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Boundary condition on Navier-Stokes equation
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r · v = 0

Macroscopic behavior of fluids is described by NS equation.

incompressible fluid ⇢ = const

Boundary condition

Motion of fluid at solid surface



no-slip BC

Boundary conditions in textbook

Surface roughness brings fluid to rest.

Development of nanotechnology from 1990s

・control of roughness 
・increasing of measurement accuracy

breakdown of  
no-slip BC

Motivation for investigation of boundary condition
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(Zhu and Granick, 2001)



New transport coefficient

partial slip BC
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no-slip BC

・Slip length is new transport coefficient that characterizes 
the amount of slip. (cf. viscosity, thermal conductivity)  
・No-slip BC is a special case of partial slip BC. (           )b = 0



Application of slip phenomena

0nm ∼ 30nmTypically, slip length is about 

Nano- and Microfluidics
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ded PVDF (poly(vinylidene fluoride)) membranes adsorbed
with BSA. Prest et al. [112] describes an integrated single
working electrode PDMS device for the isotachophoretic
separation of metal cations. The electrode was integrated
into the chip by placing it between the two polymer layers
prior to thermal bonding of the two substrates.

4. Devices for cell handling, sorting and
general analysis

In addition to on-chip DNA analysis and capillary elec-
trophoresis, there has been a large amount of research di-
rected towards the integration of microfluidic technologies
with different aspects of cellular analysis [6,20]. Recent
reviews have discussed these directions in the context of
single cell analysis by capillary electrophoresis [113], drug
development [114], tissue engineering [115], sample prepa-
ration for molecular diagnostics [11] and biosensors [116].

Fig. 4. (a) Microfluidic cytological tool, for cell counting and separation, consiting of an integrated microfabricated chip with a PDMS cover and molded
fluidic connections. Chip-on-chip configuration designed with two outlets, top and bottom electrodes and an experimental sorting chamber. The two chips
are assembled by pressure contact during a final 300 ◦C cure under N2. A grid design was used to allow the evacuation of the evaporated solvent. (b)
Latest design iteration of chip. (a) Reproduced from [117] by permission of the Royal Society of Chemistry, and (b) courtesy of S. Gawad.

Here, we review some of the interesting devices with ap-
plications in cell handling and microscale flow cytometry,
dielectrophoretic sorting, and other general cell analysis
techniques.

4.1. Cell handling and cytometry

Gawad et al. [117] presented a microfluidic cytological
tool, based on the micro Coulter particle counter principal,
for cell counting and separation. The device, shown in Fig. 4,
consists of a glass–polymer chip with integrated channels
and electrodes and functions by introducing suspended par-
ticles into the measurement area, via pressure driven laminar
flow, where the spectral impedance of the cell is measured
and subsequently used to determine its size. Screening rates
on the order of 100 samples/s were reported. An interest-
ing study on the effectiveness of different electrode arrange-
ments, based on FEM simulations, and details of the sig-
nal conditioning technique were also presented in this work.Lab-on-a-chip devices

just being many orders of magnitude smaller. These tubes
have typically 30–70 lattice fringes of graphite per wall with
an interplanar distance of !0.34 nm "wall thickness !10–25
nm#. As described in this letter, these nanotubes offer a
unique opportunity to study the behavior of aqueous fluids in
nanosize channels, and visualize a variety of chemical and
physical phenomena in the TEM. It should be emphasized,
however, that chemical interactions17 in the nanotube interior
are not within the scope of this letter.

As Fig. 1 demonstrates, the trapped fluid phase showed
variations in mass density; see curved fluid interfaces bound-
ing a liquid membrane "plug# in this figure. The amount of
the dense phase "called liquid hereon# varied with location
within the tube "compare Figs. 1 and 2#. Each carbon nano-
tube contained several of these inclusions at random loca-
tions along its protracted length. The clear visual definition
of the interfaces in Fig. 1 suggests that this fluid is at sub-
critical conditions.

The TEM observations "Fig. 1# demonstrated excellent
wettability of the graphite walls by the liquid. The sequence

of frames "a# and "b# in Fig. 1 shows how the liquid inclusion
shrinks upon heating via electron irradiation. When cycling
was done by expanding and focusing the electron beam, the
same behavior was repeatedly observed $see frames "c# and
"d# in Fig. 1%. The contraction/thinning of the liquid inclusion
seen in Fig. 1 was reversible in the early stages of heating.
Shrinkage of the liquid volume may result from liquid
evaporation within the tube, while volume recovery could
occur via condensation/dissolution from the gas phase. An-
other possibility is offered by thin-film fluid transfer along
the tube walls. Such transfer may be triggered by either wet-
ting or thermocapillary forces, the latter developing when
temperature gradients form along the fluid interface or along
the tube walls. It is important to note that heating of the fluid
with the electron beam elevates both pressure and tempera-
ture, thus having the potential to create near-critical condi-
tions for the fluid in the closed tube. If that occurred, the
liquid and gas densities would become less disparate, thus
allowing for rapid interface movement during phase transi-
tion. However, the sustained clear definition of interfaces
between gas and liquid confirms that the critical point of the
fluid mixture was not reached in our experiments.

