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1，原子気体のボースアインシュタイン凝縮（BEC） 
 

２，超流動・量子流体力学の展開 

 

３，中性原子に対する磁場 （Synthetic gauge field） 
 

４，スピン軌道相互作用をもつBEC 

 

原子気体のボース凝縮系における 

最近の進展： 
人工ゲージ場の効果を中心として 



ボース-アインシュタイン凝縮 

(Bose-Einstein condensation：BEC) 

ボース統計に従う粒子の集団（気
体）において、ある温度以下で突然、
全粒子数に匹敵する大量の粒子が、
最低エネルギー状態に落ち込む現象。 

S. Bose 

A. Einstein 

ミクロな量子現象をマクロなスケール
に出現させる。 

超流動（ヘリウム原子のBEC） 

超伝導（電子の対のBEC） 

などの劇的な現象を生み出す源 

粒子性と波動性
の二重性 

BEC!! 

温度が下がると物質波の波長が伸びる。
さらに低温では波の位相がそろい始め
て、粒子全体が巨大な波として振るま
う。 



ボース-アインシュタイン凝縮 

(Bose-Einstein condensation：BEC) 

BEC of 87Rb atoms JILA group (1995) 

1995年 • • • 冷却原子気体のBECが実現 

E. Cornell   C. Wieman     W. Ketterle 

レーザー冷却 

磁気トラップ 

蒸発冷却 

温度：  nK（10-9 K ） 
原子数： 104-7 個 

密度：  1013-15 /cm3 

サイズ： 10-100 m 



・ 希薄気体 (small gas parameter)  ‥‥ Gross-Pitaevskii 方程式 

 

 

 

・ 比較的大きな回復長 （秩序変数の空間変化） 

・ 閉じ込めポテンシャルによる有限系 

・ 多成分凝縮体 

・ 原子間相互作用の操作 （フェシュバッハ共鳴） 

・ 外場による凝縮体操作‥‥ 

冷却原子BECの特徴 

condensate wave function 

V : Trapping potential 

a : s-wave scattering length 

トラップの異方性，光格子，低次元系 

光スプーン，不純物ポテンシャル 

人工ゲージ場，．．． 

・ 巨視的コヒーレンスの発現 ⇔ 巨視的波動関数（秩序変数） 



BECにおける超流動性 

Collective 

excitations 
Solitons 

Interference Vortices 

Josephson effect 

Persistent current 

BKT transition 

・ 巨視的コヒーレンスの発現 ⇔ 巨視的波動関数（秩序変数） 



BECにおける量子流体力学 
超流動体で起こる流体現象、特に「量子渦」によって支配される流体力学 

循環の量子化 

巨視的波動関数  

  

Y = Y exp iq( ) 超流動速度場                  

単連結領域 

超流体が排除された渦芯と量子化された循環を持つ渦 

量子渦(Quantized vortex) 

   

(n: 整数) 

多重連結領域 

  

G = vs × dl
C

ò = 0, rot vs = 0



冷却原子気体BECにおける量子渦 
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・ K. K., and M. Tsubota,  Prog. Low Temp. Phys. 16, 351 (2009), ed. by  

W. P. Halperin and M. Tsubota (Elsevier). 

・ A. L. Fetter, Rev. Mod. Phys. 81, 647 (2009). 

・ M. Tsubota, K. K, M. Kobayashi, Chap.3 in Novel Superfluids, ed. by  

K. H. Bennemann and J. B. Ketterson,  

・ M. Tsubota, M. Kobayashi, H. Takeuchi, Phys. Rep., 522, 191-238 

(2013). 

Rotating BEC 

高速回転 
profile of vortex core 

Solutions of 

GP eq.  

Review papers 



冷却原子気体BECにおける量子渦 

Vortices (TOF image) Rotating BEC 

高速回転 

Time of flight (TOF) 



量子渦の制御と観測 
Neely, et al., PRL 104, 160401 (2010) 

実験と理論の定量的比較 

実験 

理
論 

Vortex dipole (渦-半渦ペア) の生成とダイナミクスの観測 



量子渦の制御と観測 
D.V. Freilich, et al., Science 329, 1182 (2010) 

Real-Time Dynamics of a Single 

Vortex Line and Vortex Dipoles 

S. Middelkamp, et al., PRA 84, 011605(R) (2011) 

R. Navarro, et al., PRL 110, 225301 (2013) 



原子気体BECにおける量子乱流 

Vortex array Vortex tangle 

Superfluid He 

Atomic BEC 

量子渦の制御と観測技術の確立 

→ 「量子乱流（Quantum turbulence）」状態の
解明 



原子気体BECにおける量子乱流 
M. Kobayashi and M. Tsubota, 

PRA 76, 045603 (2007) 

