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(non)-linear optics
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non-perturbative optics
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Geometric effects in near “adiabatic” time evolution

Solution of the td-Schrodinger equation at slow parameter change

single tunneling approximation
() = VI = Plgn(A(®))e " Jo 3 1 O(VP)
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Geometric effects in near “adiabatic” time evolution

single tunneling approximation

(1)) = VI Blgn(A(1)))e " o en G 4 O(VP)
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1. (nonadiabatic) Geometric phase  Berry 1984
Aharonov-Anandan 1988
Y

5= [\ AN (W10 1n) + . .

0

Applications: polarization, quantum Hall effect, Tl,
geometric effect in HHG, ...

2. Nonadiabatic Geometric effect| Berry 1990

Takayoshi, Wu, Oka 2020

also Kitamura Nagaosa Morimoto 2019



Geometric amplitude factors in adiabatic
quantum transitions

By M. V. BErRRrY
H. H. Wills Physics Laboratory, Tyndall Avenue, Bristol BS8 1TL, UK.

Proc. Roy. Soc. London 430, 405 (1990)

H(t) = (4 cos ¢(1), A sin (1), AT)




Instantaneous energy

Landau-Zener model
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P(F) = exp {—

Landau-Zener formula
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Instantaneous energy

Twisted Landau-Zener model
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Tunneling formula
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P(F) = exp {—w

Nonadiabatic geometric effect

Berry 1990 (first order in k)
Takayoshi, Wu, Oka 2020

(with general form)



Derivation by unitary transformation

(vg, Kv°q*/2) &Y
Twisted LZ

“Untwist” U(q) = exp

N N

N

ﬂLZ(Q) - UT<Q>HTLZ(Q>ﬁ(Q> - UT(QW@)U(C]) + higher order

LZ model with an effective gap

Hiz = Megd” + vqo”
Meff = M + /-iHUF/4
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Tunneling probability

Twisted Landau-Zener model

(m + KyuF/4)?
oF

P(F) = exp [—w

Effective gap depends on the speed F

Rectification:
P(|F|)/P(—|F|) = exp(=mm#) # 1
for mek =+ 0

r Perfect tunneling:

- ) Meg = ( at Fpr = —4777//(/{”1})

——#- (0.1,1,0)

e B Counter diabaticity:

For large |F|, P(F)= exp(—mrj|vF|/16)
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Schwinger effect

In strong E-field

vacuum » 1. pair creation
2. induced polarization

Dirac 1928 O 1. pair creation
Sauter 1931 O

Heisenberg-Euler 1936 ‘
Schwinger 1951 ( )
v QO

2 . polarization

<
Electric field E



1. pair creation

Schwinger effect

Creation probability (k=0)
—exp [ —nES
p = exp ™ i

Schwinger limit

m2c?

Es = = 1.3 x 10'*V/m
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Schwinger’s work

Heisenberg-Euler Effective Lagrangian
L(Awr) = —iln [ D, et &7t Aest)
= —¢InDet [i@ + ie A — m]

=0 -3

generating function of nonlinear responses

Schwinger 1951

Vacuum decay rate (sum over tunneling channels)

1 = . i
2Im&=—73 s, 2 exp(—m?s,) pair creation
41" n==1 + @
a? = —nam?
=—82Y n? exp( ) (6.41)
1r2 n=] e

Vacuum Polarization

X(E) = -2 '

= —a—EReL‘ O



Loschmidt echo and the Heisenberg-Euler Effective Lagrangian

2(t) = (Wo(A(E))[Te™ i Ty (A(0)) el i BolAlD:

:(t) N 6@5\/5(]5) many-body ground state

. 2 M —i [T EX(s)ds
Fordc Efield L(F) = — lim — In(0|Te~"Jo EX()ds|q)

t—oo tV
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X :position operator Oka, Aoki 2005

Ex(t) = (o (A(1)[¥(t)) = /1 — Pee™

Induced polarization = nonadiabatic geometric phase

Rel(F)=—-F /BZ (Qdf)d &2(::) X(FE) = —G%Re/l

Schwinger effect = Landau-Zener tunneling

mL(E) = — /B Z (;f)d 417T In[1 — P(k)]

Consistent with Schwinger 1951, agrees with the Berry phase theory
of polarization Resta, King-Smith Vanderbilt at E— 0.