In some cases, liquid was constrained from one side ei-
ther by the tube end or an internal compartment closure. In
the initial stages of heating, such liquid inclusions "Fig. 2#
behaved similar to a freestanding inclusion "Fig. 1# demon-
strating expansion/contraction upon heating/cooling. How-
ever, when such liquid inclusions were heated for a pro-
longed period of time, thus reaching higher temperatures,
vapor nucleation at the liquid/solid interface led to the for-
mation of bubbles, ranging in size from 10 to 50 nm, near the
blocked end "Fig. 2#. It is important to note that all phenom-
ena seen in Figs. 1 and 2 can be explained by the conven-
tional fluid continuum theory and suggest that transport of
liquids in sub-100 nm capillaries is possible, at least in re-
sponse to external thermal stimuli.

When some of the liquid inclusions that were sufficiently
large "axial length exceeded one diameter# were heated for a
prolonged time period under the electron beam, a complex
behavior was observed reproducibly "Fig. 3#. Instead of vol-
ume contraction "as seen in Fig. 1#, the heating caused severe
interface deformation and liquid expansion along the axis of
the tube $Figs. 3"b#–3"c#%, while the contact line near the

FIG. 1. TEM micrograph sequence of a typical carbon nanotube portion
showing the reversible volume contraction/expansion of a liquid entrapment
upon heating/cooling achieved by manipulating the illuminating electron
beam. "a# Initial shape of liquid at temperature Ta , "b# inclusion gets thinner
upon heating at Tb!Ta , "c# liquid returns to its initial size upon cooling at
Tc"Tb , "d# heating is repeated (Td!Tc), resulting in a renewed contrac-
tion of the liquid volume.

FIG. 2. TEM micrograph showing a liquid inclusion being restricted by a
rare internal tube closure "at right, but outside the field shown#. The state of
the fluid represents an instantaneous condition after sustained heating with
the electron beam. Formation of bubbles is the result of liquid evaporation at
the solid/liquid interface near the closed end, which is not shown in the
micrograph.

FIG. 3. Complex temporal behavior of a water inclusion upon heating with
the electron beam: "a# initial state, "b#, "c# expansion of the inclusion, pos-
sibly due to gas dissolution into the liquid under high pressure,"d# formation
of long tongue protrusions near the axis, and "e# disintegration of the inclu-
sion and formation of a thin membrane. The observed events were irrevers-
ible after "b#.
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Control and manipulation of fluids 
at submicron scale

L ∼
100nm

Slip length becomes a new variable to be user-controlled.



Theme of this presentation

Our goal：to establish relationship between slip length and 
                molecular parameters(wall structure, fluid structure)

Molecular dynamical 
simulation

Green-Kubo formula

Tools

Linearized  
fluctuating hydrodynamics

Our proposalPrevious studies
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Microscopic description: Hamilton’s equation 

Molecular dynamical simulation



microscopic force  
acting on wall

Green-Kubo formula

coarse- 
graining

GK formula for slip length
F̂ (t)

System size is macroscopic.
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Bocquet and Barrat (1994) 
Nakano and Sasa (2019)

Kirkwood (1946), Zwanzig (1960)



GK formula for slip length

GK formula     MD simulation×
is very difficult, mainly because of macroscopic limit.
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GK formula for slip length

1, prepare equilibrium state at t = 0

GK formula     MD simulation×

2, calculate microscopic force          from snapshot F̂ (t)
3, calculate force autocorrelation function

hF̂ (t)F̂ (0)ieq =
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4, calculate time integral

Calculation method
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Relaxation time of fluid
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GK formula for slip length

High computational cost

System Size Dependence
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High computational cost

System Size Dependence

Where is correct slip length  
obtained? 

GK formula is not practical.



Molecular dynamical 
simulation

Green-Kubo formula

Tools

Linearized  
fluctuating hydrodynamics

Previous studies

Our proposal

New strategy

to extract information on slip length from  

Our goal：to establish relationship between slip length and 
                molecular parameters(wall structure, fluid structure)
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Linearized  
fluctuating hydrodynamics

New strategy
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to extract information on slip length from  

Our goal：to establish relationship between slip length and 
                molecular parameters(wall structure, fluid structure)
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Fluctuating hydrodynamics



Continuum description of fluctuation
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Navier-Stokes equation + fluctuation

+f

Landau and Lifshitz, 1959



Continuum description of fluctuation
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r · v = 0

Navier-Stokes equation + fluctuation

+f

Properties of fluctuation 
0, Gaussian white noise 1, detailed balance condition 
2, conserve law of momentum 3, isotropic properties of bulk 
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Fluctuating hydrodynamics