２軸回転 

(1)流れを系に加えることができない。 

(2)有限系である。十分な慣性領域がとれるか？ 

Kolmogorov law 

  

E k( ) µ k-5 3



原子気体BECにおける量子乱流 

BEC 

E. A. L. Henn, et al., PRA 79, 043618 (2009) 

Excitation frequency : 200Hz 

Amplitude 250 mV 

E. A. L. Henn, et al.,  

PRL 103, 045301 (2009) 



原子気体BECにおける量子乱流 
E. A. L. Henn, et al., PRL 103, 045301 (2009) 



多成分Bose-Einstein凝縮体 

多成分Bose Einstein 凝縮体 
3 2

41

渦，ソリトン，ドメインウォール 

モノポール，ブージャム 

多成分秩序変数 

Linear defect 

Planer defect Point defect 

多成分超流動系における多彩なダイナミクス 



多成分Bose-Einstein凝縮 

アルカリ原子の持つスピン自由度 (F=I+J) を利用する 

異なる種類の原子・同位体の原子を利用する 

87Rb |F=1, mF=-1>,  |2, 1> D. S. Hall et al., PRL 81, 1539 (1998)  

J. Stenger  et al., Nature 396, 345 (1998)  

H. Schmaljohann, et al., PRL 92, 040402 (2004) 87Rb  |2, -2>,  |2, -1> 

        , |2, 0>, |2, 1> 

        , |2, 2> 

M.S. Cheng, et al., PRL 92, 140403 (2004) 

M.D. Barrett et al., PRL 87, 010404 (2001)  

T. Kuwamoto, et al., PRA 69, 063604 (2004) 

23Na  |1, -1>,  |1, 0>, |1, 1> 

87Rb  |1, -1>,  |1, 0>, |1, 1> 

G.Modugno  et al., PRL 89, 190404 (2002)  41K-87Rb 

D. J. McCarron, et al., PRA 84, 011603 (2011)  133Cs-87Rb  
S. B. Papp,  et al., PRL 101, 040402 (2008)  85Rb-87Rb 

Y. Takasu  et al., PRL 91, 040404 (2003)  168, 170, 172, 174, 176Yb 

スピノールBEC 

BEC mixture 

Kawaguchi and Ueda, Phys. Rep. 520, 253 (2012) 

Stamper-Kurn and Ueda,  RMP 85, 1191 (2013) 



多成分Bose-Einstein凝縮 

アルカリ原子の持つスピン自由度 (F=I+J) を利用する 

異なる種類の原子・同位体の原子を利用する 

87Rb |F=1, mF=-1>,  |2, 1> D. S. Hall et al., PRL 81, 1539 (1998)  

J. Stenger  et al., Nature 396, 345 (1998)  
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        , |2, 0>, |2, 1> 

        , |2, 2> 
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87Rb  |1, -1>,  |1, 0>, |1, 1> 
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スピノールBEC 

BEC mixture 

Kawaguchi and Ueda, Phys. Rep. 520, 253 (2012) 

Stamper-Kurn and Ueda,  RMP 85, 1191 (2013) 



２成分BEC系の定式化 
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aij: s-wave scattering length Atomic interaction 
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２成分BEC系の実験 
Papp,  et al., PRL 101, 040402 (2008)  

Tojo, et al., PRA 82, 033609 (2010) 

85Rb - 87Rb 

87Rb 

| F=1, mF=1> 

| F=2, mF=−1> 



２成分BECにおける量子渦 
Matthews et al., PRL 83, 2498 (1999) 
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J
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２成分BECにおける量子渦 
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pseudo-spin: 

σ : Pauli matrix  Anderson-Toulouse vortex 

2D skyrmion 
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２成分BECにおける量子渦 
K. K., M. Tsubota, M. Ueda, PRL 91, 150406 (2003) 

K.K. and M. Tsubota, PRA 79, 023606 (2009) 

V. Schweikhard, et al.,  

PRL 93, 210403 (2004) 



２成分BECにおける量子流体現象 2

FIG . 1: (Color online) Nonlinear dynamics of countersuperflow instability. The fi gures show the isosurfaces of the density
n 1 = 0.05n 0 of the 1st component. The instability causes (b) disk-shaped density pulses which (c) transform into vortex rings.
The vortex rings are enlarged by the momentum exchange between the two condensates, and then (d) the vortex interactions
and reconnections deform the rings, leading to (e) binary quantum turbulence. (f) T hen the vortex tangle decays. The
isosurfaces with n2 = 0.05n 0 of the 2nd component is also plotted in (e) in a different color. W e solved the GP equations with

the relative velocity U12 = 4.71 × gn 0/m on 64
3 grid. T he box size is (11 ×ξv )

