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Magnetic interactions
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Origin of magnetism: exchange interactions

Spin lattice models (S=1/2)
 Ising model

HIsing = J
’
hi j i

Sz
i Sz

j =
J
4
’
hi j i
�z
i �

z
j

HHeisenberg = J
’
hi j i

Si · Sj =
J
4

’
hi j i

�i · �j

 Heisenberg model

 XY model …

Here, we focus only on S=1/2 spins

 Product of Pauli matrices:

 Anti-commutation of Pauli matrices: etc.
 Square of Pauli matrices:

�x�y = ��y�x

�x�y�z = i
(�x)2 = 1 etc.



Spontaneous symmetry breaking
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Paramagnetic phaseTcMagnetic order
T

Phase transition

 Ising model HIsing = J
’
hi j i

Sz
i Sz

j =
J
4
’
hi j i
�z
i �

z
j

D > 1 for finite T transition

 Heisenberg model HHeisenberg = J
’
hi j i

Si · Sj =
J
4

’
hi j i

�i · �j

D > 2 for finite T transition

Spontaneous symmetry breaking 
Many-body effect 
quantum fluctuation?? 



Geometrical frustration
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frustrated magnetic interactions
??

Magnetic ordering might be suppressed.

triangular lattice kagomé lattice pyrochlore lattice hyperkagomé lattice

Geometrically frustrated lattices

All interactions are happy

Antiferromagnetic interaction



Suppression of ordering
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Quantum fluctuation frustrated magnetic interactions

+
??

Quantum disordered state Paramagnet

Crossover?
T

Analogy of liquid helium: not solidifying even at zero T due to strong quantum fluctuation? 

Liquid
gasSolid

Three states of matter:

Analogy to spin system: “Spin liq
uid”

paramagnet

Magnetic
 

ord
er

Quantum spin liquid (QSL) Many-body effect 
Quantum fluctuation 



Quantum spin liquids
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Anderson’s suggestion in 1973
P. Anderson, Mater. Res. Bull. 8, 153 (1973).

HHeisenberg = J
’
hi j i

Si · Sj
up down

Interaction energy � J
4

�3J
4| "#i � | #"i

Interaction energy

Ground state of the Heisenberg model on a triangular lattice

Resonating valence bond (RVB) state: superposition of dimer coverings

 = + + + …



Definitions of QSLs

10

According to “Introduction to Frustrated Magnetism”  (by G. Misguich)

Absence of evidence is not evidence of absence.

How to identify ?



Positive identification
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According to “Introduction to Frustrated Magnetism”  (by G. Misguich)

Excitations in RVB

RVB ground state spinons visons



Experimental works
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 Low-T behavior of  Cv  (T-linear)

 Dynamical response (continuum)

S. Yamashita et al., Nat. Phys. 4, 459 (2008).

κ-(BEDT-TTF)2Cu2(CN)3

M. Yamashita et al., Nat. Phys. 5, 44 (2009). D. Watanabe et al., Proc. Natl. Acad. Sci. 113, 8653 (2016).

volborthite
T.-H. Han et al., Nature 492, 406 (2012).

herbertsmithite

Kagomé systemsTriangular systems

 Transport

Specific heat Thermal conductivity Thermal Hall conductivity Neutron scattering

Fractional excitations : Characterization of QSLs



Numerical difficulty
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It is difficult to understand the properties even at T=0 !

 Slave boson (fermion) mean-field theory

 Exact diagonalization

 Density Matrix Renormalization Group

 Quantum Monte Carlo simulations

 Variational Monte Carlo method

Existence of QSL and its properties are still controversial.

etc.

