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Setup
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Let’s think about Chiral Matter 
(massless right-handed particles)

For vector gauge theories  
left-handed contributions should be added 
(chiral anomaly is considered mostly, and  
slightly about mixed gravitational anomaly)
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Quantum Anomaly
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Axial U(1) rotation by q

Conserved Current 
(Chern-Simons Current)
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cf. Gauge-variant: massless pole canceled by dipole ghosts
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CS current may not be physical?
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ji = � e2

4⇡2
"i0jkA0@jAk = � e2

4⇡2
A0B

i

In electromagnetism a constant vector potential is irrelevant

Aµ ! Aµ + @µ'

A0 can be non-trivial in Euclidean spacetime

i@0 + eA0(x)� µ ! �@4 + ieA4(x)� µ

See: A. Yamamoto, 1210.8250
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CS current can be physical!
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A0 $ iA4 ⇠ �µ
j =

e2

4⇡2
µB

Especially if µA for right-handed and -µA for left-handed:

jV =
e2

2⇡2
µABChiral Magnetic Effect

gauged away→anomaly

Chiral Separation Effect jA =
e2

2⇡2
µVB

Especially if µV for right-handed and µV for left-handed:
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Diagrammatic Calculation
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Not easy in reality…
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Where can we find either left-handed  
    or right-handed chiral and charged fermions?

How can we implement chemical potentials  
    separately for left- and right-handed particles?

hji = 0HIC: hj · ji 6= 0 background???

Weyl semimetals:   P and/or T broken
T : monopoles at ± k,

P : monopole at k, anti-monopole at � k
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Electromagnetic Backgrounds
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E ·B 6= 0
P- and T-odd external backgrounds

j?
Similar problem to “Classical” Hall Effect

jHall ⇠ E ⇥B
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Lorentz Boost for CHE
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Boost

j0 = ne

B B0 ' B

E0 ' (v/c)B

jHall = j0 ' v · ne = nec
B E

Classical Hall Conductivity

Put E from the beginning to realize parallel E and B
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Lorentz Boost for CME
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B

E
Ohm’s Law

Hall Current

CME

jOhm = �E
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Schwinger Mechanism
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FIG. 2: Lorentz transformation from a frame K′ in which the
electric field (E), magnetic field (B), and the current density
(j) are parallel to each other, to a frame K in which B and
j have a component perpendicular to E.

E′

z sinh η ey + B′

z cosh η ez. Since j′µ points in the z-
direction, the direction of j′µ will not change after the
boost in the x-direction. However because the boost im-
plies that t′ = t′′ cosh η + x′′ sinh η, the current density
rate is modified to ∂t′′j

′′ = 2qΓsgn(qE′

z) cosh η ez. The
current density has now also obtained a gradient in the
x-direction (∂x′′j′′ ̸= 0). This and other inhomogeneities
in K ′′ arise because the uniform switch-on of E′ at t′i
implies an inhomogeneous switch-on of part of E′′ and
B′′ at t′′ = t′i/ cosh η − x′′ tanh η.
To arrive in frame K we have to apply a rotation

with angle θ around the x-axis such that the electric
field points in the z-direction. The angle θ follows from
Fig. 2 and satisfies sin θ = −E′′

y /Ez = B′

z sinh η/Ez and
cos θ = E′′

z /Ez = E′

z cosh η/Ez. The current density rate
becomes after the rotation
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)

sgn(qE′
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(3)
We can eliminate η by expressing the above in terms
of the fields in K. The magnetic field is By =
E′

z sinh η cos θ+B′

z cosh η sin θ, implying that sinh(2η) =
2ByEz/(E′2

z + B′2
z ). Because both F = 1

4
FµνFµν =

1

2
(B2

y +B2
z −E2

z ) =
1

2
(B′2

z −E′2
z ) and H = − 1

4
Fµν F̃µν =

EzBz = E′

zB
′

z are Lorentz invariant, one finds a ≡ |E′

z | =
(
√
F2 +H2−F)1/2, and b ≡ |B′

z| = (
√
F2 +H2+F)1/2.

Now we can put all our results together. After sum-
ming over colors the z-component of the current vanishes
(∂tjz = 0), implying that the only remaining compo-
nent lies in the y-direction. Using that q sgn(qE′

z)B
′

z =
|q|sgn(EzBz)b we obtain after summing over colors,

∂tjy =
q2|q|By

π2

ab2sgn(EzBz)
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)
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(4)
where a and b have dependence on qEz = ± 1

2
gEz and

qBz = ± 1

2
gBz. The rate of chirality production in K

becomes ∂tn5 = cosh2 η ∂t′n′

5. Inserting Eq. (2) yields
for the rate of current over chirality density generation

1

|q|
∂tjy
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FIG. 3: Rate of current (jy) over chirality density (n5) gener-
ation in a color flux tube, as a function of the perpendicular
magnetic field By . The ratio ξ = |Bz/Ez|. The curves are
valid for any value of the quark mass.

Discussion. Equation (4) clearly shows that an exter-
nal magnetic field induces a current perpendicular to the
color flux tube. To summarize our findings we display in
Fig. 3 for three different values of ξ = |Bz/Ez| the rate of
generation of this current normalized to Eq. (5), the rate
of chirality production. We will now analyze our results
and show that ∂tjy indeed behaves as the chiral magnetic
effect predicts.
First of all let us take either Ez = 0 or Bz = 0, which

implies that no chirality is generated. If Ez = 0 then
a = 0, for Bz = 0 either a = 0 or b = 0. In all these
cases ∂tjy indeed vanishes as follows from Eq. (4). This
is obvious when a = 0 since in that case no particles are
produced as follows from Eq. (1). Also as expected ∂tjy
vanishes if there is no perpendicular magnetic field which
can be seen from Fig. 3 as well.
Secondly, in the limit of qBy ≫ gEz, gBz, we have

b ≃ |By| so that from Eq. (5) it follows that ∂tjy =
|q|sgn(By)∂tn5. This indicates that for large magnetic
fields the current rate is indeed exactly given by the chi-
rality rate in agreement with the prediction outlined in
the introduction. Therefore the curves in Fig. 3 approach
unity for when both qBy/gEz and qBy/(gEzξ) are large.
A finite mass reduces the chirality and indeed also ∂tjy

as can be seen from Eq. (4). In fact Eq. (5) shows for any
value of the mass the current is proportional to the chiral-
ity. Hence the curves displayed in Fig. 3 are independent
of mass. Moreover let us point out that the direction
of the current is independent of the sign of the quark
charge, but does depend on the direction of the magnetic
field and the sign of the chirality, i.e. sgn(EzBz). For qBy

small compared to both gEz and gBz, we have a ≃ | g
2qEz|

and b ≃ | g
2qBz| so that

∂tjy ≃
q2By

2π2

gEzB2
z
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z
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)
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. (6)

Schwinger process in K’

Current generation rate

Fukushima- 
-Kharzeev-  
-Warringa (2010)
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Further Simplification
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Lorentz Boost for CME
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B

E
jOhm = �E

jCME = (E ·B)B / B2

j = (�Ohm + �CME)E �CME / B2

Only this is external

Son-Spivak (2012)
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Magnetoresistance (MR)
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FIG. 2: Magnetoresistance in field parallel to current ( ~B k a) in ZrTe5. (a) MR at various

temperatures. For clarity, the resistivity curves were shifted by 1.5 m⌦cm (150 K), 0.9 m⌦cm

(100 K), 0.2 m⌦cm (70 K) and �0.2 m⌦cm (5 K). (b) MR at 20K (red symbols) fitted with the

CME curve (blue line); inset: temperature dependence of the fitting parameter a(T ) in units of

S/(cm T2).

observed resistivity can be fitted with a simple quadratic term (Supplementary materials,

Fig. S1). This term is treated as a background and subtracted from the parallel field

component for all MR curves recorded at T  100 K.

A negative MR is observed for T  100 K, increasing in magnitude as temperature

decreases. We found that the magnetic field dependence of the negative MR can be nicely

fitted with the CME contribution to the electrical conductivity, given by �CME = �0 +

a(T )B2, where �0 represents the zero field conductivity. The fitting is illustrated in Fig.

2(b) for T = 20 K, with an excellent agreement between the data and the CME fitting

curve. At 4 Tesla, the CME conductivity is about the same as the zero-field conductivity.

At 9T, the CME contribution increases by ⇠ 400%, resulting in a negative MR that is

much stronger than any conventional one reported at an equivalent magnetic field in a

non-magnetic material.