Schwinger effect by circularly polarized field

“Twisted Schwinger effect” Takayoshi, Wu, Oka 2020

@O
rotating E-field O

(circularly polarized field) O

E = E,(cos Qt, sin Q¢, 0)



Application to Dirac systems in rotating E-field

1. 2D gapped Dirac system
H = v[€(ky 4+ eAy)6 + (ky + eAy)6Y] + mé*

|k|a

Circularly polarized laser

A(—sin(2t), cos(€2t), 0)

v
o H

E=1 E=-1
2. 3D gapless Dirac system

A8



2D gapped Dirac system

H = v[¢(ky + Ay)6% + (ky + eA,)6Y] + mé*
Circularly polarized laser

A(—sin(2t), cos(2t), 0)

|k|a

“Nonperturbative Valley-selective circular dichroism”

Pe(k) = exp ( WZ(E)

> > 2

K K_
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M = \/112(|k —%T)Q—FmQ

Takayoshi, Wu, Oka 2020



2D gapped Dirac system

A

H =v|l(ky +eAz)d" + (k, + eA,)dY] +mo”

Ik|a Lo Pe(|E|) Pe(|E|) Pe(|E|)
| | Q/m=1 O Q/m=>5]| ﬂ Q/m =25
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¢Q >0 : Optically allowed
£0 < 0 : Optically forbidden

Note: Selection rule is replaced
by nonadiabatic geometric effects




2D gapped Dirac system

Total production rate
€2

I'e = omp J dkP¢ (k) %
any
C Pi(k) TEQm
7= Pi(k) B exp( vek )

measurable with chiral dichroism

010505 10
Q/m



2D gapped Dirac system

3D gapped Dirac in dc-E field

1 =
2ImL=— >3 s, 2exp(—m?s,)

4 n=1
al o —n
=—823 n? exp( . (6.41)
w2 n=l e8
' Schwinger 1951

2D gapped, rotating E
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: - (2m)2V v E f/

Schwinger limit
Es¢ = (Mem,e)”/ (ve) = (m — £Q/4)%[ (ve)

Vanish at Q=4m (for £&=1)
What does this mean?



2D gapped Dirac system
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3D gapless Dirac system

Hap =v Y 4% (q; + €4;)

J=,Y,z

= Two 3D Weyl fermions with &=1, -1

01\ ., 0 &
77 a ~q
I 0 -0l 0

=two 2D Dirac (m < k)

Circularly polarized laser A(—sin(€2t), cos(€2t),0)

“Circular photo-Galvanic effect”

C Optical selection rule d o |
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2"d order perturbation
theory Chan et al. PRB ‘17

Q. Ma et al. Nat. Phys. ‘17
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3D gapless Dirac system

: 57
Hop=v 3 (@ +ed) 50— (§0)9 = (% 9)

J=%,Y,%

= Two 3D Weyl fermions with &=1,-1 = two 2D Dirac (m < k)

kz Weyl cone (&=1)

k,— -k, for the Weyl cone with &=-1



3D gapless Dirac system

scaling parameter A = veA/|Q| = veE/Q?




3D gapless Dirac system

scaling parameter A = veA/|Q| = veE /2

10°

102
distribution
shifted in £,
-4
—> current J¢ 10

Js = Je=11 — Je=—1




Summary Takayoshi, Wu, Oka 2020

1. Slow is not adiabatic!

$(1) = VT Plun(A(t)))e "o er X + O(V/P)

P(F) = exp [_ m+ ’fllvF/‘l)z] Adiabaticity = large
[vF| + slow parameter change F

2. Twisted Schwinger effect = Nonperturbative optical effect

“Valley-selective “Circular photo-
circular dichroism” Galvanic effect” o Y
" Guiding principle
<SS 2. Nonadiabatic Geometric effect
o Bery 1990
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