3 with the characteristic vortex core size

ξv = / mn 0 (g + g12 ) . T ime t is normalized as t = gn 0 t/ .

particle densities n j and phases θj , where the index j
refers to the j th component. The wave functions are
governed by the coupled GP equations

i
∂

∂t
Ψj = −

2

2m j
∇2 + Vj +

k

gj k |Ψk |
2 Ψj . (1)

Here m j and Vj (r ) are the mass and the external po-
tential of the j th component. The coefficient gj k =
2π 2a j k /m j k represents the atomic interaction with
m − 1
j k = m

− 1
j + m

− 1
k and the s-wave scattering length a j k

between the j th and kth components. Our analysis satis-
fies the conditions g11g22 > g

2
12 and gj j > 0 that two mis-

cible condensates are stable [21]. Note that, since there is
no exchangeof particles between the two components, the
equation of continuity of mass is satisfied for each com-
ponent: ∂tρj + ∇· J j = 0, where we use the mass density
ρj = m j n j and the mass flux J j = ρj v j = n j∇θj of the
j th component.
Counter-superflow instabi lity. Before discussing

trapped systems, we first elucidate the countersuperflow
instability in an isolated uniform system with Vj = 0.
Because of Galilean invariance, wemay neglect the trans-
lational motion of the whole system without loss of gener-
ality: P1 + P2 = 0 with P j = J j dr . The wave function
of the j th component in a stationary state may then be

written as Ψ0j = n0j e
i (m j U j · r − µ j t) with the chemical

potential µ j and the superfluid velocity U 1 = − ρ2
ρ1
U 2 .

The countersuperflow state is dynamically unstable
when the magnitude of the relative velocity U12 = |U 1 −
U 2 | exceeds a critical value Uc. The critical relative ve-
locity of the countersuperflow instability is essentially dif-
ferent from the critical velocity of the Landau instability
[10], at which the frictionless flow becomes thermody-
namically unstable. In the Landau instability, a super-
fluid exchanges momentum with a “rigid” environment
(e.g., container wall or normal component), and the su-
perfluid system is treated in the framework of a canonical
ensemble. In contrast, the countersuperflow instability is
purely an ‘’internal” instability of the isolated system
of two superfluids without any influence from the exter-

nal environment. Thus the countersuperflow instability
should lead to an exchange of momentum between the
two components to reduce their relative motion, keeping
the total momentum conserved in the uniform system.

The momentum exchange must arise from a gradual
excitation of internal motions, that is, from the appear-
ance of excitations in the superfluids. The momentum
exchange due to the excitations is investigated by solving
the Bogoliubov–de Gennes (BdG) equations, which are
obtained by linearizing the GP Eqs. (1) with respect to a

collective excitation δΨj = e
i (m j U j · r − µ j t) u j e

i ( q · r −ωt) −

v∗j e
− i ( q · r −ωt) around the stationary state. The total

momentum density δJ carried by the excitation can be
defined as δJ = δJ1 + δJ2 with the change of the mo-
mentum density δJ j ≡ q(|u j |

2 − |vj |
2 ) of the j th com-

ponent. The unstable modes, which trigger the counter-
superflow instability, should satisfy the condition δJ = 0
with δJ1 = −δJ2 = 0 due to the law of momentum
conservation. Therefore, since the the countersuperflow
instability is the dynamic instability triggered by the un-
stable modes with the imaginary part Im ω = 0 [17],
the amplification of the unstable modes exponentially en-
hance the momentum exchange.

Nonlinear dynamics of the transition towards binary
QT . W e demonstrate the characteristic nonlinear dy-
namics of the countersuperflow instability in an uniform
system by numerically solving the GP Eqs. (1) with
Vj = 0 in a periodic box. The parameters are set to
be m = m 1 = m 2 , g = g11 = g22 , and g12 = 0.9g,
similar to the experimental situation discussed later. In
the numerical simulation, the initial state is prepared
by adding a small random noise to the wave function
Ψ0j (t = 0) with n0 = n

0
1 = n

0
2 and U 1 = −U 2 . F igure

1 shows the time development of low-density isosurfaces
with n1 (r ) = 0.05n0 , where U 1 =

1
2
U12 x̂ with a unit

vector x̂ along the x-axis. Because of the symmetric pa-
rameter setting, the 2nd component behaves similarly to
the 1st component (not shown in Fig. 1).

