an external
field term.
Using the U(1) center symmetry, complex phase can be removed.

For some cases, the sign problem is solved

— U(1) gauge theory. Quarks are heavy.

— Deep confinement phase

— Deconfinement phase (the sign problem is not serious.)
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Critical p atu=0 (N¢=2,K = 0.02)
B =1.0096 (243 x 6 lattice)
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