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3 Introduction

Confinement/deconfinement at finite temperature T
We consider the pure SU(N) Yang-Mills theory at temperature T
* zero temperature T = 0: confinement

area law of the Wilson loop average = quark confinement

— T #0 Iy, the free energy of a single quark or
(L(x)): the Polyakov loop average for a quark at position x.

* low temperature T' < Ty: confined phase
1

F, = 0o <= Polyakov loop average (L(x)) =0  os}
— center symmetry Z(N): restored T ol
T o
* high temperature T' > Ty: deconfined phase D 04
F, # 00 <= (L(z)) #0 °2) s ||
= center symmetry Z(N): spontaneous breaking %09 095 1 105 11 115 12

There must be a phase transition at 1y

between confined phase and deconfined phase.

It is believed tha the phase transition is of second order for SU(2)

and of first order for SU(3). 2



The confinement/deconfinement phase transition has been studied in
> Lattice gauge theory
e analytical studies in the strong coupling region: Polyakov (1978), Susskind (1979),
e rigorous proof: Borgs and Seiler (1983), SU(N), U(N) gauge theory in d > 3
e numerical simulations: ...

> Continuum gauge theory
Functional renormalization group (FRG), Schwinger-Dyson equation (SDE) ...
o FRG:
Marhauser and Pawlowski (2008), arXiv:0812.1144 [hep-ph],
Braun, Gies & Pawlowski (2010), PLB684, 262, arXiv:0708.2413 [hep-th] ...
These studies are excellent, but need hard numerical works. The results are obtained
only in the numerical ways.

e perturbative calcuation (?!):

Reinosa, Serreau, Tissier & Wschebor (2015), PLB742, 61, arXiv:1407.6469 [hep-
ph]  PRD91, 045035, arXiv:1412.5672 [hep-th]
This is very interesting. But why the 1-loop calculation is enough? What the meaning
of the gluon mass? What is the mechanism of quark confinement?

In any case, an analytical result is needed to understand the mechanism for quark

confinement at finite temperature. This is the main purpose of this talk.
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We use the reformulation of the Yang-Mills theory which allows a gauge-invariant
gluonic mass term. We show based on an analytical calculation of the effective potential
Vegr of the Polyakov loop average L at finite temperature 1" in the Yang-Mills theory
by including the effect of the gauge-invariant dynamical gluonic mass M.

1. There exists a confinement—deconfinement phase transition at a critical temperature
Ty in SU(2) and SU(3) Yang-Mills theories at finite temperature T signaled by the
Polyakov loop average (L(x)), i.e., (L(x)) # 0 for T > Ty, and (L(x)) =0 for T' < T,.

2. The critical temperature 1} is estimated in the form of the ratio to the gauge-
invariant dynamical gluonic mass M in the respective Yang-Mills theory:
Ty/M = 0.34 for SU(2), Ty/M = 0.36 for SU(3)
The values of the gluonic mass M measured on the lattice at zero temperature 7' = 0
by [Shibata et al. (2007)] are
M(T =0) =1.1GeV for SU(2), M(T =0)=0.8~1.0GeV for SU(3)
A naive use of these values of M leads to the estimate on T}:
Ty = 374MeV for SU(2), Ty = 288 ~ 360GeV for SU(3)
The measurement of the gluonic mass M at finite temperature is under way.
Incidentally, the lattice value [Lucini & Panero (2013)]
Ty = 295MeV for SU(2), T,4=270GeV for SU(3)
the FRG studies [Braun Gies & Pawlowski (2010)[Fister & Pawlowski (2013)] give
Ty = 230MeV for SU(2), T4=275GeV for SU(3)



3. The order of the phase transition at T}; is

the second order for SU(2) and (weakly) first order for SU(3).
This result is shown to be consistent with the standard argument based on the Landau

theory of phase transition using the order parameter.
In particular, the first order transition in the SU(3) Yang-Mills theory is induced by the

cubic term L2 of the Polyakov loop average L in the effective potential Vog(L).
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Figure 1: The effective potential V as a function of the Polyakov loop average L

(Left) SU(2) for M := M/T = 0.0,1.0,2.0,2.5,2.6,2.7,2.8,2.9, 3.0, 3.1,
(Right) SU(3) for M := M/T = 2.65,2.70,2.75, 2.76, 2.80, 2.90.



4. The mechanism for quark confinement or deconfinement at finite temperature is
elucidated without detailed numerical analysis in this framework by taking into account
the gluonic mass M.

5. The above results are shown using the first approximation based on the calculations

of the “one-loop” type.