At very low field, the data show a small cusp-like feature. The origin of this feature is not

completely understood, but it probably indicates some form of anti-localization coming from

the perpendicular ( ~B k b) component. Inset in Fig. 2(b) shows the temperature dependence

of the fitting parameter a(T ), which decreases with temperature faster than 1/T , again

consistent with the CME.

6

FIG. 1: Magnetoresistance in ZrTe5. (a) Temperature dependence of resistivity in ZrTe5 in mag-

netic field perpendicular to the cleavage plane ( ~B k b). The inset shows the electron di↵raction from

a single crystal looking down the (001) direction. (b) Magnetoresistance at 20 K for several angles

of the applied field with respect to the current as depicted in the inset. (c) The same data as in (b),

plotted on the logarithmic scale, emphasizing the contrast between extremely large positive mag-

netoresistance for magnetic field perpendicular to current ( ~B k b) and negative magnetoresistance

for the field parallel to current ( ~B k a).

higher temperatures and we observe a very large classical positive magnetoresistance in the

whole temperature range, consistent with previous studies.20

Panels (b-c) in Fig. 1 show the MR measured at 20 K for several angles of the applied

magnetic field with respect to the current along the chain direction. The angle rotates from

b- to a-axis, so that at � = 90�, the field is parallel to the current ( ~B k a) - the so-called

Lorentz force free configuration. When magnetic field is aligned along the b-axis (� = 0), the

MR is positive and quadratic in low fields, and tends to saturate in high fields, consistent

with a classical behavior.26 When magnetic field is rotated away from the b-axis, the positive

MR drops with cos�, as expected for the Lorentz force component. However, in the Lorentz

force free configuration ( ~B k a), we see a large negative MR, a clear indication of CME in

this material.

Fig. 2 shows the MR at various temperatures in a magnetic field parallel to the current.

At elevated temperatures, T � 110 K, the ⇢ vs B curves show a small upward curvature, a

contribution from inevitable perpendicular field component due to an imperfect alignment

between current and magnetic field. In fact, the small perpendicular field contribution to the

5

Lorentz force = “Classical” MR 
Perpendicular E and B are Lorentz force free

Negative “magnetoresistance”
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How to compute (negative) MR?
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Boltzmann Equation for Massless Fermions

Chiral Kinetic Theory
Son-Yamamoto (2012) 
Stephanov-Yin (2012)Established in… 

Massless Limit (no chirality mixing) 
Adiabatic Limit (no antiparticle mixing / no vacuum fluct)

@f
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+ ṗ
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coll

[f ]
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Chiral Kinetic Theory
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@f

@t
+ ẋ

@f

@x
+ ṗ

@f

@p
= I

coll

[f ]

ẋ =
1

1 +B · b


p̂+E ⇥ b+ (p̂ · b)B

�

ṗ =
1

1 +B · b


E + p̂⇥B + (E ·B)b

�

b = ± p̂

2|p|2 (sign=helicity)
Approximate solution  
    of Weyl equations
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Axial Anomaly
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⇢(x) =

Z

p
(1 +B · b)f(p,x)

j(x) =

Z

p


p̂+E ⇥ b+ (p̂ · b)B

�
f(p,x)

@⇢(x)

@t
+r · j(x) = 1

4⇡2
E ·Bf(0,x)

Adiabatic approx.

0-th (1-st) moment equation:
CME
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Moment Equations
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1-st (2-nd) moment equation:
Momentum conservation

4

The 1-st moments are the momentum continuity equation, which is

@hpi
@t

+r · hpẋi = ⇢(x)E + j(x)⇥B , (30)

where we defined,

hpi =
Z

d3p

(2⇡)3
p (1 +B · b) f(p,x) , hpẋi =

Z
d3p

(2⇡)3
p

⇥
p̂+E ⇥ b+ (p̂ · b)B

⇤
f(p,x) . (31)

Also, from another 1-st moment, the energy equation can be derived as

@hpi
@t

+r · hpẋi = E · j(x) , (32)

where

hpi =
Z

d3p

(2⇡)3
|p| (1 +B · b) f(p,x) , hpẋi =

Z
d3p

(2⇡)3
|p|

⇥
p̂+E ⇥ b+ (p̂ · b)B

⇤
f(p,x) . (33)

More generally, we can defined a weight function for more general integrand involving arbitrary g(p) that is indepen-
dent of x. Then,

@hg(p)i
@t

+r · hg(p)ẋi =
Z

d3p

(2⇡)3
@g(p)

@p
·
⇥
E + p̂⇥B + (E ·B)b

⇤
f(p,x) +

g(0)

4⇡2
(E ·B)f(0,x) . (34)

VI. SIMPLE EXAMPLE

Let us try to find a special solution, which will be very useful for verifying numerical outputs. Now, let us drop the
electric field, for which the time derivatives must be entirely dropped. Therefore, what we should solve is reduced to

r ·B = 0 , r⇥B = j . (35)

The density and the current are, without the electric fields, simplified as

⇢ =

Z

p
(1 +B · b)f , j =

Z

p

⇥
p̂+ (p̂ · b)B

⇤
f , (36)

and ⇢ = 0 is imposed by assuming backgrounds that electrically neutralize the medium. So, we should require,
r · j = 0, and this condition is automatically satisfied once the kinetic equation is solved, which reads,

@f

@t
+

1

1 +B · b
⇥
p̂+ (p̂ · b)B

⇤
·rf +

1

1 +B · b (p̂⇥B) ·rpf = 0 . (37)

In the steady state @f/@t = 0 is expected, and then,

⇥
p̂+ (p̂ · b)B

⇤
·rf + (p̂⇥B) ·rpf = 0 . (38)

This also implies,

r ·
�⇥

p̂+ (p̂ · b)B
⇤
f
 
+rp ·

⇥
(p̂⇥B)f

⇤
= 0 . (39)

From this, obviously, we have r · j = 0.
It is quite easy to solve the stationary configuraiton if we can assume j = �AB with a constant �A. That is, we

have,

r⇥ (r⇥B) = �r2
B = �Ar⇥ j = �2

AB . (40)

The solution should be a superposition of eik·x with |k|2 = �2
A. This is a consistent solution, and one can choose

f(p,x) in such a way to realize this; symmetric distribution in p and homogeneous in x.

Energy conservation

4

The 1-st moments are the momentum continuity equation, which is

@hpi
@t

+r · hpẋi = ⇢(x)E + j(x)⇥B , (30)

where we defined,

hpi =
Z

d3p

(2⇡)3
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Z
d3p

(2⇡)3
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f(p,x) . (31)

Also, from another 1-st moment, the energy equation can be derived as

@hpi
@t

+r · hpẋi = E · j(x) , (32)

where

hpi =
Z

d3p
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Z
d3p

(2⇡)3
|p|

⇥
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⇤
f(p,x) . (33)

More generally, we can defined a weight function for more general integrand involving arbitrary g(p) that is indepen-
dent of x. Then,

@hg(p)i
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+r · hg(p)ẋi =
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d3p

(2⇡)3
@g(p)

@p
·
⇥
E + p̂⇥B + (E ·B)b

⇤
f(p,x) +

g(0)

4⇡2
(E ·B)f(0,x) . (34)

VI. SIMPLE EXAMPLE

Let us try to find a special solution, which will be very useful for verifying numerical outputs. Now, let us drop the
electric field, for which the time derivatives must be entirely dropped. Therefore, what we should solve is reduced to

r ·B = 0 , r⇥B = j . (35)

The density and the current are, without the electric fields, simplified as

⇢ =

Z

p
(1 +B · b)f , j =

Z

p

⇥
p̂+ (p̂ · b)B

⇤
f , (36)

and ⇢ = 0 is imposed by assuming backgrounds that electrically neutralize the medium. So, we should require,
r · j = 0, and this condition is automatically satisfied once the kinetic equation is solved, which reads,

@f

@t
+

1

1 +B · b
⇥
p̂+ (p̂ · b)B

⇤
·rf +

1

1 +B · b (p̂⇥B) ·rpf = 0 . (37)

In the steady state @f/@t = 0 is expected, and then,

⇥
p̂+ (p̂ · b)B

⇤
·rf + (p̂⇥B) ·rpf = 0 . (38)

This also implies,

r ·
�⇥

p̂+ (p̂ · b)B
⇤
f
 
+rp ·

⇥
(p̂⇥B)f

⇤
= 0 . (39)

From this, obviously, we have r · j = 0.
It is quite easy to solve the stationary configuraiton if we can assume j = �AB with a constant �A. That is, we

have,

r⇥ (r⇥B) = �r2
B = �Ar⇥ j = �2

AB . (40)

The solution should be a superposition of eik·x with |k|2 = �2
A. This is a consistent solution, and one can choose

f(p,x) in such a way to realize this; symmetric distribution in p and homogeneous in x.