Quantum fluctuation frustrated magnetic interactions

+
??

to compare experimental studies
Finite temperature properties or spin dynamics 



Two breakthroughs
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 Realization of Kitaev interaction in transition metal compounds

 Kitaev’s quantum spin model

Proposal of an exactly solvable model with QSL ground state

Proposal of candidate materials with the Kitaev interaction

H =�J
x

X

<i j>
x

Sx

i

Sx

j

�Jy
X

<i j>y

Sy
i Sy

j �Jz
X

<i j>z

Sz
i Sz

j

t2g5
jeff=1/2 localized spin

G. Jackeli and G. Khaliullin, Phys. Rev. Lett. 102, 017205 (2009)

Strong spin-orbit coupling

A. Kitaev, Annals of Physics 321, 2 (2006).

Sx

i

Sx

j

Sy
i S

y
j

Sz
i S

z
j

Ir4+
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Intriguing features
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 Simple interactions between S=1/2 spins

 Exact solvability

 Relevance to real materials

 Topological order

 Fractional excitations: emergent Majorana fermions and gauge fluxes

 Topologically nontrivial Majorana fermion band
(Majorana Chern insulator)

 Abelian / non-abelian anyons

 Methodological connection between spin model and fermion model

 Quantum spin liquid

 Relevance to topological quantum computation



Kitaev model
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S=1/2 spin

Honeycomb lattice

Wp
Frustration

 Ground state: 
       Quantum spin liquid (Exact solution)

 Local conserved quantity Wp

Novel ground state

 Bond-dependent interaction

H =�J
x

X

<i j>
x

Sx

i

Sx

j

�Jy
X

<i j>y

Sy
i Sy

j �Jz
X

<i j>z

Sz
i Sz

j

A. Kitaev, Ann. Phys. 321, 2 (2006).



Kitaev model
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S=1/2 spin

Honeycomb lattice  Bond-dependent interaction

Sz

Sx Sy

All interaction energy can not 
                     be minimized simultaneously.

Frustration despite ferro-type interaction

H =�J
x

X

<i j>
x

Sx

i

Sx

j

�Jy
X

<i j>y

Sy
i Sy

j �Jz
X

<i j>z

Sz
i Sz

j

A. Kitaev, Ann. Phys. 321, 2 (2006).



Local conserved quantity
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since

・

・

・

Eigenstates of Kitaev model are characterized by 
A. Kitaev, Annals of Physics 321, 2 (2006).
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W 2
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[H,Wp] = 0
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1�

y
2 ,Wp] = 0

[Wp,Wp0 ] = 0

{Wp = ±1}

Wp
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A. Kitaev, Ann. Phys. 321, 2 (2006).



Spin correlations
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Ground state : all of Wp =+1
1

2

3
4

5

6

�y

�y
Wp�

z
2 = ��z

2Wp

Wp|�z
2�0i = �|�z

2�0i

+1

-1-1

+1 +1

+1 +1 +1 +1

+1

-1

+1+1

+1 -1

+1 +1 +1 +1

+1i

j

G. Baskaran, S. Mandal, and R. Shankar, Phys. Rev. Lett. 98, 247201 (2007).

Anticommutation between spin and conserved quantity 
 leads to the state without spin correlations.

Quantum 
spin liquid

(except for NN bonds)

|�z
i �0i |�z

j�0i

= 0

h�0|�z
i �

z
j |�0i

= h�z
i �0|�z

j�0i

Wp



Jordan-Wigner transformation
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Honeycomb lattice: a zigzag xy chain connected by z-bonds

Jordan-Wigner transformation

H.-D. Chen and J. Hu, Phys. Rev. B 76, 193101 (2007). 
X. Y. Feng, G.-M. Zhang, and T. Xiang, Phys. Rev. Lett. 98, 087204 (2007). 
H.-D. Chen and Z. Nussinov, J. Phys. A Math. Theor. 41, 075001 (2008).

regarding the honeycomb lattice as one open chain

H =�J
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Introducing Majorana fermions
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cicjc̄i c̄jcicjcicj
c̄i = (ai � a†i )/i
ci = ai + a†i

Fermions: ai, a†i
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4
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{ci, cj} = 2�i jMajorana fermions:

: local conserved quantity⌘r ⌘ ic̄i c̄j

[c̄i c̄j,H ] = 0 ⌘2
r = 1

c2
i = 1
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H =�J
x
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⌘r = ic̄i c̄j

Quantum spin model

: Itinerant Majorana

: Localized Majoranac̄i
ci

Itinerant fermion model

Si

Jordan-Wigner transformation

Free Majorana fermion system coupled with fluxes Wp = ⌘r⌘r0

Free Majorana fermion system

Ground state: all Wp=+1 all ηr=+1
(flux-free state)

H = iJ
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A. Kitaev, Ann. Phys. 321, 2 (2006).

for flux-free state



Ground-state phase diagram
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J
x

+ J
y

+ J
z

= 1 Phase diagram is depicted on a plane with                                      .