In the early stage of the dynamics, the amplifi cation
of the unstable modes creates disk-shaped low-density re-
gions that orientate in the x direction [Fig. 1 (b)]. The

Ishino, Takeuchi, Tsubota., PRL 105, 205301 (2010) 

Sasaki, et al, PRA 80, 063611 (2009) 
Takeuchi, et al., PRB 81, 094517 (2010) 

２成分対向超流動 

レイリーテイラー不安定性 ケルビンヘルムホルツ不安定性 



２成分BECにおける量子流体現象 
Hamner, et al., PRL 106, 065302 (2011) ２成分対向超流動 
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FIG . 1: T ime evolution of an initial perfectly overlapped m ix-
ture without (a-c) and with (d) an applied axial magnetic
gradient. Images taken after (a) 100 ms, (b) 1 sec and (c,
d) 9 sec of in-trap evolution.

image throughout this work shows the atoms in the |2, 2
state at a time 7 ms after a sudden turn-off of the opti-
cal trap (and, where applicable, of any applied magnetic
gradients), while the lower cloud, taken during the same
experimental run, shows the atoms in the |1, 1 state af-
ter 8 ms of expansion [9]. During their in-trap evolution,
these clouds are overlapped in the vertical direction. The
dominant effect of the time evolution in Fig. 1(a-c) is a
slow decay of the atom number over time. For single
component BECs, we havemeasured an exponential BEC
lifetime of over 50 sec for the |1, 1 state and 14 sec for the
|2, 2 state in our dipole trap. M otion induced by changes
of mean field pressure during the decay may be responsi-
ble for a small scale roughness of both components which
becomes visible after several seconds (Fig. 1c).
The situation changes when a small magnetic gradient

is applied along the long axis of the trap. Due to Zeeman
shifts, the gradient leads to a force in opposite directions
for each component, or equivalently to a differential shift
between the harmonic potentials along the long axis of
the trap. This causes the two components to accelerate
in opposite directions and induces counterflow. In all
imageswhere a magnetic gradient is applied, the gradient
is chosen such that the |2, 2 state is pulled to the right
and the |1, 1 to the left. An example is shown in Fig. 1d
where a gradient leading to a calculated differential trap
shift of 60 µm was applied for 9 sec, leading to nearly
complete demixing of the two components.
In the following we investigate the dynamics induced

by small gradients and show how they can be exploited
to create dark-bright soliton trains. In F ig. 2 an ini-
tially overlapped mixture of 30% of the atoms in the |2, 2
state and 70% in the |1, 1 state is used. A small mag-
netic gradient in the axial direction is linearly ramped
on over a timescale of 1 sec, leading to a calculated trap
separation for the two species of only about three mi-
crons. After the end of this ramp, the gradient is held
constant. I n the subsequent evolution, individual stripes
break off from the left edge of the |2, 2 component, and
perfectly aligned dark notches appear in the |1, 1 com-
ponent (Fig. 2(a)) . The predominantly uniform widths
of the observed stripes and notches, their long lifetime
of several seconds in the absence of a magnetic gradient,

as well as their dynamics resembling individual stable
entities (see Fig. 4 and below) are strong experimental
indications that the observed features are indeed dark-
bright solitons. By reducing the initial number of atoms
in the component forming the bright soliton, we have also
been able to reliably produce one individual dark-bright
soliton and observe its oscillation in trap [17], similar to
the dynamics observed in [6].
The observed soliton formation is reproduced by three-

dimensional (3D) numerical simulations of the two-
component Gross-Pitaevskii (GP) equations (Fig. 2(b-
e)) [9]. Parameters used for the GP equations are the
experimental values. These values lead to dynamics that
closely match the experiment, as shown in Fig. 2(a-c)
with a moderate time delay. Our numerical calculations
suggest that the time delay may be due to uncertainties in
the estimated magnetic field gradient induced trap shifts.
The experimentally invoked free expansion directly be-
fore imaging the condensate was not performed in the
numerical simulations.
Numerical results for the quantum mechanical phases

of the two wavefunctions describing the components are
shown in Fig. 2(e). The nearly linear phase behavior on
the right (at x 50µm ) indicates a smooth counterflow
of the two components. I n the soliton region, the phase
jumps across the dark solitons as well as the phase gra-
dients in the bright component vary slightly, so that the
dark-bright solitons are moving relative to one another
which eventually leads to dark-bright soliton interactions,
see [9].
The soliton train formation can be qualitatively un-

derstood by appealing to the hydrodynamic formulation
of the mean-field, coupled GP equations in (1+ 1) dimen-
sions

