HENERBZE
HFT—r RNV T DE AL

il B
(KHANE S AL DR FFE)




(BAY) B3nF A ETRERTS

=For HHEIRTA T BRI D EIRERFE
(Fa)—E5FB)ZEZD

H = ZBO_'IQUH—I + hO'Z'

Z(8,h) =Y e ] Z(h, B) = Tre~H(mH)

- [CIRE>TEHIRIILTF—ZFHHEY
[CERmEHEL TH S
7 ~ o~ Heps(¢,h,m?) Py m? =T —T.
Hepp = 0,00" ) + hd +m?¢* + Ao + - -
- BHIRILF—DIRSEL
f~h2)(T—T)+-- ¢~h/(T-T,) h<T—T.
frh(R/N)Y3 4+ g~ (RN)3 h>T—-1T.



(BAY) B3nF A ETRERTS

DAILI SR TODEZIETFEAE JIELLY,
L. BBRATIIROEFEYAHFEELELTRYANDILENH S,

H = 0,00 ¢+m’¢* + \p"  Z = / Doe J T'#H
c JAILIDIEYAH L
Z:/ Doe= et =) v = / Dpe= | &=H
p<A A<p

» QEURYR) BRYAAERRAIEN 4y

— 4 o o o
ﬁ—ﬁ/\ﬁb +

c BYLAABHDEE S NERFRRREFHDITL




3F§ﬂ%@5?7—4ljblu

TRILTXF—DIRBDEUIE relevant 22D D
AQEE¥{DZR7ETD*fE%>

H=Hy+ho+te+---
Ah)=d—A, At)=d- A,

s AT—=ILAEMEMND

d—A o
— {75 g(h/t T5¢)
—Ag d
« #EPR T h > tac f ~ hT55
h < T2 fetTs (T4 eph® 4 -



LAWL..

A — LA EEIFIZE DI & AHFEO =
IEFEDEER BT RELLZLY

o« A= )LAEEEITHILIZEFIEHIT AT TS0
c BRFTD ¢ WEFHRES, BYAHBROEBOHE L (R
LULNSEZ A7) RATEE ?
e fBl: 4—€¢ RITTOEEHE
By = —€X + coA? + - - -

« BAZHGRTHAIMNMEIISES?
v =1+ 0.1667 + 0.0771 — 0.049 + 0.1436 — 0.4466 + - - - = 1.244(50)

~ =1.24

« N FTZTIEEZLL




21 HFL DR AAHBFDRBR(?)

BRFTDERFIRRICITIRA T —IL A IREL Y580 EE
T R FREDMEA > TN

DEF LR IEICLLHBERE A~ D

EhoERmaELTLED
g O
e -
>—< p— O
o YO A

« BUAAHBEDETER = T —FRSVTHEADE

« 2016FIHE. SRTERADUVITBEEDRLEWNVGERIEHDOF
EIXHEMT—FRIIYTIZEH>THELNTILNS

s ERMEOMZDIEERILEZS



Lt D —RANSYTDFE

HA A PEICEO>TIRTAD VT BB DEERIEH
NI TEDBIERES>TLNVS

Ising: Scaling Dimensions Kos et al 1603.04436
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(A) U(1), is fully recovered (Pisarski-Wilczek, Cohen)

(B) U(1), is partially recovered (Aoki et al)

(C) U(1), is fully broken (Lee-Hatsuda)
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3RTTEGR AT 1B R (EI-Showk et al 1203.6064)
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3R ITO(N)FRE! (Kos et al 1307.6856)

O(N) Singlet Bounds




3RITTHEELERDN DD (Kos et al 1603.04436)
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Ao >3 Ay >3

Ising: Scaling Dimensions
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O(4) x O(2) collinear fixed point
e AA sector Bootstrap (k=12)