 There are gapped and gapless quantum spin liquids (QSLs).

A. Kitaev, Annals of Physics 321, 2 (2006).
Jz

J
x
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3/2

1
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4
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j for flux-free state

α=0.5: gapped phase

Dirac dispersion

α=1.0: gapless phase

Majorana fermion dispersions

H =
’
k

"k

✓
f †k fk � 1

2

◆
:free fermions



Toric code limit
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| *i = | ""i
| +i = | ##i

Ring exchange-type interaction

Perturbation expansion

⌧z| +i = �| +i
⌧z| *i = +| *i
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perturbed term unperturbed term



Excited states in Toric code
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No interactions between        ’s

Finite-T phase transition is not expected.

+1 +1 +1 +1

+1 +1 +1 +1

+1 +1 +1 +1

+1 +1 +1 +1

Ground state

+1 +1 +1 +1

+1 +1 +1 +1

+1 +1 -1 +1

+1 +1 +1 +1

Excited state

C. Castelnovo and C. Chamon, PRB76,184442(2007)

Z. Nussinov and G. Ortiz, Phys. Rev. B 77, 064302 (2008).

withHe� = �Je�
’
p

Bp Bp = ⌧
z
pt ⌧

z
pb
⌧ypl ⌧

y
pr = PWpP

Bp

[He�,Bp] = [Bp,Bp0] = 0 B2
p = 1

Bp



Another representation
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Conserved quantities in Toric code

27

H
toric

=�
X

s

As�
X

p

Bp

Bp = �z
i �

z
j�

z
k�

z
lA

s

= �x

i

�x

j

�x

k

�x

l

[H
toric

, As] = [H
toric

, Bp] = 0

wx

C

=
Y

i2C

�x

i

wz
C =

Y

i2C

�z
i

[H
toric

, wx

C

] = [H
toric

, wz

C

0 ] = 0

The Hamiltonian commutes with 
loop operators wx,  wz

The ground state: As = +1

Bp = +1



Topological degeneracy in Toric code
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Topological degeneracy in Toric code
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wz =
Y

i

�z
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wx =
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i

Four-fold topologically protected degeneracy

The simplest model with topological order
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Kitaev model
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H =�J
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A. Kitaev, Annals of Physics 321, 2 (2006).

frustration

 Z2 flux (conserved quantity) Wp on each plaquette

S=1/2 spin Wp

ground state: quantum spin liquid 
(Only NN interactions are finite)

 Bond-dependent interactions

 Free fermion system coupled with Z2 variables
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⌘r = ic̄i c̄j
: Itinerant Majorana

: Localized Majoranac̄i
ciSi

⌘r = ±1



Relevance to real materials
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d orbitals (L=2)

(10)

Rotational symmetry Oh

eg

t2g (Leff=1) Jeff=1/2

Jeff=3/2

spin-orbit coupling

Perovskite-type structure

Strong spin-orbit coupling
G. Jackeli and G. Khaliullin, Phys. Rev. Lett. 102, 017205 (2009)

Kramers doublet



Realization of Kitaev QSLs
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t2g5
jeff=1/2 localized spin

dpd hopping on a xy plane

: Ising interaction 
          on xy plane

G. Jackeli and G. Khaliullin, Phys. Rev. Lett. 102, 017205 (2009)

 on yz plane

 on zx plane

bond-dependent interaction 
                   due to orbital anisotropy

Iridate A2IrO3 (A=Li,Na)

Strong spin-orbit coupling

�JSy
i S

y
j

�JSx

i

Sx

j

�JSz
i S

z
j

Superexchange interaction 
                         in edge sharing case

Sx

i

Sx

j
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i S

y
j

Sz
i S

z
j

Ir4+

Ruthenate α-RuCl3



Realization of Kitaev QSLs
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 A2IrO3 (A=Li,Na)
Y. Singh and P. Gegenwart, Phys. Rev. B 82, 064412 (2010). 
Y. Singh et. al., Phys. Rev. Lett. 108, 127203 (2012). 
R. Comin et. al., Phys. Rev. Lett. 109, 266406 (2012). 
S. K. Choi et. al., Phys. Rev. Lett. 108, 127204 (2012).