No anomalous term for higher moment equations (at p=0)
Maxwell equations are used
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Closed-set of Equations
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@f

@t
+ ẋ

@f

@x
+ ṗ

@f
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= I
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[f ] ⇢(x) =

Z

p
(1 +B · b)f(p,x)

j(x) =

Z

p


p̂+E ⇥ b+ (p̂ · b)B

�
f(p,x)

r ·E = ⇢ r ·B = 0

r⇥E = �@B

@t

r⇥B = j +
@E

@t

For a given initial condition,  
the time evolution is deterministic

I
coll

[f ] = 0 gives a “Chiral Vlasov-Maxwell Equations”

In principle, numerical simulation is possible… 
Research frontier at the present…
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Simple Example
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Neglect electric fields and time-derivatives  
                           and look for a static configuration

j =

Z

p

⇥
p̂+ (p̂ · b)B

⇤
f = �AB

r⇥ (r⇥B) = �r2B = �Ar⇥B = �2
AB

j j
Static configurations must be “inhomogeneous” 
characterized by a wave-number sA

Chiral Plasma Instability Akamatsu-Yamamoto (2013)
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Toward Chiral MHD

21

Vlasov-Maxwell equations are too heavy to solve numerically  
Moment equations after the momentum integrations (6+1→3+1) 
Closure condition for truncation 
Using the equation of state instead of the energy conservation

Magnetohydrodynamics (MHD)

Chiral MHD is still unknown…
Di�culty is that hpi, hp̂i, j,u are all very di↵erent

cf. ideal MHD (infinite conductivity)  
  Magnetic lines always move with fluid : no B-flux reconnection 
  Reconnection favored by anomalous current? 
  cf.cf. CME from magnetic reconnection Hirono-Kharzeev-Yin (2015,2016)

Alfven 
“chiral Alfven wave” 
N. Yamamoto (2015)



August 22, 2016 @ RIKEN-Wako

Best among Knowns

22

Anomalous Hydrodynamics Son-Surowka (2009)

2

where a, b, c numerate the currents, Cabc is symmetric
under permutations of indices and is determined from
the anomalies, ∂µjaµ = − 1

8CabcϵµναβF b
µνF c

αβ .

In the local rest frame of fluid, the new contribution
to the current is j = 1

2ξ∇ × v, which means that there
is a current directed along the vorticity. For example, in
a volume of rotating quark matter, quarks with opposite
helicities will move to opposite directions, a phenomenon
which can be called hydrodynamic chiral separation. We
note that the effect is present already at the level of first-
order hydrodynamics. In this respect, this new term in
the current is very unusual: it does not exist in nonrel-
ativistic solutions of chiral molecules (e.g., sugar) in wa-
ter, or in suspensions of chiral objects. In these cases, the
chiral currents contains terms proportional to the third
derivatives of velocity and terms quadratic in first deriva-
tives of velocity [11]. The vorticity-induced current is
specific for relativistic quantum field theory with quan-
tum anomalies.

Entropy current in hydrodynamics with anomalies—
For simplicity consider first a relativistic fluid with one
conserved charge, with a U(1)3 anomaly. To constrain
the hydrodynamic equation, we turn on a slowly varying
background gauge field Aµ coupled to the current jµ.
We take the strength of Aµ is of the same order as the
temperature and the chemical potential, so Aµ ∼ O(p0)
and Fµν ∼ O(p). As in first-order hydrodynamics, we
keep terms of order O(p) in the constitutive equations
for T µν and jµ (or terms of order O(p2) in the equations
of motion). Note that Aµ is not dynamical.

In the presence of an external background field the
hydrodynamic equations obtain the form

∂µT µν = F νλjλ , ∂µjµ = CEµBµ . (5)

where we have defined the electric and magnetic fields in
the fluid rest frame, Eµ = Fµνuν, Bµ = 1

2ϵµναβuνFαβ .
The right hand sides of these equations take into account
the fact that external field performs work on the system,
and the anomaly. Note that the right hand sides are of
order O(p) or O(p2) in our power counting, which are
within the order hydrodynamic equations.

The stress-energy tensor and the current are

T µν = (ϵ + P )uµuν + Pgµν + τµν , (6)

jµ = nuµ + νµ, (7)

where τµν and νµ are terms of order O(p) which incorpo-
rate, in particular, dissipative effects. Following Landau
and Lifshitz, we can always require uµτµν = uµνµ = 0.
We find τµν and νµ from the requirement of the exis-
tence of an entropy current sµ with non-negative deriva-
tive, ∂µsµ ≥ 0. Transforming uν∂µT µν + µ∂µjµ using

hydrodynamic equations and ϵ + P = Ts + µn, we find

∂µ

(

suµ − µ

T
νµ

)

= − 1

T
∂µuντµν − νµ

(

∂µ
µ

T
− Eµ

T

)

− C
µ

T
E · B. (8)

In the standard treatment when the current is not
anomalous, C = 0, this equation is interpreted as the
the equation of entropy production. The first-derivative
parts of the energy tensor and the current have the fol-
lowing form

τµν = −ηPµαP νβ(∂αuβ+∂βuα) −
(

ζ− 2
3η

)

Pµν∂ · u, (9)

νµ = −σTPµν∂ν

( µ

T

)

+ σEµ, (10)

where Pµν = gµν + uµuν , and the entropy production
rate is manifestly positive. However, in the presence of
anomalies the last term in Eq. (8) can have either sign,
and can overwhelm the other terms. Therefore, the hy-
drodynamic equations have to be modified.

The most general modification one can make is to add
the following terms to the U(1) and entropy currents,

νµ = −σTPµν∂ν

( µ

T

)

+ σEµ + ξωµ + ξBBµ, (11)

sµ = suµ − µ

T
νµ + Dωµ + DBBµ, (12)

where ξ, ξB , D, and DB are functions of T and µ. Re-
quiring ∂µsµ ≥ 0 for an arbitrary initial condition, and
using the following identities which follow from the ideal
hydrodynamic equations,

∂µωµ = − 2

ϵ + P
ωµ(∂µP − nEµ), (13)

∂µBµ = −2ω · E +
1

ϵ + P
(−B · ∂P + nE · B), (14)

one finds that the following four equations have to be
satisfied

∂µD − 2
∂µP

ϵ + P
D − ξ∂µ

µ

T
= 0, (15)

∂µDB − ∂µP

ϵ + P
DB − ξB∂µ

µ

T
= 0, (16)

2nD

ϵ + P
− 2DB +

ξ

T
= 0, (17)

nDB

ϵ + P
+

ξB

T
− C

µ

T
= 0. (18)

To proceed further, we change variables from µ, T to
a new pair of variables, µ̄ ≡ µ/T and P . From dP =
sdT + ndµ, it is easy to derive

(

∂T

∂P

)

µ̄

=
T

ϵ + P
,

(

∂T

∂µ̄

)

P

= − nT 2

ϵ + P
. (19)
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where a, b, c numerate the currents, Cabc is symmetric
under permutations of indices and is determined from
the anomalies, ∂µjaµ = − 1

8CabcϵµναβF b
µνF c

αβ .

In the local rest frame of fluid, the new contribution
to the current is j = 1

2ξ∇ × v, which means that there
is a current directed along the vorticity. For example, in
a volume of rotating quark matter, quarks with opposite
helicities will move to opposite directions, a phenomenon
which can be called hydrodynamic chiral separation. We
note that the effect is present already at the level of first-
order hydrodynamics. In this respect, this new term in
the current is very unusual: it does not exist in nonrel-
ativistic solutions of chiral molecules (e.g., sugar) in wa-
ter, or in suspensions of chiral objects. In these cases, the
chiral currents contains terms proportional to the third
derivatives of velocity and terms quadratic in first deriva-
tives of velocity [11]. The vorticity-induced current is
specific for relativistic quantum field theory with quan-
tum anomalies.

Entropy current in hydrodynamics with anomalies—
For simplicity consider first a relativistic fluid with one
conserved charge, with a U(1)3 anomaly. To constrain
the hydrodynamic equation, we turn on a slowly varying
background gauge field Aµ coupled to the current jµ.
We take the strength of Aµ is of the same order as the
temperature and the chemical potential, so Aµ ∼ O(p0)
and Fµν ∼ O(p). As in first-order hydrodynamics, we
keep terms of order O(p) in the constitutive equations
for T µν and jµ (or terms of order O(p2) in the equations
of motion). Note that Aµ is not dynamical.