No

70550 0,555 0.560 0.565 0.570 0.575 0.58¢

Ay Ass AsT Ars At AAA
bootstrap || 0.558(4) | 1.52(5) | 0.82(2) | 1.045(3) | 1.26(1) | L.71(6)
NS 0.56(3) | 1.68(17) | 1.0(3) | 1.10(15) | 1.35(10) | 1.9(1)
MZM || 0.56(1) | 1.59(14) | 0.95(15) | 1.25(10) | 1.34(5) | 1.90(15)
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(A) Z2 symmetry 2 U(1)
A1 > 1.08

(B) Z3 symmetry = U(1)
A1 > 0.580

(C) Z4 symmetry = U(1)
A1 > 0.504
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Conformal Bootstrap



Five Ioop (Calabrese, Vicari, e.g. 1309.5446)
H = 8,u¢g ,uqbaa
+u(@S65)? + v(¢5of 60y — ¢3¢:¢5¢5>
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2 8 B 8 16 16
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_ 51759, 1183 ul 1614, 4 10449u4 3905, 3, 2 6849, 3 2 353 4,3, 2
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— S uty ¢(5 ) 37Tuv°((3) + 57r u“v Seutv® — FPuvt((5) — Fruvt((3)
31 12697 325 1097 646947 333739
+967T4u”4_ 64 wvt — 500°¢(5) — F20°¢(3) + 48”4U5 32 v® + 512 u®¢(7) + 256 u®¢(5)
ub((3)2 + 23323960 (3) — 18857T6u6 6827 14,6 | 121665 ub + 146853 WBo(7) + 158151 WP (5)
512 1032 2560
507 320791, 5 6625, 6.5 374814 5 494921 5 4266675 v 2 1144635, 4,2
32 U *v((3)% + o5 wv((3) — JogaT uY — Bgp U + 956 WUt TH1g () + 1% ¢(5)
7017, 4, 2 2 | 4795927 4. 2 96156, 4,2 504343 _4 4 2 , 7852881 4 2 3,3 79415 I
256u vo((3)° + THomruv((3) = FEgg UV — Feag UtV 4 Spgg-u e + 9702u”v((7) + ¢(5)
3 171801, 3,3 1556,3,3 _ 8173 4,3, 3 | 6814435 3,3 | 3658095, 2 4 1773961 w2
—3uBp3(¢(3)? + 1550 CB) — Femuv’ — e + Fasew vt + S uvt(T) + G ¢(5)
2777 2,4 1942077, 2, 4 94645_6,2 4 _ 182363 4,2, 4 | 36147287 2 4 189189 5
+ 555 u v (3 )%+ i utvi((3) — fgagiTouY 15360 7 U7V + “yoa8s + o1 w’¢(7)
44351, 103 5 189841, . 5 2585 6,,,5 _ 1647 4,5 | 2121643 5
+ 2522 uv®C(5) + TPuv®((3)* + 5% CB3) — gopgm uw” — 35T + 5018 U
| 265041 6 61459 6 6 246291, 6 335 16,6 _ 3125, 4,6 | 2538035 6
5 v C(7) + g C(5) + 64” ¢(3)% + S0a1 V7€) — 56T 07 — ST v° + Sasg v (1)
By (u,v) = —v 4 3uv 4+ 20? — %u% — 1luv? — v3 + 1349u3v + 255 1451 u?v? + 51765uv + 33427114 + 33u3vC(3)
2 9 3 9 v 49815, 4 20 4,4 27835 udp2 4 16343 2 272045 2 3,22 4.2 3
+36uv7((3) + 24uv”((3) + 3v°C(3) — Fu'v + Grmiute — =g5 + 1207 UV — g + 5Tt

6gg5u,u + 237{.4,{“}4 36505 + 107'('47}5 3765 4UC( )_ 691 2<~( )_ G%éIUQ,USC( )_ 15807uv4c( ) 567 5((3)

