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Boson-Fermion Duality
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Takuya Furusawa (Tl Tech/RIKEN)
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Outline

1. Introduction
Basic concepts, boson-fermion duality in 3D,

2. Boson-fermion duality in 4D
Free Dirac << Abelian-Higgs model of & = x

3. Summary F & Y. Nishida, PRD., 99, 101701(R)
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BIVENnY,

— equivalence between 2 different QF Ts.
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— a powerful tool to strongly-correlated systems.

- Strong-weak duality
Mean field approaches to topological orders:--

We focus on boson- dualities
(= dualities btw. bosonic and theories)
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Boson-fermion duality in 3D

Boson theory Fermion theory

e l,,(yﬂ(aﬂ L) + m)l//+ a0,
+—e"(a + A) 0

e
6 o o

The Chern-Simons term attaches
a flux to the boson.

EOM for a :
. ~ Density of flux

Vx@+A) :

_|_
D

™~ Density of boson
A. Karch, D. Tong, PRX (2010), N. Seiberg, T. Senthil, C. Wang, E. Witten, Ann. Phys. (20106)
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Duality web

Boson-termion duality.

Particle-vortex duality
_for fermions

Particle-vortex duality
for bosons,
M. E. Peskin, Ann. Phys. (1978)

D. T. Son, PRX (2015)

“Many new dualities
A. Karch, D. Tong, PRX (20106), N. Seiberg, T. Senthil, C. Wang, E. Witten, Ann. Phys. (20106)

Many applications to condensed matter systems:
FAHS at ¢ = 1i° D. T. Son, PRX (2015)

Surface states for strongly-correlated top. ins., C. Wang & T. Senthil, PRX (2015)
Deconfined criticality, €. wang, A. Nahum, M. A. Metlitski, C. Xu & T. Senthil, PRX (2017)
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Duality web

Boson-termion duality.

Particle-vortex duality
_for fermions

Particle-vortex duality
for bosons,

“Many new dualities
A. Karch, D. Tong, PRX (20106), N. Seiberg, T. Senthil, C. Wang, E. Witten, Ann. Phys. (20106)

The boson-termion duality Is derived based on
coupled-wire construction & lattice gauge theory.

D. F. Mross, J. Alicea & O. |. Motrunich, PRX (201 7).
J.-Y. Chen, J. H. Son, C. Wang, & S. Raghu, PRL. (2018).
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Outline

1. Introduction
Basic concepts, boson-fermion duality,-

2. Boson-fermion duality in 4D
Free Dirac << Abelian-Higgs model of & = «

3. Summary TF & Y. Nishida, PRD., 99, 101701(R)



Strategy -
Parent Theory on Lattice

Integrating out fo r Bosons &
Bosons -

Integrating out

Lattice Theory Lattice Theory

for ' for Bosons
Continuum

Limit

Continuum Theory
for Bosons

Continuum Theory
for

" Dual

J.-Y. Chen, J. H. Son, C. Wang, & S. Raghu, PRL. (2018), TF & Y. Nishida, PRD., 99, 101/701(R)
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Strategy
D parent Theory on Lattice
Integrating out fOrBOSO”S S
Bosons v Y
@ Lattice Theory @ Lattice Theory

for | for Bosons
: Continuum

Integrating out

Limit

Continuum Theory
for Bosons

Continuum Theory
for

" Dual

J.-Y. Chen, J. H. Son, C. Wang, & S. Raghu, PRL. (2018), TF & Y. Nishida, PRD., 99, 101/701(R)



SYARS

Parent theory

— Includes bosonic and sectors:

- XY model:  —Sxy=p8) cos(Af, —a,,)
X,

~Sue = X, [t hge it + 1+ 6 3

XU X

Hopping terms: h,;fﬂ= . S Ty

— Is described by the following partition function:
ZL‘é.é 'B’ M 1 [[da] [dO] [d)?d)(]e_SXY[Q’a;ﬁ]—SWF[)?,)(,%A;M]

No action for a,,, 3 Infinite gauge coupling.
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Lattice action for fermions
Integrations over the bosons are performed exactly.

— Only shift the mass & generate local interactions.

