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O(N) models

* They have played an important role in our understanding
of second order phase transitions.

* N-component vector order parameter
N=1...Ising, N=2...XY, N=3...Heisenberg Model

* The playground of almost all the theoretical approaches
...Exact solution (2d Ising), Renormalization group (d=4-

€, 2+€ expansion), conformal bootstrap,...



Common wisdom on the criticality
of O(N) models (finite N case)

GLW Hamiltonian H[¢p] = % / (Vi)* + Ul(o)

U(p) = az(¢i)? + as(¢:)* + ae(di)® +

Below the critical dimension d,, = 2 + 2/n , the ¢>" term becomes
relevant around the Gaussian FP (G).
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A nontrivial fixed point 1}, with n relevant (unstable) directions
branches from G at d,. (Wilson-Fisher FP, which describes second
order phase transition, at d=4 and the tricritical FP /5 at d=3....)



Common wisdom on the criticality of
O(N) models at /N = oo

e At NV = o0, in generic dimensions 2<d<4, only Gaussian
(G) and Wilson-Fisher (WF) fixed points (FPs) have been
found.

dp, =2+2/n
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At large N, the v;'?ﬁ theory is shown to possess 2 nontrivial ultravio et fixed point. A new phasa is
found where asymototic scale Invariance Is spontanecusly broken and a dynamical mass Is gencrated
through dimensicnal transmutation. At the tricritical | m A, the spontanecus breaking of an exact scale
invariance at lcading N results in the formaticn of 2 massless composite Go dstonc modz, the cilaton.
Wz compars these resulls o stancard \l expansion and emphasize the nonoerturbalive nature of

thesa phenomena



Bardeen I\/Ioshe Bander FP

@ WF FP
0.4 <
| 1
~~— — jé 04+ |
e L BMB
0.3} j
02 ..E |
, :
-~ i > |
0.2t B M B FP 00 7 Gaussia:
| j P\
| - 1
0.1 ! . . _0°2f : Wilson
; The second order derivative s Fishe
| . - . - — installity ‘ i
| is discontinuous at 0 — 00 —o04_ A
: | | | Q@ ¢ 202201 00 01 02 03 04 05
00 Q 0.5 1.0 1.5 2.0 A

D. F. Litim and M. J. Trott, PRD (2018)

. d=3, N=w there exists a line of trictritilal FPs (UV
stable) that starts with Gaussian FP and ends with a
singular FP that we call BMB FP.

. The BMB FP has small field singularity and scale
Invariance breaks down at the EMB FP.



Summary of common wisdom and

a simple paradox (S. Yabunaka and B.
Delamotte PRL 201 7)
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- What occurs if we follow T2 from (d=37,N =1)
to (d=28,N =o00) continuously as a function of

(d,N)7



Non perturbative
renormalization group (NPRG)

- Modern implementation of Wilson’s RG that takes the

fluctuation into account step by step in lowering the cut-off
wavenumber k, In terms of wavenumber-dependent effective

action 1'g

CoA ﬁpk—A = H Microscopic Hamiltonian

Tieo = < Effective action (Free energy),
»c,  where all the fluctuations are
ooy space taken into account.

C3...Cp,



NPRG equation

NPRG equation (Wetterich, Phys. Lett. B, 1993) is

O[] = 5 TO RGN, ~ 4 6] + Rule)™

t=1In(k/A)



Derivative expansion(DEZ2)

. |t is impossible to solve the NPRG equation exactly and we
have recourse to approximations,

1 1

gl = [ (320(V6) + () 6rv6.)

p=Qip;/2

LU(p) + 0<v4>) |

. Simpler approximations---LPA(n =0), LPA" approximation



Scaled NPRG equation

. Fixed point is found by nondimensionalized
renormalized field

b = \/kakygb b= Zik* % Ut(p) = kU (p)
2
Litim cutoff y = % Ri(q?) = Zpk*yr(y) r(y) = (1/y — 1)0(1 — y)
Under LPA,
0,0,(3) = ~dTh(d) + Ld- 0@ + (N 1) — L 4 L
tUt t 9 t Q’B—FU{(CB) | 1_|_th//($)
Rescaled finite N equation (th _ NUt é _ \/N gg

O0E) = ~dT3) + 5(d~ 2500 + (1= 3 ) o + 1o



Polchinski's
parametrization

~ - . N
V(@) =U(p) + (i — ) /2
6=0;0,/2=3%/2  6=di=-0:V'(0) = —4:0"(p)

~

. With rescaling interms of N 0 = g/N, V = V/N

] Ly
0=1-dV+(d—2)gV’'+20V" - V' — = V"



Tricritical FP solutions at
N=o In LPA
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r = 0 ---Gaussian FP
. 7 € [0, 7gmB = 32/(37)%] -+ FPs on the BMB line

. T>7TBMB - No FP defined for all ¢



FP structure in finite N

We found two nonperturbative fixed points
Cs (two-unstable) and Cs (three-unstable),
which do not coincide with G at any d.

S N S i it Rl
) ; ) N = N.(d)
. LPA, DE2 .
| ; To and C5 collide and
1000 1_‘2=Cr3 i
i N(d) | vanish
B L N = N)(d)
,;'§QAA ¢ = ¢y N'(d) Cy and Cs collide and
5¢ vanish
10

26 28 3 32 34 36 38 4 The two lines meet

d at S=(d=2.8,N=19)



The line N = Nc(d>

. We can fit this line as Nc¢(d)=3.6/(3-d).

. Pisarski (1982 PRL) and Osborn-Stergiou (2018 JHEP)
studied ¢ °theory perturbatively (with € = 3—d
expansion) and showed that 15 can exist for

30 3.00
N < NP1 (d) = ~
SN D=5y Y B
which agrees with our numerical fit within numerical
uncertainty.




Shape of effective potential on

N = NC(d>
Cm | B
Y — N =1600
;2 U+ U=UN
I T T T p—p=p/N
0

. Regular function of p. Different from the BMB,
which shows a cusp.

. 12=C3 approaches a tricritical FP at N=w« on the
BMB line in this limit.



Relation between a path to (d=3, N=w)
and the limiting FP on the BMB line

. Let us consider to follow T2 or C3 on a path
toward (d=3,N=w) : d =3 — a/N

. It approaches a FP on the BMB line and 7 Is given

DY o — 367 + 9672 = 0

. Derivation: We expand the potential as

Van(0) = Va,n=oo(0) + V1,4(0)/N + O(1/N?).

and impose analyticity of Vi.,(3) around 0 = 1



Plot of T
as a function of o

T
0.5,

0.1}

111111111111111111111111111111111111




More FP structures In

200

finite N

In preparation




Collision between FPs
In finite (but large) N

. A (2-unstable) and A (3-unstable) in d =3 — a./N
. Aand SA (singular and 4-unstable) in d =3 — agy /N

. SA and SA (singular and 3-unstable) in d =3 — a./N



Construction of
singular FPs




Boundary layer analysis

. We define the scaled variable 0 =N (g — 0o)

. At the leading order of 1/N,

0=1-3V(0g)+00F+ 200 (F?> — F') — F.

. The solution Is given as

F(@) = Vl —VQ tanh (VQ é)

2V = V' (007 )2V’ (00™)



Summary

. We showed that the BMB line found in d=3 and

N=co has an intriguing origin at finite N.

. The large N limit in trajectories d=3-a /N allows us
to find the BMB line.

. The known BMB line is only the half of the true line
of FPs and the other half is made of singular FPs.