== U
16
_ 2625 3,,2 2115 2 3 1045,,,..,4 795,,5 445355 5 58367, .4,,5
16”“6( ) — 480u”v=((5) — ¢(5 )_ —z uwv 6(5)_ 16UC( )+ + o221 YV — s30T UV
%2}%271'6115@4— 209163U4U2 12228771-4,&4/02 75357T6u4v2_|_ 16837765,3,3 _ 814914, 3,3 _ 8455 _6,,3,3

2688 “614a 4V 3840 T UV T op167 WV

3808447, 2 4 30289 4,2.4 38005 6,2 4 , 9331663, 5 1485 4 5 28555 6 825245 6 _ 128546
+ 1536 1536 UVt — Toop T UV — Toag7 UTUT F Tgigy UVUT — Gpg T UVT — G9ga uv® + 2096 — 15367 Y

5 395479, 5 734983 4, 2 282653, 3, 3 6043 w2 736561 63485 6
_ﬁﬂv + B U C(3)+ 256 UUC()+ 64 UUC() C() 51 Uv C() 256UC()

+2142989u UC( ) 4 4305 4305 C( ) 405 3((3)2+ 2771 4C( ) +%UU5C( ) 231 GC( ) 105231 5,UC( )

+390003 4 ZC( ) 295491 3 3c( ) 457495 2 4C( ) 5647 5C( ) 29035 GC( ) 472253611 5UC< )
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Conformal Bootstrap



What is conformal bootstrap?

* Assume conformal invariance (could be non-trivial)

* Consider 4pt function (0(0)o(1)o(z)o(0))

* OPE expansions
O X 0 = ZC¢¢@O7;

* Crossing relations
g

o g O
O I,/ A
\
o \ l o o o A
* Test the hypothetical properties of the CFT to see if the

crossing relations can be solved

* For example, bound on the scaling dimension of the
first excited operator

oxo=14+¢€+---



Toy bootstrap from only scale invariance

* Let’s see the existence of bound analytically

. . Ay =0 Ac=A%9)
* Assume only scale invariance

 Scaling block is very simple
(1-2)* -2 =— Z Coon (1= 2)%p(2)2 — 2%°p(1 — 2)7)
A
p(z) =

(1+ V1 - 2)?

e Sum is over all the operators (not only primaries)

* |s crossing symmetry satisfied?



Toy bootstrap from only scale invariance

e Can we solve the (scale) bootstrap equation?
(1—=2)* =22 == " CZun ((1—2)*p(2)* = 2%p(1 — 2)2)

p(z) = TR

« To see the contradiction, let’s assume A\ > 0

1
* And Taylor expand with =z =2z — 5
* We can do in the both hand side (since we know the functions)
At order z° ST A202
PPA 2
(0120 —1) = Ty ™ > AL,
PPA

e This is in contradiction: there exists a bound on the dimension of €



Lessons for actual conformal bootstrap

* Repeat with full conformal symmetry

S S C12; | S
Ol ($1)02<x2) - Z (5%2)%(A1+A2—A7;) CA“A_ (3312, axQ)Oz(x2)

()

Ca’b(flg, 8)

1 . 1 1 1 I L
— d ay—1 1 — a_—1 = o2 1 — 62 am128,
B(a+,a_)/0 a1 —a) mz::() m! (a+1— Ld), ( el —a) c

* Need to know the Taylor expansions of conformal block
— done by recursion relations

1= Xo(folz) = fo(l—2))

e Need to find the linear combinations that show the
contradiction = numerical optimization (e.g. SDPB)

* Add more constraint (e.g. from multiple correlators) if
necessary

(cooo) (eecee) (eecoo) Ay >3 Ag >3



Ising CFT in d=3 (El-Showk et al)

A;E No Ag = %L(S
o s ]
1.42—: it C=(T-T,)°
1_2; Maybe m = (T — Tc)ﬁ
N R A = B1/

Constraints from (ecee) (eeoo) do not change the plot



No Ising CFT in d=4 (EI-Showk et al)

I

1.0 / /r/—

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
0.00 0.02 0.04 0.06 0.08 0.10 0.12

* Kink disappears in d=4
* Consistent with triviality

 Does not mean CFT does not exist at all. It means we
need more date to specify CFTs in d=4



O(N) fixed points in d=3 (Kos et al)

O(N) Singlet Bounds




Multi correlator bootstrap with extra assumption (Kos et al.)