21:.M) = | (dal{d6)dzdgleSe/0a-Sutpras s

X J' |dal] [dl/_jd[/j] e “OWrlWLYLAM 1=SmlpeyA:1/p]

Wilson fermion w\ self interactions

Weakly coupled when > 1 :
S, W, A 1161 = O(1/5) (B> 1)
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Continuum theory for fermion
Phase diagram for —Swglw, ., A; M'] — S, [w, w, A; 1/5] 272

In the non-interacting case (1/6 =0, M ~ 0),

Toplgical

Single Dirac

:. - 109
0

X.-L. Qi, T. L. Hughes, & S.-C. Zhang, PRB (2008)

e"P°F [ATF JA] + -



Continuum theory for fermion
Phase diagram for —Swglw, ., A; M'] — S, [w, w, A; 1/5] 272

en-interacting case (1/6 #0, M ~ 0),

1ﬁ Critical line
0 =M, =M + Z(k = 0)

M=—194/B+ -

Topological\

Single Dirac

- 109
0

X.-L. Qi, T. L. Hughes, & S.-C. Zhang, PRB (2008)

e"P°F [ATF JA] + -

«» M=-—-194/p+ -
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Continuum theory for fermlcn

Phase diagram for — Syl y, A; M'] — S iyt ]
Irrelevant

In the nen-interacting case (/6 # 0, M ~ 0),

1'5 Critical line

M=—194/8+ -
| 0=M, =M+ (k= 0)

Topological\, |

— N Continuum theory:
a free Dirac fermion

A&, — A, < by

Single Dirac

1C,
7 = TP e*P°F, [AIF,[A] + -

X.-L. Qi, T. L. Hughes, & S.-C. Zhang, PRB (2008)

m < 0 : topological
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Lattice action for boson

Integrations over the fermions:

ZIA; f,M] = J[da] (dO)[djpdy e >x¥\0aPIzowelbratoM] Eormion bilinear

X J' [da] [de] e —SXY[Haaaﬁ] _SGauge[a+A ,M]

0 Ser
—SGaugeld + A;M] = =Tt [log (8)? o )}
Abelian-Higgs model with induced gauge action i

Its partition function is equal to that of the fermion theory.

1/p

The same phase diagram!
M=—191/59 %




12/15

Phase diagram for boson
Interpretation of the phases in terms of the bosons ?7

Abelian-Higgs model with induced gauge action
_SXY[H, Cl,ﬂ] e SGauge[Cl + A, M]

Natural possiblilities:
mlﬁb: (gapless), Higgs, E. Fradkin & S. H. Shenker, PRD (1979)

1/
M=—194/8+ .-
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Phase diagram for boson
Interpretation of the phases in terms of the bosons ?7

Abelian-Higgs model with induced gauge action
_SXY[H’ Cl,ﬂ] e SGauge[Cl + A, M]

Natural possiblilities:

Coutemb (gapless), Higgs, E. Fradkin & S. H. Shenker, PRD (1979)
1/p
M=—194/+ - &
Located on the lower Higgs " Continuously connected

temperature side to the limit M - .

— ¥
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N -
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Continuum theory for boson

The continuum theory for the phase transition?
The continuum limit Is nontrivial ---.

1/B
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Continuum theory for boson

The continuum theory for the phase transition?

The continuum limit Is nontrivial :--.
—~gp Take the limit by parts:

1/B

SxvylO, a; pl — Jd“x [\Da¢ °+m|@|* + 5 | ¢ |4] e ey U e

| l
4 2 vpo
1 \ Jd X [4g2 Fﬂy[a] + o cHvp F/w[a] Fp(;[d]]
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Continuum theory for boson

The continuum theory for the phase transition?

The continuum limit Is nontrivial :--.
—g Take the limit by parts:

1/B

SxviOa | ¢ Jd“x l\Da¢ °+m|@|* + 3 | |4] e, 3"

| l
4 2 vpo
\ Id X l4g2 Fw[a] + o cHYp F/w[a] de[a]]

Abelian-Higgs model w\ theta angle 7 :

A |
D" +m|p|”+=|p|
2 49

l
etPoL W[a + A|F pa[a + A]

F?[a+ A]A
el 327



- Low-energy EFT Is consistently reproduced:

i i |
= L JATF AL+ Em Z 8; ﬁ?g”;'sneme”t
= Ji \Hi

: 3272
- The gauge field must be “compact” (include monopoles) to provide
the confinement phase.

In the ordinary Abelian-Higgs model,

confinement phase = monopole condensate
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Monopoles get electric charges 1/2
& become dyons due to the W

Onr S0l

g QF

q
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Monopoles get electric charges 1/2

Onr S0l

g QF

q

itten effect.

Itten,

& become dyons due to the W

PLB (19706)

E

Time-reversal partner

™
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|
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DT
DDT




o Fermion!
Nt A. S. Goldhaber, PRL (1976)



“Cloud” of EM field  Spin-statistics theorem

 Nautl A. S. Goldhaber, PRL (1976)
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