(ρj ) t + (ρj u j )z = 0 (1)

(u j ) t +
1

2
u2j + ρj + σj ρ3− j

z

=
1

4

(ρj )zz
ρj

−
(ρj )

2
z

2ρ2j z

,

here given in non-dimensional form with σj = a12/a j j , ρj
and u j , j = 1, 2 the density and phase gradient (super-
fluid velocity) of the j th component, respectively. Equa-
tion (1) models the dynamics of a highly elongated cigar
shaped trap (ωx ∼ ωy ωz where ωx (ωy ) is the trans-
verse trap frequency in the horizontal (vertical) plane
and ωz is the axial trap frequency) with axial confine-
ment neglected [1]. D istance is in units of the transverse
harmonic oscillator length /(mωx ) (m is the particle
mass). T ime is in units of 1/ωx and the 3D densities are
approximated by the harmonic oscillator ground state via
ρj (z, t) exp(−x

2 −
ωy
ωx
y2 )/(2πa j j a

2
0 ) .

By considering small perturbations proportional to
ei ( κ z−ωt) for uniform counterflow with densities ρj and
velocities u1 = −v/2, u2 = v/2, Ref. [3] demonstrated
modulational instability (Im ω(κ) > 0) for v larger than a
critical velocity vcr with a maximum growth rate Im ωm ax
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FIG . 2: Formation of dark-bright soliton trains during superfluid-superfluid counterflow. A m ixture with 70% of all atoms in
the |1, 1 state ( lower cloud in (a) and (c) ; black line in (b) ,(d) ,(e)) and 30% in the |2, 2 state (upper cloud and red lines,
resp.) is created. An axial gradient is ramped on over 1 sec and held constant thereafter. (a) Experimental images of soliton
train formation. T imes are measured from start of ramp. (b) I ntegrated cross sections of 3D numerical simulations, revealing a
gradually steepening overlap interface and subsequent soliton formation. (c) I ntegrated density plot of 3D numerics at 1751 ms.
F ield of view 627 µm ×17 µm. (d) Zoomed-in view of soliton train in (b) at 1751 ms. The blue line shows the total density.
(e) Phase behavior for region shown in (d) .

and associated wavenumber κm ax . W e have repeated the
calculation and find the additional result

ρ1 (1 − σ1σ2 ) ≤ vcr ≤ 2 ρ1 (1 −
√
σ1σ2 ) , ρ1 ≥ ρ2 ,

(2)
the lower bound being valid for small ρ2/ρ1 and the upper
bound applicable for ρ2 ∼ ρ1 . T he scattering lengths of
the binary system considered here give 0.119

√
ρ1 ≤ vcr ≤

0.168
√
ρ1 . Typical densities for the experiments in Fig. 2

give ρ1 + ρ2 = 4.3, ρ2/ρ1 = 0.3 leading to vcr = 0.25
(≈ 0.22 mm/s).
F igure 2 shows that the dark-bright soliton train forms
at the overlap interface of the two components while
approximately maintaining constant total density. W e
model this by numerically solving eq. (1) for an initial
jump in density that maintains ρ1 + ρ2 = 4.3 (dotted
curves in 3(a,b)) with a uniform counterflow: u1 = −v/2
and u2 = v/2. For subcritical cases 0 ≤ v < vcr , the
evolution consists of an expanding rarefaction wave with
weak oscillations on the right edge (F ig. 3(a) ; solid line
for v = 0, dashed line for v = 0.17) and correspond-
ing scaled relative speeds |u1 − u2 |/

√
ρ1 (F ig. 3(c) solid,

dashed) below critical ( in Fig. 3(c,d), the bounds (2) on
the critical velocities are indicated by the dotted lines).
W hen the initial relative speed is supercritical, a dark-
bright soliton train forms at the initial jump (Fig. 3(b),
v = 0.32). The relative speed within some regions of
the soliton train significantly exceeds vcr as shown in
Fig. 3(d) suggesting that counterflow induced M I has the
effect of enhancing soliton formation. Because the initial

relative speed v was taken just slightly above vcr , the
maximum growth rate Im ωm ax = 0.0077 and associated
wavenumber κm ax = 0.13 for unstable perturbations to
the uniform state in the far field are small (F igs. 3(e,f)) .
Therefore, M I in the background counterflow far from
the jump does not develop appreciable magnitude over
the timescale of soliton train formation, in contrast to
the dynamics with v vcr that we investigate in [18].