K. W. Plumb et al., Phys. Rev. B. 90, 041112 (2014). 
Y. Kubota et al., Phys. Rev. B 91, 094422 (2015). 
L. J. Sandilands et al., Phys. Rev. Lett. 114, 147201 (2015). 
J. A. Sears, M. Songvilay et al.,  Phys. Rev. B 91, 144420 (2015). 
M. Majumder et al., Phys. Rev. B 91, 180401(R) (2015).

 α-RuCl3

G. Jackeli and G. Khaliullin, Phys. Rev. Lett. 102, 017205 (2009)

Sx
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j
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y
j

Sz
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z
j

Ir4+

Tc~14K

Tc~13K

Magnetic order

 Superexchange between jeff=1/2 spins

 Edge sharing of MO6 octahedra

Ir4+ 5d5

Ru3+ 4d5

Heisenberg
interaction

Kitaev
interaction

~350K~50K

~100K~30K
A. Banerjee et al., Nat. Mater., nmat4604 (2016).

Y. Yamaji et al., Phys. Rev. Lett. 113, 107201 (2014).

Kitaev term is dominant.
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X
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Si · Sj

K. Foyevtsova et al., Phys. Rev. B 88, 035107 (2013).

 β-Li2IrO3 hyperhoneycomb lattice
T. Takayama et al., Phys. Rev. Lett. 114, 077202 (2015). 
K. A. Modic et al., Nat. Commun. 5, 4203 (2014).

Tc~38K

(Heisenberg)/(Kitaev)~0.1-0.2
H.S. Kim et al., EPL 112, 67004 (2016).

Taken in MPI Guest House



Dynamical response in α-RuCl3

34

 Inelastic neutron scattering
A. Banerjee et al., Nat. Mater., Nat. Mater. 15, 733 (2016).

D. Hirobe, M. Sato, Y. Shiomi, H. Tanaka, and E. Saitoh, Phys. Rev. B 95, 241112 (2017).

 Longitudinal thermal conductivity κ



Purpose

35

Thermodynamic properties in quantum spin liquids

 Fractionalization of spins

Temperature dependence

Kitaev model: exactly solvable quantum spin model 

 Exactly solvable quantum spin model

Canonical model for QSLs

Developing new technique for quantum spin systems
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Quantum spin model
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Itinerant fermion model

Si

Jordan-Wigner transformation

Free Majorana fermion system with thermally fluctuating fluxes Wp = ⌘r⌘r0

 Sign problem-free “Quantum” Monte Carlo simulations

J
x

= Jy = J
z

= J
 Simulations are classical and done for flipping Ising valuables ηr.

Quantum nature of S=1/2 spins is fully taken into account!



Monte Carlo simulation
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calculated by exact diagonalization

 Partition function:

 System size 2xL2 up to L=20 (800sites)
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= J

 Sign-free “Quantum” Monte Carlo simulation for QSLs

          are updated so as to reproduce the distribution{⌘r } e��Ff ({⌘r })

 Only one energy scale:
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Specific heat and entropy
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Kitaev model：S=1/2 quantum spin model
Energy scale: only J(=Jx=Jy=Jz)

 Two peak structure

 A half of the entropy is released

S=1/2 quantum spin
Thermal fractionalization of

Si

: Itinerant Majorana

: Localized Majoranac̄i
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JN, M. Udagawa, and Y. Motome: Phys. Rev. B 92, 115122 (2015).