In the presence of an external background field the
hydrodynamic equations obtain the form

∂µT µν = F νλjλ , ∂µjµ = CEµBµ . (5)

where we have defined the electric and magnetic fields in
the fluid rest frame, Eµ = Fµνuν, Bµ = 1

2ϵµναβuνFαβ .
The right hand sides of these equations take into account
the fact that external field performs work on the system,
and the anomaly. Note that the right hand sides are of
order O(p) or O(p2) in our power counting, which are
within the order hydrodynamic equations.

The stress-energy tensor and the current are

T µν = (ϵ + P )uµuν + Pgµν + τµν , (6)

jµ = nuµ + νµ, (7)

where τµν and νµ are terms of order O(p) which incorpo-
rate, in particular, dissipative effects. Following Landau
and Lifshitz, we can always require uµτµν = uµνµ = 0.
We find τµν and νµ from the requirement of the exis-
tence of an entropy current sµ with non-negative deriva-
tive, ∂µsµ ≥ 0. Transforming uν∂µT µν + µ∂µjµ using

hydrodynamic equations and ϵ + P = Ts + µn, we find

∂µ

(

suµ − µ

T
νµ

)

= − 1

T
∂µuντµν − νµ

(

∂µ
µ

T
− Eµ

T

)

− C
µ

T
E · B. (8)

In the standard treatment when the current is not
anomalous, C = 0, this equation is interpreted as the
the equation of entropy production. The first-derivative
parts of the energy tensor and the current have the fol-
lowing form

τµν = −ηPµαP νβ(∂αuβ+∂βuα) −
(

ζ− 2
3η

)

Pµν∂ · u, (9)

νµ = −σTPµν∂ν

( µ

T

)

+ σEµ, (10)

where Pµν = gµν + uµuν , and the entropy production
rate is manifestly positive. However, in the presence of
anomalies the last term in Eq. (8) can have either sign,
and can overwhelm the other terms. Therefore, the hy-
drodynamic equations have to be modified.

The most general modification one can make is to add
the following terms to the U(1) and entropy currents,

νµ = −σTPµν∂ν

( µ

T

)

+ σEµ + ξωµ + ξBBµ, (11)

sµ = suµ − µ

T
νµ + Dωµ + DBBµ, (12)

where ξ, ξB , D, and DB are functions of T and µ. Re-
quiring ∂µsµ ≥ 0 for an arbitrary initial condition, and
using the following identities which follow from the ideal
hydrodynamic equations,

∂µωµ = − 2

ϵ + P
ωµ(∂µP − nEµ), (13)

∂µBµ = −2ω · E +
1

ϵ + P
(−B · ∂P + nE · B), (14)

one finds that the following four equations have to be
satisfied

∂µD − 2
∂µP

ϵ + P
D − ξ∂µ

µ

T
= 0, (15)

∂µDB − ∂µP

ϵ + P
DB − ξB∂µ

µ

T
= 0, (16)

2nD

ϵ + P
− 2DB +

ξ

T
= 0, (17)

nDB

ϵ + P
+

ξB

T
− C

µ

T
= 0. (18)

To proceed further, we change variables from µ, T to
a new pair of variables, µ̄ ≡ µ/T and P . From dP =
sdT + ndµ, it is easy to derive

(

∂T

∂P

)

µ̄

=
T

ϵ + P
,

(

∂T

∂µ̄

)

P

= − nT 2

ϵ + P
. (19)
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where a, b, c numerate the currents, Cabc is symmetric
under permutations of indices and is determined from
the anomalies, ∂µjaµ = − 1

8CabcϵµναβF b
µνF c

αβ .

In the local rest frame of fluid, the new contribution
to the current is j = 1

2ξ∇ × v, which means that there
is a current directed along the vorticity. For example, in
a volume of rotating quark matter, quarks with opposite
helicities will move to opposite directions, a phenomenon
which can be called hydrodynamic chiral separation. We
note that the effect is present already at the level of first-
order hydrodynamics. In this respect, this new term in
the current is very unusual: it does not exist in nonrel-
ativistic solutions of chiral molecules (e.g., sugar) in wa-
ter, or in suspensions of chiral objects. In these cases, the
chiral currents contains terms proportional to the third
derivatives of velocity and terms quadratic in first deriva-
tives of velocity [11]. The vorticity-induced current is
specific for relativistic quantum field theory with quan-
tum anomalies.

Entropy current in hydrodynamics with anomalies—
For simplicity consider first a relativistic fluid with one
conserved charge, with a U(1)3 anomaly. To constrain
the hydrodynamic equation, we turn on a slowly varying
background gauge field Aµ coupled to the current jµ.
We take the strength of Aµ is of the same order as the
temperature and the chemical potential, so Aµ ∼ O(p0)
and Fµν ∼ O(p). As in first-order hydrodynamics, we
keep terms of order O(p) in the constitutive equations
for T µν and jµ (or terms of order O(p2) in the equations
of motion). Note that Aµ is not dynamical.

In the presence of an external background field the
hydrodynamic equations obtain the form

∂µT µν = F νλjλ , ∂µjµ = CEµBµ . (5)

where we have defined the electric and magnetic fields in
the fluid rest frame, Eµ = Fµνuν, Bµ = 1

2ϵµναβuνFαβ .
The right hand sides of these equations take into account
the fact that external field performs work on the system,
and the anomaly. Note that the right hand sides are of
order O(p) or O(p2) in our power counting, which are
within the order hydrodynamic equations.

The stress-energy tensor and the current are

T µν = (ϵ + P )uµuν + Pgµν + τµν , (6)

jµ = nuµ + νµ, (7)

where τµν and νµ are terms of order O(p) which incorpo-
rate, in particular, dissipative effects. Following Landau
and Lifshitz, we can always require uµτµν = uµνµ = 0.
We find τµν and νµ from the requirement of the exis-
tence of an entropy current sµ with non-negative deriva-
tive, ∂µsµ ≥ 0. Transforming uν∂µT µν + µ∂µjµ using

hydrodynamic equations and ϵ + P = Ts + µn, we find

∂µ

(

suµ − µ

T
νµ

)

= − 1

T
∂µuντµν − νµ

(

∂µ
µ

T
− Eµ

T

)

− C
µ

T
E · B. (8)

In the standard treatment when the current is not
anomalous, C = 0, this equation is interpreted as the
the equation of entropy production. The first-derivative
parts of the energy tensor and the current have the fol-
lowing form

τµν = −ηPµαP νβ(∂αuβ+∂βuα) −
(

ζ− 2
3η

)

Pµν∂ · u, (9)

νµ = −σTPµν∂ν

( µ

T

)

+ σEµ, (10)

where Pµν = gµν + uµuν , and the entropy production
rate is manifestly positive. However, in the presence of
anomalies the last term in Eq. (8) can have either sign,
and can overwhelm the other terms. Therefore, the hy-
drodynamic equations have to be modified.

The most general modification one can make is to add
the following terms to the U(1) and entropy currents,

νµ = −σTPµν∂ν

( µ

T

)

+ σEµ + ξωµ + ξBBµ, (11)

sµ = suµ − µ

T
νµ + Dωµ + DBBµ, (12)

where ξ, ξB , D, and DB are functions of T and µ. Re-
quiring ∂µsµ ≥ 0 for an arbitrary initial condition, and
using the following identities which follow from the ideal
hydrodynamic equations,

∂µωµ = − 2

ϵ + P
ωµ(∂µP − nEµ), (13)

∂µBµ = −2ω · E +
1

ϵ + P
(−B · ∂P + nE · B), (14)

one finds that the following four equations have to be
satisfied

∂µD − 2
∂µP

ϵ + P
D − ξ∂µ

µ

T
= 0, (15)

∂µDB − ∂µP

ϵ + P
DB − ξB∂µ

µ

T
= 0, (16)

2nD

ϵ + P
− 2DB +

ξ

T
= 0, (17)

nDB

ϵ + P
+

ξB

T
− C

µ

T
= 0. (18)

To proceed further, we change variables from µ, T to
a new pair of variables, µ̄ ≡ µ/T and P . From dP =
sdT + ndµ, it is easy to derive

(

∂T

∂P

)

µ̄

=
T

ϵ + P
,

(

∂T

∂µ̄

)

P

= − nT 2

ϵ + P
. (19)
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where a, b, c numerate the currents, Cabc is symmetric
under permutations of indices and is determined from
the anomalies, ∂µjaµ = − 1

8CabcϵµναβF b
µνF c

αβ .