This M I assisted soliton formation technique allows us
to create dark-bright solitons in a well-controlled and re-
peatable manner, as is evidenced by the fact that all
images of Fig. 2a form a very consistent sequence even
though they were taken during different runs of the ex-
periment. In addition to repeatability, future studiesmay
also require a long lifetime of the solitons. In single com-
ponent BECs, achieving long lifetimes of dark solitons
has proven difficult as they are sub ject to a transverse
instability [5, 8]. Only recently have dark soliton life-
times of up to 2.8 sec been achieved [6]. I t has been con-
jectured [19] and numerically confi rmed [20] that dark-
bright solitons are more stable to transverse perturba-
tions than dark solitons. Experimentally, we indeed ob-
serve long lifetimes of several seconds for the dark-bright
solitons after the magnetic gradient is turned off. The
solitons act as individual entities and can move through
the BEC, maintaining their shape for a relatively long
time. W e demonstrate this by starting from a situation
as in Fig. 2(a) at 1.5 sec, where a train of solitons has
been created after the application of an axial magnetic
gradient. W hen the gradient is subsequently turned off,

ポテンシャル勾配 
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analogue of the Hamiltonian of 

a electron in a magnetic field 

Superconductivity under a 

magnetic field 

Rotating BEC 

In a frame of reference rotating with 
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Superconductivity under a 
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centrifugal potential weakens 

the confining potential of a BEC 



中性原子に対する「磁場」 
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中性原子に対する「磁場」 
<Toy model> 二つの内部状態をもつ原子を考える 

ラビ結合 
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中性原子に対する「磁場」 
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中性原子に対する「磁場」 

   

eThe lifetime of excited state      is generally very short.  

Use of (quasi)degenerate ground states                       

is preferred. 
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中性原子に対する「磁場」 

   

eThe lifetime of excited state      is generally very short.  

Use of (quasi)degenerate ground states                       

is preferred. 
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中性原子に対する「磁場」 

real magnetic field 
87Rb atom F=1 hyperfine level 

The Zeeman split due to the real magnetic field 

Lin, et al. Phys. Rev. Lett. 102, 130401 (2009) 

Nature 462, 628 (2009) 



中性原子に対する「磁場」 
Lin, et al. Phys. Rev. Lett. 102, 130401 (2009) 

Nature 462, 628 (2009) 

87Rb atom F=1 hyperfine level 
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中性原子に対する「磁場」 

  

A(r) µd ex

  

µ ¢ d y - y0( ) ex Uniform magnetic field along the z-axis 

Lin, et al. Phys. Rev. Lett. 102, 130401 (2009) 

Nature 462, 628 (2009) 
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中性原子に対する「磁場」 

E. Mueller, et al., PRA 70, 041603 (2004) 

A.S. Sorensen et al., PRL 94, 086803 (2005). 

g

e

two internal state 

D. Jaksch and P. Zoller, New J. Phys. 5, 56 (2003) 

   

ˆ H = -
t j, ¢ j 

2
ˆ a j

† ˆ a ¢ j e
- iA j, ¢ j + h.c.( )

j, ¢ j 

å + E j
ˆ N j

j

å +
U j

2
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Peierls phase 

光格子中の原子系における Hofstadter-Harper ハミルトニアンの実現  

(Humburg) J. Struck, PRL 108, 225304 (2012), arXiv:1304.5520  

(MIT) H. Miyake, arXiv:1308.1431  

(MaxPlanck) M. Aidelsburger, PRL 107, 225301 (2011), arXiv:1308.0321 



スピン軌道相互作用 (SOC) 

  

   

BSO =
mc2

E ´ k( ) =
mc2

E0 -ky,kx,0( )

粒子が動く座標系における磁場と粒子の
磁気モーメントとの相互作用。 

x 

z 

+   +   + 
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+   +   + 

−   −   − B 
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J 

= k 
  

E = E0
ˆ z のとき 

Rashba SOC 

２次元電子系（GaAs系，etc） 

Dresselhaus SOC 

半導体の結晶構造に起因 

→ スピンホール効果，トポロジカル絶縁体，etc 

y 



SOCをもつボソン系 

Rashba 型相互作用 



H 
h2

2m
k

2 -2 kx x  ky y  
3

nents

U↑λ (χp ) =

cos2 χ p + ∆ 2 sin2 χp − ∆ λ sin χ p

1/2

√
2 cos2 χ p + ∆ 2 sin2 χp

1/4
and

(5)