Fractionalization of spins
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Freezing of Z2 fluxes
Formation of Fermi degeneracy of 

 matter fermions

(localized Majorana fermions) (itinerant Majorana fermions)

Candidate material: α-RuCl3

Cl-

Ru3+

S.-H. Do et al., arXiv:1703.01081.
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S.-H. Do et al., arXiv:1703.01081.

Spin dynamics measured by neutron scattering experiment in α-RuCl3
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 Good agreement between the present theory and experimental results.

 Neutron scattering data are well reproduced by our theory.
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 Raman spectrum in α-RuCl3

 Good agreement between the present theory and experimental results.

 Functional form indicates the existence of fractional fermionic excitations

J=10meV

L. J. Sandilands et al., Phys. Rev. Lett. 114, 147201 (2015).

 This T dependence is also observed in β-, γ-Li2IrO3 A. Glamazda et al., Nat. Commun. 7, 12286 (2016).

JN, J. Knolle, D. L. Kovrizhin, Y. Motome, R. Moessner, Nat. Phys., 12, 912 (2016).

Magnetic Raman scattering
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 A2IrO3 (A=Li,Na)

 α-RuCl3

Honeycomb lattice Hyperhoneycomb lattice

Wp Wp

 β-Li2IrO3

JN, M. Udagawa, and Y. Motome: Phys. Rev. Lett. 113, 197205 (2014).



Specific heat

47

L=3

L=4

L=5

L=6

C
v

T

0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

 10-3  10-2  10-1 100  101

J
x

= J
y

= J
z

= 1/3

High temperature peak (Size independent)

Low temperature peak (Size dependent) 
                                           Phase transition (Tc~ 0.0052)

0.00

0.05

0.10

0.15

0.20

0.25

0.30

 0.01  0.1  1

L=6
L=8

L=10
L=12

C
v

T

2D Kitaev model

�J
x

X

<ij>

x

�x

i

�x

j

�Jy
X

<ij>y

�y
i �

y
j �Jz

X

<ij>z

�z
i �

z
jH =

: ground state is gapless QSL

JN, M. Udagawa, and Y. Motome: Phys. Rev. Lett. 113, 197205 (2014).



Phase transition

48

T

 0.000

 0.001

 0.002

 0.003

 0.004

 0.005

J
x
=0, J

y
=0, J

z
=1

J
x
=1, J

y
=0, J

z
=0

J
x
=0, J

y
=1, J

z
=0

Ground state
 phase diagram

α

3/4

3/2

0

1

T
c

Paramagnetic
 phase

QSL

 0.000

 0.001

 0.002

 0.003

 0.004

 0.005

 0.006

α
 0.0  0.5  1.0  1.5

 Tc continuously changes 
       at gapless/gapped boundary.

 Tc takes maximum at Jx=Jy=Jz.
Frustration stabilizes the QSL.

JN, M. Udagawa, and Y. Motome: Phys. Rev. Lett. 113, 197205 (2014).



Local constraints for fluxes

49

= 1WpWpWpWp

�z

�y

�y�y

�y

�x

�y

�z

Wp

= i�x�y�z

(�z)2(�x)2 (�y)2= = 1=

�z

�x

�x

�x

�x

�z
�y
�x

�x

�x

�y

�z

�y �x

�y

�y

�y
�x

�z

�y
�y

�z

�y
�x

�z

�x

�x

�x�y

�x

�x

Wp

Wp Wp

Algebra of Pauli matrices

�y

Original Kitaev model

Wp

Wp

Wp

Wp

JN, M. Udagawa, and Y. Motome: Phys. Rev. Lett. 113, 197205 (2014).



Nature of the phase transition

50

Original Kitaev model
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cf. Peierls argument 
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JN, M. Udagawa, and Y. Motome: Phys. Rev. Lett. 113, 197205 (2014).
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 Static and dynamical quantities

 Comparison with experiments

Kitaev model: Canonical model with QSL ground state

Finite-temperature properties (static & dynamic)

 Finite-temperature phase transition to QSL

Thermal fractionalization of spins

Good agreement with experiments

Topological characterization

in 3D Kitaev model

QSL paramagnet