(cooo) (eeoo) (ecee)
Ao >3 Ay >3

Ising: Scaling Dimensions

Ae
Monte Carlo
L 14126 . i
b 1.41264)
1.4129¢ ! z /
| 141263}
1.412<a2§ Vs
1.4128¢ | 141261}
: 1.41260" ]
0.518146 0518148 0.518150 0.518152
1.4127} ‘
/
1.4126] Bootstrap

(o

0.51808 0.51810 0.51812 0.51814 0.51816 0.51818

Universality is “proven” under conformal hypothesis




What to expect in conformal bootstrap?

* When the conformal fixed point with a given
symmetry exists, then the bound shows
characteristic features of “kink”

 When such CFTs do not exist (or characterization is
not enough), it shows no interesting behavior

* Hypothesis: non-trivial behavior of the bound
indicates conformal fixed point

* With more information on CFT, one may specify
it(?)



Bootstrapping QCD



O(4) x O(2) chiral fixed point
ST sector Bootstrap (k=10)

ACST(é) No
2.2}
2.0/
1.8
1.6
14/
7052 053 054 055 0.56°
Ay Ass Agst Ars Ay AYV
bootstrap || 0.530(3) | 1.35(4) | 1.80(6) | L.31(2) | 1.085(3) | 0.90(1)
MS 0.536(5) | 1.44(10) | 1.83(3) | 1.35(3) | 1.06(10) | 0.83(10)
MZM || 0.533(3) | 1.04(12) | 1.94(7) | 1.36(5) | 0.96(20) | 0.71(8)

Chiral fixed point = importance in frustrated spin systems




O(4) x O(2) collinear fixed point

e AA sector Bootstrap (k=12)

ALAO)
1.9}
1.8¢
1.7}

1.6/

No

70550 0,555 0.560 0.565 0.570 0.575 0.58¢

Ay Ass AsT Ars At AAA
bootstrap || 0.558(4) | 1.52(5) | 0.82(2) | 1.045(3) | 1.26(1) | L.71(6)
NS 0.56(3) | 1.68(17) | 1.0(3) | 1.10(15) | 1.35(10) | 1.9(1)
MZM || 0.56(1) | 1.59(14) | 0.95(15) | 1.25(10) | 1.34(5) | 1.90(15)

Collinear fixed points = 2" order phase transition in QCD




Bootstrap suggestion

* If you believe kink = CFT, then we have found two
non-trivial fixed points in O(4)x O(2) LG theory

* The spectrum seems to agree with particular
resummation of 5/6 loop computations (but may
not agree with function RG or other ressumation)

* |s this important in QCD?



The Z2 2 U(1) enhancement?

* The argument by Aoki et al (even if true) only says that
we have Z2 symmetry enhancement

* |s this enough to make the O(4) x O(2) fixed point (that
we found) stable?

* This can be answered by bootstrap again

4.0

3.5} |
B0 ...............
\<_12_5_ 11 .......
“ 20} ?'(9.50 ' 051

1.5} |

185 060708001011121314
Ay

* The would-be fixed point is unstable under charge 2
operators that cannot be forbidden only with 72



More things to be discussed

* We can give a necessary conditions for accidental
symmetry enhancement

(A) Z2 symmetry 2 U(1)
A1 > 1.08

(B) Z3 symmetry = U(1)
A1 > 0.580

(C) Z4 symmetry = U(1) 05157
Al > (0.504

* There exist many papers (e.g. in PRL) violating these
bounds in VBS-Neel quantum criticality

* “non-perturbative” does not mean anything can
happen!