U↓λ (χ p ) = − iλ sign [cosχ p ] U↑− λ (χ p ) , (6)

where χ p is the azimuthal angle in the (px , py )-plane and
∆ = v /v < 1. The unitary matrix Uαλ (χ p ) diagonalizes
the Hamiltonian (1) (where α = ↑, ↓corresponds to the
pseudo-spin index and λ = ±1 labels the eigenstates).
I t is obvious from Eq. (4) that the spectrum of the sin-
gle particle problem contains two minima at λ = −1
and momenta py = pz = 0 and px = ±mv = 0 (see
Fig. 1) . Consequently, the single particle ground-state
is double-degenerate and the most general expression for
the corresponding wave-function is

Ψdw (r ) =
√
wL

1
− i

e− i m vx + iφL +
√
wR

1
i
ei m vx + iφR ,

(7)
where wL ≥ 0 and wR ≥ 0 are the fractions of “left-
” and “right-moving” states sub jected to the constraint
wL + wR = 1, while φL and φR are arbitrary phases. Note
that by left/right-moving stateswemean states with non-
zero momentum average, p = ∓ mvex . However, the
corresponding average velocity vanishes ∇p Ȟ (p ) = 0,
so that quasiparticles characterized by these non-zero
momentum single-particle states are not actually “mov-
ing”, as long as the laser fields generating the spin-orbit
coupling are maintained. Note that rotations in the man-
ifold of the double-well ground-states are distinct from
rotations in the pseudo-spin Hilbert space, as real-space
and pseudo-spin coordinates are mixed up by the spin-
orbit interaction. The two-fold degeneracy of the single-
particle ground state is preserved if the system is placed
in a harmonic trap. For a potential Vtrap = mω

2r 2/2,
we can write the Schödinger equation in momentum rep-
resentation: The trap potential plays the role of “the
kinetic energy” and the real kinetic term produces a
double-well potential in momentum space, see F ig. 1.
The tunnelling processes connect the degenerate vacua
in momentum space24 . However, they do not elim inate
the double-degeneracy of the single-particle states, which
is protected by the K ramers-like symmetry (see Section
I I I B).
At low temperatures, the many-body Bose system (1)

condenses into the single-particle states corresponding to
the double-well minima. The transition temperature of
this double-well SOBEC can be calculated using stan-
dard text-book procedures.25 Let us assume that near
and below the transition the band with λ = + 1 does
not contribute and that we can expand the spectrum
near the minima of the band (4). W e define the momen-
tum q in the vicinity of the left/right minima as follows:
p = ±mvex + q , with q mv. Eq. (4) leads to the

P

x

y

P

E(p)

F IG . 2: (color online) : Schematic picture of the band struc-
ture described by Eq. (4) for the isotropic Rashba-type case
with v = v for pz = 0. T he inside sheet represents the λ = + 1
band, while the outside sheet corresponds to λ = −1 and has
minima a one-dimensional circle

p
p2x + p2y = m v.

anisotropic spectrum:

δE (q) =
q2x + q

2
z

2m
+ 1 −

v

v

2 q2y
2m
. (8)

The transition temperature is

Tc =
π

2

4

ζ(3/2)

3
2

1 −
v

v

2
1
3
n
2
3

m
. (9)

W e see that if n 1/3 1 − (v /v)
2
1/6

mv, our approxi-

mation is justified and, in particular, the density of par-
ticles in the upper band λ = + 1 is exponentially small.
In the isotropic limit ∆ = v /v → 1, the transition

temperature formally vanishes. Note that in the isotropic
case v = v the spin-orbit term of the Hamiltonian (1)
is equivalent to the Rashba model26 and can be reduced
to the latter via the rotation exp (iπσ̌2/4) in the pseudo-
spin space. In this case, the spectrum (4) has minima

on a one-dimensional circle p2x + p
2
y = mv (see Fig. 2).

The single-particle ground-state is infinitely degenerate
and the most general expression for the corresponding
wave-function is

Ψr i n g (r ) =

2π

0

dχ

2π
w(χ ) U− (χ )e

iφ(χ ) e[i m v ( x cos χ + y si n χ ) ],

(10)
where w(χ ) > 0 is the angle-dependent weight of the
Bose-condensate on a circle [ dχ/(2π)w(χ ) = 1] and
φ(χ ) is the angle-dependent phase. An especially in-
teresting class of ground states corresponds to w(χ ) not

Single-particle dispersion 

Stanescu, et al., PRA 78, 023616 (2008) 

k‖−S 

k‖S 

Minima at  k⊥= ± Degenerate ground state for 

different azimuthal angle 

・ 最低エネルギー状態が縮退。 相互作用のある系での凝縮状態の構造？ 

縮退は原子間相互作用、トラップの非等方性、、、などにより解ける。 



冷却原子系における 

スピン軌道相互作用 

Raman coupling 

Lin, et al., Nature 471, 83 (2011) 