In the local rest frame of fluid, the new contribution
to the current is j = 1

2ξ∇ × v, which means that there
is a current directed along the vorticity. For example, in
a volume of rotating quark matter, quarks with opposite
helicities will move to opposite directions, a phenomenon
which can be called hydrodynamic chiral separation. We
note that the effect is present already at the level of first-
order hydrodynamics. In this respect, this new term in
the current is very unusual: it does not exist in nonrel-
ativistic solutions of chiral molecules (e.g., sugar) in wa-
ter, or in suspensions of chiral objects. In these cases, the
chiral currents contains terms proportional to the third
derivatives of velocity and terms quadratic in first deriva-
tives of velocity [11]. The vorticity-induced current is
specific for relativistic quantum field theory with quan-
tum anomalies.

Entropy current in hydrodynamics with anomalies—
For simplicity consider first a relativistic fluid with one
conserved charge, with a U(1)3 anomaly. To constrain
the hydrodynamic equation, we turn on a slowly varying
background gauge field Aµ coupled to the current jµ.
We take the strength of Aµ is of the same order as the
temperature and the chemical potential, so Aµ ∼ O(p0)
and Fµν ∼ O(p). As in first-order hydrodynamics, we
keep terms of order O(p) in the constitutive equations
for T µν and jµ (or terms of order O(p2) in the equations
of motion). Note that Aµ is not dynamical.

In the presence of an external background field the
hydrodynamic equations obtain the form

∂µT µν = F νλjλ , ∂µjµ = CEµBµ . (5)

where we have defined the electric and magnetic fields in
the fluid rest frame, Eµ = Fµνuν, Bµ = 1

2ϵµναβuνFαβ .
The right hand sides of these equations take into account
the fact that external field performs work on the system,
and the anomaly. Note that the right hand sides are of
order O(p) or O(p2) in our power counting, which are
within the order hydrodynamic equations.

The stress-energy tensor and the current are

T µν = (ϵ + P )uµuν + Pgµν + τµν , (6)

jµ = nuµ + νµ, (7)

where τµν and νµ are terms of order O(p) which incorpo-
rate, in particular, dissipative effects. Following Landau
and Lifshitz, we can always require uµτµν = uµνµ = 0.
We find τµν and νµ from the requirement of the exis-
tence of an entropy current sµ with non-negative deriva-
tive, ∂µsµ ≥ 0. Transforming uν∂µT µν + µ∂µjµ using

hydrodynamic equations and ϵ + P = Ts + µn, we find

∂µ

(

suµ − µ

T
νµ

)

= − 1

T
∂µuντµν − νµ

(

∂µ
µ

T
− Eµ

T

)

− C
µ

T
E · B. (8)

In the standard treatment when the current is not
anomalous, C = 0, this equation is interpreted as the
the equation of entropy production. The first-derivative
parts of the energy tensor and the current have the fol-
lowing form

τµν = −ηPµαP νβ(∂αuβ+∂βuα) −
(

ζ− 2
3η

)

Pµν∂ · u, (9)

νµ = −σTPµν∂ν

( µ

T

)

+ σEµ, (10)

where Pµν = gµν + uµuν , and the entropy production
rate is manifestly positive. However, in the presence of
anomalies the last term in Eq. (8) can have either sign,
and can overwhelm the other terms. Therefore, the hy-
drodynamic equations have to be modified.

The most general modification one can make is to add
the following terms to the U(1) and entropy currents,

νµ = −σTPµν∂ν

( µ

T

)

+ σEµ + ξωµ + ξBBµ, (11)

sµ = suµ − µ

T
νµ + Dωµ + DBBµ, (12)

where ξ, ξB , D, and DB are functions of T and µ. Re-
quiring ∂µsµ ≥ 0 for an arbitrary initial condition, and
using the following identities which follow from the ideal
hydrodynamic equations,

∂µωµ = − 2

ϵ + P
ωµ(∂µP − nEµ), (13)

∂µBµ = −2ω · E +
1

ϵ + P
(−B · ∂P + nE · B), (14)

one finds that the following four equations have to be
satisfied

∂µD − 2
∂µP

ϵ + P
D − ξ∂µ

µ

T
= 0, (15)

∂µDB − ∂µP

ϵ + P
DB − ξB∂µ

µ

T
= 0, (16)

2nD

ϵ + P
− 2DB +

ξ

T
= 0, (17)

nDB

ϵ + P
+

ξB

T
− C

µ

T
= 0. (18)

To proceed further, we change variables from µ, T to
a new pair of variables, µ̄ ≡ µ/T and P . From dP =
sdT + ndµ, it is easy to derive

(

∂T

∂P

)

µ̄

=
T

ϵ + P
,

(

∂T

∂µ̄

)

P

= − nT 2
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where a, b, c numerate the currents, Cabc is symmetric
under permutations of indices and is determined from
the anomalies, ∂µjaµ = − 1

8CabcϵµναβF b
µνF c

αβ .

In the local rest frame of fluid, the new contribution
to the current is j = 1

2ξ∇ × v, which means that there
is a current directed along the vorticity. For example, in
a volume of rotating quark matter, quarks with opposite
helicities will move to opposite directions, a phenomenon
which can be called hydrodynamic chiral separation. We
note that the effect is present already at the level of first-
order hydrodynamics. In this respect, this new term in
the current is very unusual: it does not exist in nonrel-
ativistic solutions of chiral molecules (e.g., sugar) in wa-
ter, or in suspensions of chiral objects. In these cases, the
chiral currents contains terms proportional to the third
derivatives of velocity and terms quadratic in first deriva-
tives of velocity [11]. The vorticity-induced current is
specific for relativistic quantum field theory with quan-
tum anomalies.

Entropy current in hydrodynamics with anomalies—
For simplicity consider first a relativistic fluid with one
conserved charge, with a U(1)3 anomaly. To constrain
the hydrodynamic equation, we turn on a slowly varying
background gauge field Aµ coupled to the current jµ.
We take the strength of Aµ is of the same order as the
temperature and the chemical potential, so Aµ ∼ O(p0)
and Fµν ∼ O(p). As in first-order hydrodynamics, we
keep terms of order O(p) in the constitutive equations
for T µν and jµ (or terms of order O(p2) in the equations
of motion). Note that Aµ is not dynamical.

In the presence of an external background field the
hydrodynamic equations obtain the form

∂µT µν = F νλjλ , ∂µjµ = CEµBµ . (5)

where we have defined the electric and magnetic fields in
the fluid rest frame, Eµ = Fµνuν, Bµ = 1

2ϵµναβuνFαβ .
The right hand sides of these equations take into account
the fact that external field performs work on the system,
and the anomaly. Note that the right hand sides are of
order O(p) or O(p2) in our power counting, which are
within the order hydrodynamic equations.

The stress-energy tensor and the current are

T µν = (ϵ + P )uµuν + Pgµν + τµν , (6)

jµ = nuµ + νµ, (7)

where τµν and νµ are terms of order O(p) which incorpo-
rate, in particular, dissipative effects. Following Landau
and Lifshitz, we can always require uµτµν = uµνµ = 0.
We find τµν and νµ from the requirement of the exis-
tence of an entropy current sµ with non-negative deriva-
tive, ∂µsµ ≥ 0. Transforming uν∂µT µν + µ∂µjµ using

hydrodynamic equations and ϵ + P = Ts + µn, we find

∂µ

(

suµ − µ

T
νµ

)

= − 1

T
∂µuντµν − νµ

(

∂µ
µ

T
− Eµ

T

)

− C
µ

T
E · B. (8)

In the standard treatment when the current is not
anomalous, C = 0, this equation is interpreted as the
the equation of entropy production. The first-derivative
parts of the energy tensor and the current have the fol-
lowing form

τµν = −ηPµαP νβ(∂αuβ+∂βuα) −
(

ζ− 2
3η

)

Pµν∂ · u, (9)

νµ = −σTPµν∂ν

( µ

T

)

+ σEµ, (10)

where Pµν = gµν + uµuν , and the entropy production
rate is manifestly positive. However, in the presence of
anomalies the last term in Eq. (8) can have either sign,
and can overwhelm the other terms. Therefore, the hy-
drodynamic equations have to be modified.