Landau and Lifshitz, 1959



Continuum description of fluctuation
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r · v = 0
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Fluctuation of confined fluids

Linearized fluctuating hydrodynamics

Deterministic partial slip BC
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Fluctuating hydrodynamics 

MD simulation
×



Comparison between simulation data and 
fluctuating hydrodynamics
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Comparison between simulation data and 
fluctuating hydrodynamics
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Parameters
⌘：viscosity in bulk, obtained in advance
⇢：density in bulk, obtained from simulation data
：slip lengthb fitting parameter

Fitting parameter

(⌘, ⇢)

b
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Fitting Results
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red：simulation data
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Fluctuating hydrodynamics accurately describes simulation 
data even in microscopic time scale.
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Deviations between NEMD and EMD simulations 
are within 10%.

Slip length is obtained in two different way.
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FIG. 2. (a) ⟨F (t)F (0)⟩eq and (b) γ(t) for wall (0.6σ, 0.8, 0.9ϵ), which are calculated in the molecular dynamical simulation.
Inset in (a) presents the enlargement of time region [0, τmicro]. The blue dash-dot line in (b) gives the value of the first peak of
γ(t).

cFS bneq/σ beq/σ

0.8 7.5 7.8
0.4 30.5 29.2
0.0 118 ± 7.5 104

TABLE I. Comparison of slip length calculated from three
different methods. Column 1 gives the wall parameters. bpeak
and bneq give, respectively, the slip length estimated from the
first peak of γ(t), calculated by NEMD simulation. beq is
the slip length measured by new equilibrium measurement
method we proposed, specifically, by fitting the simulation
data to the linearized fluctuating hydrodynamics. The details
are explained in Sec. VA.

finite slip length to these simulation results. The tech-
nical details of the NEMD simulation are summarized in
Appendix A.
In Table I, we give the value of bpeak and bneq for the

three walls. From this table, we find that these slip
lengths are generally consistent for wide region of the
slip length. Actually, their deviations is within 15% and
this degree of deviations is consistent with the previous
studies [12, 15, 20, 28–30]. If these deviations are al-
lowed for, we can obtain the rough estimation of the slip
length through BB’s formula. Furthermore, much useful
information on the slip length was calculated from BB’s
formula as mentioned in Introduction.

B. problem and strategy

The problems addressed in this paper is “What is the
theoretical foundation to connect the slip length to BB’s
formula?”. Our crucial ideas to tackle this problem are
to study how γ(t) decays from t = τ0 (see Fig. 2(b))
and is to introduce the fluctuating hydrodynamics as a
phenomenological model of the confined fluid. Here, the

fluctuating hydrodynamics is the standard framework to
discuss the coupling effects between the thermal fluctu-
ation and the fluid flow in the macroscopic system. We
below demonstrate that the fluctuating hydrodynamics
describes the simulation data with high accuracy and
provide the powerful tool to analyze the behavior of γ(t).

IV. UNIVERSAL MODEL FOR FORCE
AUTOCORRELATION FUNCTION

A. Linearized fluctuating hydrodynamics

If the length scale of the spatial variation of the ve-
locity field is much larger than the molecular scales, the
molecular motion is smoothed out and the fluid motion
is described by the continuum description. From this
consideration, the coarse-grained model is introduced to
describe the thermal fluctuation and fluid flow; it is the
linearized fluctuating hydrodynamics (LFH).

The geometry of the system considered is same as
in Sec. IIA, but the microscopic structures such as the
roughness of the surfaces are smoothed out (see the left
right side of Fig. 1). The fluid is assumed to be incom-
pressible. Accordingly, the time evolution is described by
the incompressible Navier–Stokes equation with stochas-
tic fluxes,

ρ
∂ṽa

∂t
+

∂J̃ab

∂rb
= 0, (16)

where twice repeated indices are assumed to be summed
over. The momentum flux tensor J̃ab(r, t) is given by

J̃ab = p̃δab − η
(∂ṽa

∂rb
+

∂ṽb

∂ra

)
+ s̃ab, (17)

where s̃ab(r, t) is the Gaussian random stress tensor sat-

1, best-fitting parameter of        
2, observation of velocity field in non-equilibrium steady state

Comparison with non-equilibrium measurement 



Application

to extract information on slip length from  

Our goal：to establish relationship between slip length and 
                molecular parameters(wall structure, fluid structure)
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We can obtain more information 
by analyzing linearized 
fluctuating hydrodynamics.
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Our goal：to establish relationship between slip length and 
                molecular parameters(wall structure, fluid structure)
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Our derivation expands the range of application.
Rough wall

in progress

When density of pillars are small,
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GK formula                 

macroscopic limit 
infinite time limit

Linearized fluctuating 
hydrodynamics 
provides description of        
in finite system 
in full time region
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