Hamiltonian 

Rashba+Dresselhaus type vector potential 
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Pseudospin representation 

­ = e-ip 4 cos kL x( ) 1 + sin kL x( ) 2{ }

¯ = eip 4 -sin kLx( ) 1 + cos kL x( ) 2{ }



ˆ U (r)  e
-i  ̂z 4

e
ikL x  ̂y
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(Non-Abelian gauge field) 



冷却原子系における 

スピン軌道相互作用 

Boson 

Fermion 

87Rb   F=1 mF =1,  0,  -1× 
Lin et al., Nature 471, 83 (2011) 

40K   F=9/2 mF = 9 2,  7 2

Wang et al., PRL 109, 095301 (2012) 

6Li  F=3/2 mF = 3 2,  1 2

Rashba+Dresselhaus type vector potential 

¢Heff

(2) = Û†
r( ) Heff

(2)Û r( )

= -
2

2m
iÑ- kLŝ x x̂( )

2
-dŝ x +Wŝ z

(Non-Abelian gauge field) 

Raman coupling 



様々なスピン軌道相互作用 

の生成法の提案 
Lin et al., Nature 471, 83 (2011) s x x̂

Rashba 

+Dresselhause (1D) 

s xx̂ +s y ŷ

s xx̂ +s y ŷ +s z ẑ

Rashba (2D) 

Rashba (3D) 

Campbell et al., PRA. 84, 

025602 (2011) 

Juzeliūnas et al., PRA 81, 

053403 (2010) 

Anderson et al., PRL 108, 

235301 (2012) 

Xu et al., RPA 87, 063634 (2013) 

Anderson et al., arXiv:1306.2606 
磁場勾配を用いた提案 



冷却原子系におけるスピン軌道 

相互作用の実験的観測 
Lin et al., Nature 471, 83 (2011) 

¢Heff

(2) = -
2

2m
iÑ- kLŝ x x̂( )

2
-dŝ x +Wŝ z

分散関係 TOF imaging 



スピン軌道相互作用をもつBEC 
基底状態 ボース凝縮 

分散関係 



Rashba+Dresselhaus SOC BEC 
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Lin et al., Nature 471, 83 (2011) 
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Figure 2 | Phases of a SO coupled BEC. a-b, Mean field phase diagrams for infinite homo-
geneous SO coupled 87Rb BECs (1.5 kHz chemical potential). The background colors indicate
atom fraction in |" i and |#i . Between the dashed lines there are two dressed spin states, |" 0i

and |#0i . a, Single particle phase diagram in the ⌦− δ plane. b, Phase diagram as modified by
interactions. The dots represent a metastable region where the fraction of atoms f " 0,#0 remains
largely unchanged for th = 3 s. c, Phase line for mixtures of dressed spins and images after TOF
(with populations N " ⇡ N#), mapped from |" 0i and |#0i showing the transition from phase-mixed to

phase-separated within the “metastable window”of detuning.
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(with populations N " ⇡ N#), mapped from |" 0i and |#0i showing the transition from phase-mixed to
phase-separated within the “metastable window”of detuning.
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Rashba+Dresselhaus SOC BEC 
Lin et al., Nature 471, 83 (2011) 
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Ho, Zhang PRL 107, 150403 (2011) 
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2D Rashba SOC BEC （トラップ系） 
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2D Rashba SOC BEC（トラップ系） 

Hu, et al., PRL 

108, 010402 (2012) 

immiscible miscible 

Weak interaction 



EGP  dr
1

2m



r  -ih- A 



2
 r Vn 

c0

2
n2 

c2

2
Sz

2









A  h x
ˆ x  y

ˆ y  



c0 
g g12

2



c2 
g- g12

2

Non-interacting case 



f 
f r 

f r e iq















Half-quantum vortex 

Wu, et al., Chin. Phys. Lett. 

28, 097102 (2011) 

HV(1/2) 

Superposition of 

HV(1/2) 



2D Rashba SOC BEC（トラップ系） 
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まとめ 

ボース凝縮系における超流動，量子流体力学は新しい
技術の発展により新たな展開を迎えている。 

様々な分野との交流が重要 

1，原子気体のボースアインシュタイン凝縮（BEC） 

２，超流動・量子流体力学の展開 

３，中性原子に対する磁場 （Synthetic gauge field） 

４，スピン軌道相互作用をもつBEC 

 