The most general modification one can make is to add
the following terms to the U(1) and entropy currents,

νµ = −σTPµν∂ν

( µ

T

)

+ σEµ + ξωµ + ξBBµ, (11)

sµ = suµ − µ

T
νµ + Dωµ + DBBµ, (12)

where ξ, ξB , D, and DB are functions of T and µ. Re-
quiring ∂µsµ ≥ 0 for an arbitrary initial condition, and
using the following identities which follow from the ideal
hydrodynamic equations,

∂µωµ = − 2

ϵ + P
ωµ(∂µP − nEµ), (13)

∂µBµ = −2ω · E +
1

ϵ + P
(−B · ∂P + nE · B), (14)

one finds that the following four equations have to be
satisfied

∂µD − 2
∂µP

ϵ + P
D − ξ∂µ

µ

T
= 0, (15)

∂µDB − ∂µP

ϵ + P
DB − ξB∂µ

µ

T
= 0, (16)

2nD

ϵ + P
− 2DB +

ξ

T
= 0, (17)

nDB

ϵ + P
+

ξB

T
− C

µ

T
= 0. (18)

To proceed further, we change variables from µ, T to
a new pair of variables, µ̄ ≡ µ/T and P . From dP =
sdT + ndµ, it is easy to derive

(
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)

µ̄

=
T

ϵ + P
,

(

∂T

∂µ̄

)

P

= − nT 2

ϵ + P
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Writing ∂iD = (∂D/∂P )∂iP + (∂D/Dµ̄)∂iµ̄, and noting
that ∂iP and ∂iµ̄ can be arbitrary, as they can be consid-
ered as initial condition on a time slice, Eq. (15) becomes
two equations

− ξ +
∂D

∂µ̄
= 0,

∂D

∂P
− 2

ϵ + P
D = 0. (20)

Using Eq. (19), one finds that the most general solution
to Eqs. (20) is

D = T 2d(µ̄), ξ =
∂

∂µ̄

(

T 2d(µ̄)
)

P
, (21)

where d(µ̄) is, for now, an arbitrary function of one vari-
able. Equation (16) yields

DB = TdB(µ̄), ξB =
∂

∂µ̄
(TdB(µ̄))P , (22)

where dB(µ̄) is another function of µ̄. From Eqs. (17)
and (18) we get

dB(µ̄) =
1

2
d′(µ̄), d′B(µ̄) − Canomµ̄ = 0, (23)

which can be integrated. We find

dB(µ̄) =
1

2
Cµ̄2, d(µ̄) =

1

3
Cµ̄3. (24)

So the new kinetic coefficients are

ξ = C

(

µ2 − 2

3

nµ3

ϵ + P

)

, ξB = C

(

µ − 1

2

nµ2

ϵ + P

)

. (25)

Extension to multiple charges.—It is easy to extend to
the case of many charges. Here we consider only the U(1)
charges that commute with each other. We denote the
anomaly coefficients as Cabc, which is totally symmetric
under permutation of indices and give the divergence of
the gauge-invariant currents,

∂µjaµ = CabcEb · Bc. (26)

The constitutive equations can is now

jaµ = nauµ + · · · + ξaωµ + ξab
B Bµ, (27)

where ξa and ξab
B are new transport coefficients. The

entropy current is now modified to

sµ = suµ − µa

T
νa + Dωµ + Da

BBaµ. (28)

Repeating the calculations of the previous section, we
find that

D =
1

3
CabcT 2µ̄aµ̄bµ̄c, Da

B =
1

2
CabcT µ̄bµ̄c, (29)

ξa =
∂

∂µ̄a
D

∣

∣

∣

P
, ξab

B =
∂

∂µ̄a
Db

B

∣

∣

∣

P
, (30)

and, by using thermodynamic relations, one derives
Eq. (4).

Gravity calculation—The discussion above has been
completely independent of details of the theory. We
would like to check our formulas for the case when the
kinetic coefficients can be calculated explicitly. In this
paper we use a holographic model as a testing ground for
our predictions. Namely, we look at the theory described
by the following 5D action,

S =
1

16πG5

∫

d5x
√
−g5

(

R + 12 − FABFAB

+
4κ

3
ϵLABCDALFABFCD

)

. (31)

Here Latin indices A, B denote bulk 5D coordinates
r, v, x, y, z, and Greek indices µ, ν ∈ {v, x, y, z} denote
the boundary coordinates (v play the role of time on
the boundary). The above action is a consistent trun-
cation of type IIB supergravity Lagrangian on AdS5×S5

background with a cosmological constant Λ = −6 and
the Chern-Simons parameter κ = −1/(2

√
3) [12, 13]. In

this case it describes N = 4 supersymmetric Yang-Mills
theory at strong coupling, where the U(1) charge corre-
sponds to one particular subgroup of SO(6) internal sym-
metry. To keep the discussion general we will keep the κ
coefficient unfixed, and treat Eq. (31) as the definition of
our theory.

The field equations corresponding to (31) are

GAB − 6gAB + 2
(

FACFC
B + 1

4gABF 2
)

= 0, (32)

∇BFBA + κϵABCDEFBCFDE = 0, (33)

where gAB is the 5D metric, GAB = RAB − 1
2gABR is the

five dimensional Einstein tensor. The external gauge field
and the current in the boundary theory are associated
with the asymptotics of the Aµ near the boundary

Aµ(r, x) = Aµ(x) − 2πG5

r2
jµ(x). (34)

From Eq. (33) one derives the relationship between the
anomalies coefficient C and κ,

C = − 2

πG5
κ. (35)

These equations admit an AdS Reissner-Nordström
(RN) black-brane solution. In Eddington-Finkelstein co-
ordinates, it is

ds2 = 2dvdr − r2f(r, m, q)dv2 + r2dx⃗2, (36)

A = −
√

3q

2r2
dv, (37)

where

f(r, m, q) = 1 − m

r4
+

q2

r6
. (38)
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We consider the hydrodynamic regime of theories with quantum anomalies for global currents.
We show that a hitherto discarded term in the conserve current is not only allowed by symmetries,
but is in fact required by triangle anomalies and the second law of thermodynamics. This term leads
to a number of new effects, one of which is chiral separation in a rotating fluid at nonzero chemical
potential. The new kinetic coefficients can be expressed, in a unique fashion, through the anomalies
coefficients and the equation of state. We briefly discuss the relevance of this new hydrodynamic
term for physical situations, including heavy ion collisions.

PACS numbers: 11.15.-q, 47.75.+f, 11.25.Tq, 12.38.Mh

Introduction.—Relativistic hydrodynamics is impor-
tant for many questions in nuclear physics, astrophysics,
and cosmology. For example, hydrodynamic models are
used extensively for describing the evolution of the fire-
ball created in heavy-ion collisions. The relativistic hy-
drodynamic equations have been proposed many years
ago [1, 2]; such equations describe the dynamics of an
interacting relativistic theory at large distance and time
scales. The hydrodynamic variables are the local veloc-
ity uµ(x) (satisfying u2 = −1), the local temperature
T (x) and chemical potential(s) µa(x), where the index
a numerates the conserved charges. The hydrodynamic
equations govern the time evolution of these variables;
they have the form of the conservation laws ∂µT µν = 0,
∂µjaµ = 0, supplemented by the constitutive equations
which express T µν and jaµ in terms of uµ, T , and µa.
These equations are the relativistic generalization of the
Navier-Stokes equations.

One feature of relativistic quantum field theory that
does not have direct counterpart in nonrelativistic
physics is the presence of triangle anomalies [3, 4]. For
currents associated with global symmetries, the anoma-
lies do not destroy current conservations, but are re-
flected in the three-point functions of the currents. When
the theory put is put in external background gauge fields
coupled to the currents, some of the currents will no
longer be conserved.

In this paper, we show that the presence of quantum
triangle anomalies leads to an important modification
of the hydrodynamic equations. In other words, in a
hot and dense medium quantum anomalies are expressed
macroscopically. This modification should be important
in many physical situations, including the quark gluon
plasma where the small masses of the u and d quarks
can be neglected.

In the simplest case when there is one U(1) current
with a U(1)3 anomaly, the constitutive equation for the
conserved current jµ must contains an additional term

proportional to the vorticity [19]

jµ = nuµ − σT (gµν + uµuν)∂ν

( µ

T

)

+ ξωµ, (1)

ωµ =
1

2
ϵµνλρuν∂λuρ, (2)

where n is the charge density, σ is the conductivity, and
ξ is the new kinetic coefficient.

Even in a parity-invariant theory, the vorticity-induced
current ξωµ is allowed by symmetries if, e.g., jµ is a chiral
current. This term contains only one spatial derivative,
and its effect is as important as those of viscosity or diffu-
sion. Nevertheless, this term has been ignored so far. In
fact, if one follows the standard textbook derivation [2],
the new term seems to be disallowed by the existence of
an entropy current with manifestly positive divergence,
required by the second law of thermodynamics.

Recently, however, calculations using the techniques of
gauge/gravity duality [5, 6, 7] within a particular model
(N = 4 super-Yang-Mills plasma with an R-charge den-
sity) gives a nonzero value for ξ [8, 9, 10]. This indicates
that the problem with the entropy current must be cir-
cumvented in some way.

In this paper we show that this new term is not
only allowed, but is required by anomalies. Moreover,
the parity-odd kinetic coefficient ξ is completely deter-
mined by the anomaly coefficient C, defined through
the divergence of the gauge-invariant current, ∂µjµ =
− 1

8CϵµναβFµνFαβ , and the equation of state,

ξ = C

(

µ2 − 2

3

µ3n

ϵ + P

)

, (3)

where ϵ and P are the energy density and pressure. In
the case of multiple U(1) conserved currents, the formulas
are modified only slightly. Namely, Eq. (3) becomes

ξa = Cabcµbµc − 2

3
naCbcd µbµcµd

ϵ + P
, (4)
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✓
µ2
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+

T 2
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Skeptical about T=0 limit because of the boundary effect 
Rotation alone induces “nothing” (causality+finite size)

Field-theoretical computation interpreted as anomaly?
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Anomalous Hydrodynamics → Deriving the Kubo Formulas
uµ = (1, vx, 0, vz) g

µ⌫

= ⌘
µ⌫

+ h
µ⌫

A
µ

= (0, a
x

, 0, a
z

)

2

where a, b, c numerate the currents, Cabc is symmetric
under permutations of indices and is determined from
the anomalies, ∂µjaµ = − 1

8CabcϵµναβF b
µνF c

αβ .

In the local rest frame of fluid, the new contribution
to the current is j = 1

2ξ∇ × v, which means that there
is a current directed along the vorticity. For example, in
a volume of rotating quark matter, quarks with opposite
helicities will move to opposite directions, a phenomenon
which can be called hydrodynamic chiral separation. We
note that the effect is present already at the level of first-
order hydrodynamics. In this respect, this new term in
the current is very unusual: it does not exist in nonrel-
ativistic solutions of chiral molecules (e.g., sugar) in wa-
ter, or in suspensions of chiral objects. In these cases, the
chiral currents contains terms proportional to the third
derivatives of velocity and terms quadratic in first deriva-
tives of velocity [11]. The vorticity-induced current is
specific for relativistic quantum field theory with quan-
tum anomalies.

Entropy current in hydrodynamics with anomalies—
For simplicity consider first a relativistic fluid with one
conserved charge, with a U(1)3 anomaly. To constrain
the hydrodynamic equation, we turn on a slowly varying
background gauge field Aµ coupled to the current jµ.
We take the strength of Aµ is of the same order as the
temperature and the chemical potential, so Aµ ∼ O(p0)
and Fµν ∼ O(p). As in first-order hydrodynamics, we
keep terms of order O(p) in the constitutive equations
for T µν and jµ (or terms of order O(p2) in the equations
of motion). Note that Aµ is not dynamical.

In the presence of an external background field the
hydrodynamic equations obtain the form

∂µT µν = F νλjλ , ∂µjµ = CEµBµ . (5)

where we have defined the electric and magnetic fields in
the fluid rest frame, Eµ = Fµνuν, Bµ = 1

2ϵµναβuνFαβ .
The right hand sides of these equations take into account
the fact that external field performs work on the system,
and the anomaly. Note that the right hand sides are of
order O(p) or O(p2) in our power counting, which are
within the order hydrodynamic equations.

The stress-energy tensor and the current are

T µν = (ϵ + P )uµuν + Pgµν + τµν , (6)

jµ = nuµ + νµ, (7)

where τµν and νµ are terms of order O(p) which incorpo-
rate, in particular, dissipative effects. Following Landau
and Lifshitz, we can always require uµτµν = uµνµ = 0.
We find τµν and νµ from the requirement of the exis-
tence of an entropy current sµ with non-negative deriva-
tive, ∂µsµ ≥ 0. Transforming uν∂µT µν + µ∂µjµ using

hydrodynamic equations and ϵ + P = Ts + µn, we find

∂µ

(

suµ − µ

T
νµ

)

= − 1

T
∂µuντµν − νµ

(

∂µ
µ

T
− Eµ

T

)

− C
µ

T
E · B. (8)

In the standard treatment when the current is not
anomalous, C = 0, this equation is interpreted as the
the equation of entropy production. The first-derivative
parts of the energy tensor and the current have the fol-
lowing form

τµν = −ηPµαP νβ(∂αuβ+∂βuα) −
(

ζ− 2
3η

)

Pµν∂ · u, (9)

νµ = −σTPµν∂ν

( µ

T

)

+ σEµ, (10)

where Pµν = gµν + uµuν , and the entropy production
rate is manifestly positive. However, in the presence of
anomalies the last term in Eq. (8) can have either sign,
and can overwhelm the other terms. Therefore, the hy-
drodynamic equations have to be modified.

The most general modification one can make is to add
the following terms to the U(1) and entropy currents,

νµ = −σTPµν∂ν

( µ

T

)

+ σEµ + ξωµ + ξBBµ, (11)

sµ = suµ − µ

T
νµ + Dωµ + DBBµ, (12)

where ξ, ξB , D, and DB are functions of T and µ. Re-
quiring ∂µsµ ≥ 0 for an arbitrary initial condition, and
using the following identities which follow from the ideal
hydrodynamic equations,

∂µωµ = − 2

ϵ + P
ωµ(∂µP − nEµ), (13)

∂µBµ = −2ω · E +
1

ϵ + P
(−B · ∂P + nE · B), (14)

one finds that the following four equations have to be
satisfied

∂µD − 2
∂µP

ϵ + P
D − ξ∂µ

µ

T
= 0, (15)

∂µDB − ∂µP

ϵ + P
DB − ξB∂µ

µ

T
= 0, (16)

2nD

ϵ + P
− 2DB +

ξ

T
= 0, (17)

nDB

ϵ + P
+

ξB

T
− C

µ

T
= 0. (18)

To proceed further, we change variables from µ, T to
a new pair of variables, µ̄ ≡ µ/T and P . From dP =
sdT + ndµ, it is easy to derive

(

∂T

∂P

)

µ̄

=
T

ϵ + P
,

(

∂T

∂µ̄

)

P

= − nT 2

ϵ + P
. (19)

2

where a, b, c numerate the currents, Cabc is symmetric
under permutations of indices and is determined from
the anomalies, ∂µjaµ = − 1

8CabcϵµναβF b
µνF c

αβ .

In the local rest frame of fluid, the new contribution
to the current is j = 1

2ξ∇ × v, which means that there
is a current directed along the vorticity. For example, in
a volume of rotating quark matter, quarks with opposite
helicities will move to opposite directions, a phenomenon
which can be called hydrodynamic chiral separation. We
note that the effect is present already at the level of first-
order hydrodynamics. In this respect, this new term in
the current is very unusual: it does not exist in nonrel-
ativistic solutions of chiral molecules (e.g., sugar) in wa-
ter, or in suspensions of chiral objects. In these cases, the
chiral currents contains terms proportional to the third
derivatives of velocity and terms quadratic in first deriva-
tives of velocity [11]. The vorticity-induced current is
specific for relativistic quantum field theory with quan-
tum anomalies.

Entropy current in hydrodynamics with anomalies—
For simplicity consider first a relativistic fluid with one
conserved charge, with a U(1)3 anomaly. To constrain
the hydrodynamic equation, we turn on a slowly varying
background gauge field Aµ coupled to the current jµ.
We take the strength of Aµ is of the same order as the
temperature and the chemical potential, so Aµ ∼ O(p0)
and Fµν ∼ O(p). As in first-order hydrodynamics, we
keep terms of order O(p) in the constitutive equations
for T µν and jµ (or terms of order O(p2) in the equations
of motion). Note that Aµ is not dynamical.

In the presence of an external background field the
hydrodynamic equations obtain the form

∂µT µν = F νλjλ , ∂µjµ = CEµBµ . (5)

where we have defined the electric and magnetic fields in
the fluid rest frame, Eµ = Fµνuν, Bµ = 1

2ϵµναβuνFαβ .
The right hand sides of these equations take into account
the fact that external field performs work on the system,
and the anomaly. Note that the right hand sides are of
order O(p) or O(p2) in our power counting, which are
within the order hydrodynamic equations.

The stress-energy tensor and the current are

T µν = (ϵ + P )uµuν + Pgµν + τµν , (6)

jµ = nuµ + νµ, (7)

where τµν and νµ are terms of order O(p) which incorpo-
rate, in particular, dissipative effects. Following Landau
and Lifshitz, we can always require uµτµν = uµνµ = 0.
We find τµν and νµ from the requirement of the exis-
tence of an entropy current sµ with non-negative deriva-
tive, ∂µsµ ≥ 0. Transforming uν∂µT µν + µ∂µjµ using

hydrodynamic equations and ϵ + P = Ts + µn, we find

∂µ

(

suµ − µ

T
νµ

)

= − 1

T
∂µuντµν − νµ

(

∂µ
µ

T
− Eµ

T

)

− C
µ

T
E · B. (8)

In the standard treatment when the current is not
anomalous, C = 0, this equation is interpreted as the
the equation of entropy production. The first-derivative
parts of the energy tensor and the current have the fol-
lowing form

τµν = −ηPµαP νβ(∂αuβ+∂βuα) −
(

ζ− 2
3η

)

Pµν∂ · u, (9)

νµ = −σTPµν∂ν

( µ

T

)

+ σEµ, (10)

where Pµν = gµν + uµuν , and the entropy production
rate is manifestly positive. However, in the presence of
anomalies the last term in Eq. (8) can have either sign,
and can overwhelm the other terms. Therefore, the hy-
drodynamic equations have to be modified.

The most general modification one can make is to add
the following terms to the U(1) and entropy currents,

νµ = −σTPµν∂ν

( µ

T

)

+ σEµ + ξωµ + ξBBµ, (11)

sµ = suµ − µ

T
νµ + Dωµ + DBBµ, (12)

where ξ, ξB , D, and DB are functions of T and µ. Re-
quiring ∂µsµ ≥ 0 for an arbitrary initial condition, and
using the following identities which follow from the ideal
hydrodynamic equations,

∂µωµ = − 2

ϵ + P
ωµ(∂µP − nEµ), (13)

∂µBµ = −2ω · E +
1

ϵ + P
(−B · ∂P + nE · B), (14)

one finds that the following four equations have to be
satisfied

∂µD − 2
∂µP

ϵ + P
D − ξ∂µ

µ

T
= 0, (15)

∂µDB − ∂µP

ϵ + P
DB − ξB∂µ

µ

T
= 0, (16)

2nD

ϵ + P
− 2DB +

ξ

T
= 0, (17)

nDB

ϵ + P
+

ξB

T
− C

µ

T
= 0. (18)

To proceed further, we change variables from µ, T to
a new pair of variables, µ̄ ≡ µ/T and P . From dP =
sdT + ndµ, it is easy to derive

(

∂T

∂P

)

µ̄

=
T

ϵ + P
,

(

∂T

∂µ̄

)

P

= − nT 2

ϵ + P
. (19)
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Conductivity calculated for general SU(N) group 
From group theoretical structure:

A note on “Classifying the topological currents from chiral anomalies”

This is a note on the classification of the topological currents.

I. NOTATIONS AND FORMULAS

The basic properties of the Riemann curvature tensor defined by

R
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h

ja
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, (1)
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i

jk
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1

2

g
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g
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g
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) , (2)

are, with �

i

jk

= �

i

kj

,

R

kjih

= �R

jkih

, R

kjih

= �R

kjhi

, R

kjih

+R

ikjh

+R

jikh

= 0 . (3)

II. CHIRAL ANOMALIES

The chiral anomaly in four dimensions reads,

r
µ

j

µ

A

= C

F

✏

µ⌫⇢�

F

µ⌫

F

⇢�

+ C

R

✏

µ⌫⇢�

R

↵�

µ⌫

R

⇢�↵�

(4)

From the U(1) gauge sector we can see,

@

µ

j

µ

A

= 4C

F

@

µ

(✏

µ⌫⇢�

A

⌫

@

⇢

A

�

) , (5)

which implies,

j

µ

A

= 4C

F

✏

µ⌫⇢�

A

⌫

F

⇢�

. (6)

This can be decomposed into

j

0
A

= �8C

F

A ·B , j
A

= �8C

F

A0B + 8C

F

A⇥E . (7)

From the gravitational sector we can see,

j

µ
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For a uniformly rotating system we have
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If we limit ourselves to the first order terms in ⌦, the non-trivial components are only g
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and this is all. It is easy to write down µ = 0 contributions as
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In the same way we can write down µ = z contribution (that is the most interesting in the sense of the chiral vortical

e↵ect) as
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4

values of these coefficients are a necessary and sufficient con-
dition for the presence of anomalies [10]. Therefore the non-
vanishing values of the transport coefficients (1) and (2) have
to be attributed to the presence of chiral and gravitational
anomalies.
Since the gravitational anomaly is fourth order in deriva-

tives it is a bit surprising to find it contributing to first order
transport coefficients. One possible intuitive explanation one
could think of is that the gravitational field in the presence of
matter gives rise to a fluid velocity uµ e.g. through frame drag-
ging effects and that this might effectively reduce the number
of derivatives that enter in the hydrodynamic expansion.
The holographic calculation in AdS/CFT [6] did not show

a contribution proportional to T 2. This not surprising since
only a holographic gauge Chern-Simons term was included.
Holographicmodeling of the gravitational anomaly calls how-
ever also for inclusion of a mixed gauge-gravitational Chern-
Simons term of the form A∧R∧R [9].
We find a non-vanishing vortical conductivity proportional

to ∼ T 2 even in an uncharged fluid. In [11] similar terms
in the vortical conductivities have been argued for as undeter-
mined integration constants without any relation to the gravi-
tational anomaly.
It is also interesting to specialize our results to the case

of one vector and one axial current with chemical potentials
µR = µ+ µA, µL = µ− µA, charges qRV,A = (1,1) and qLV,A =
(1,−1) for one right-handed and one left-handed fermion. We
find (for a vector magnetic field)

σB
VV =

µA
2π2

, σB
AV =

µ
2π2

,

σV
V =

µµA
2π2

, σV
A =

µ2+ µ2A
4π2

+
T 2

12
. (31)

Here σB
VV is the chiral magnetic conductivity [5], σB

AV de-
scribes the generation of an axial current due to a vector mag-
netic field [12], σV

V is the vector vortical conductivity, σV
A is

the axial vortical conductivity and the only one sensitive to the
gravitational anomaly.
In [13] enhanced production of high spin hadrons (espe-

cially Ω− baryons) perpendicular to the reaction plane in
heavy ion collisions has been proposed as an observational
signature for the chiral separation effect. Three sources of
chiral separation have been identified: the anomaly in vac-
uum, the magnetic and the vortical conductivities of the axial
current JµA . Of these the contribution of the vortical effect was
judged to be subleading by a relative factor of 10−4. The T 2
term in (31) leads however to a significant enhancement. If
we take µ to be the baryon chemical potential µ ≈ 10 MeV,
neglect µA as in [13] and take a typical RHIC temperature of
T = 350 MeV, we see that the temperature enhances the axial
chiral vortical conductivity by a factor of the order of 104. We

expect the enhancement at the LHC to be even higher due to
the higher temperature.
Beyond applications to heavy ion collisions leading to

charge and chiral separation effects [13, 14] it is tempting to
speculate that the new terms in the chiral vortical conductivity
might play a role in the early universe. Indeed it has been
suggested before that the gravitational anomaly might give
rise to Lepton number generation, e.g. in [15]. The lepton
number separation due to the gravitational anomaly could
contribute to generate regions with non-vanishing lepton
number.
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Anomaly inflow: 
        2n-dim gauge anomaly = (2n+2)-dim chiral anomaly
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Just for curiosity…

27

What is the Chern-Simons current with the Kerr metric?
(r,� = cos ✓,�, t)

Taking the extremal limit (T=0) for simplicity:

jr =
32�!3(�1 + 2r!)[�4 + 48r3!3(�1 + r!)� 4�2r!(�3 + 8r!)]

(�2 + 4r2!2)5

j� =
32!4[�6 � 48r4!4 � �4(3 + 56r2!2) + 72�2(r2!2 + 2r4!4)]

(�2 + 4r2!2)5

' �32!3

�5

' 32(�3 + �2)!4

�6

Is this physical or unphysical???
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Summary

Research Frontier 
□ Experimental Data and Interpretation 
□ Chiral Magnetohydrodynamics 
□ Chiral Vortical Effect : Better for HIC  

Confusing and misleading (causality) 

Future Directions 
□ Astrophysical Applications 
□ Particle Production with Mixed Anomaly  

(Chiral Anomaly → Schwinger Mechanism) 
□ Chern-Simons Gravity Theory
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