These initial results can be improved in a systematic way by making use of the flow

equation of the Wetterich type in the FRG according to the prescription given in

the paper where where the crossover between confinement—deconfinement and chiral

symmetry breaking—restoration has been discussed from the first principle, i.e., QCD:
Kondo (2010), PRD82, 065024, arXiv:1005.0314 [hep-th]

[Remember that the first approximate solution of the Wetterich equation is given
by the one-loop expression with the additional infrared regulator term which is similar
to the mass term in a certain sense.|

But, the FRG improvement does not change the above conclusions essentially. The
above 1} gives a lower bound on the critical temperature, since the flow evolves towards
enhancing the confinement, under the assumption that M does not change so much
along the flow.



Chiral symmetry: spontaneous breaking/restoration
For mg, = 0:
* T < T,: chiral symmetry spontaneously broken with chiral condensate (Ggq) # 0

1.4

* T > T,: chiral symmetry restoration with (gq) =0 2 (@)

1

For 0 < m, < o0, it is known (by numerical simulations) oe |

the two transition-temperatures agree T,; ~ T, ! (crossover)
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Relationship between chiral symmetry and confinement

What relationship exists between the chiral symmetry and confinement?
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3 Reformulating Yang-Mills theory using new variables

We consider the decomposition of the SU(N) Yang-Mills field <7, (x) into two
pieces ¥, () and 2, (z):

o, (x) =YV, (x) + Zu(x) € su(N) := Lie(SU(N)), (1)

We require that the decomposition is gauge-covariant in the following sense. When the
original Yang-Mills field .27,,(z) obeys the ordinary gauge transformations given by

Au(x) = () = U(2)[ () + igy,, 0,]U (2) ", (2)

the first piece 7),(x) called the restricted field and the second piece Z,(z) called the
remaining field are required to obey the gauge transformation:

V() = V(@) = Ul@)[Vu(2) + gy, 0uU (),
Zu(z) = () = U(z) Zu(x)U(2) . (3)

Therefore, we have the same form of the decomposition after the gauge transformation:

() = ”//Nf(:v) + 3{;(33) € su(N). (4)9



Our reformulation allows us to introduce the gauge-invariant “mass term” for
the remaining field:

1
Ln = M?t0( 2, 2°H) = §M2%MA%“A. (5)

In fact, the numerical simulations on the lattice exhibit the dynamical mass generation:
M = 1.1GeV for SU(2), M = 0.8 ~1.0GeV for SU(3)

[Shibata et al., Phys.Lett.B653,101-108(2007). arXiv:0706.2529 [hep-lat], for SU(2)
[Shibata et al., POS(LATTICE-2007) 331, arXiv:0710.3221 [hep-lat] for SU(3)

The advantages of the decomposition are as follows.
(a) [restricted field dominance] The original Wilson loop operator and the Polyakov
loop operator are reproduced from ¥, alone:

WC[‘Q%] — WC[%L Lm[d] — Lm[%]v (6)

(b) [gauge-invariant field strength| The gauge-invariant field strength ¢, is obtained
from the field strength of the restricted field %, || := 0,7, — O,V — 19y | Vs V0]
In the m direction:

G () =tr{n(x)Z,.|7](x)}. (7)
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Such a decomposition can be constructed by introducing a Lie algebra valued
field n(x) called the color (direction) field which is supposed to obey the gauge
transformation:

n(z) € Lie(G/H), mn(z)—n'(z):=U(z)n(z)U(z)" L. (8)

Here H is a subgroup of G called the maximal stability subgroup.

For G = SU(N), the maximal stability subgroup H is equal to the maximal torus
subgroup H = H := U(1)Y~! in the maximal option, and H = U(N — 1) in the
minimal option. We discuss only the maximal option of SU(N) Yang-Mills theory and
omit other options.

The group G = SU(N) has the rank r = N — 1. In the maximal option, it is
possible to construct a set of r Lie algebra valued fields n;(z) (j = 1,---,7) by the
repeated multiplication of the original color field n(x):

n;(r) = n;‘(x)TA € Lie(G/H) (j=1,---,r), (9)

where Ty (A =1,...,dimG = N? — 1) are the generators of su(N): T4 = 304 with
o4 being the Pauli matrices for SU(2) and T4 = X4 with A4 being the Gell-Mann

matrices for SU(3). .



The color fields are orthonormal: mn,(x) - ni(z) = 2tr(n,(z)ng(x)) = dk, J,k €
{1,2,--- ,r}, and they mutually commute: [n,(z),ng(x)] =0, j,ke{l,2,--- 7}
Therefore, all n;(z) have the same gauge transformation:

n;(x) — n)(x) =U(x)n;(z)U(z)"" € Lie(G/H) (j=1,...,7). (10)

Such color fields n;(x) are constructed using the adjoint orbit representation from the
generators H; of the Cartan subalgebra of ¢ = Lie(G):

n;(z) = U'(2)H;U(z) € Lie(G/H), j€{1,2,--- 1} (11)

For SU(3), we introduce the two color fields denoted by n3 and ng:

ns(z) = ns(x)Ta = UN(2)=2U(z), ng(z) =ni(x)Tys = UT(QJ)%U({E). (12)

For SU(3), n is constructed as a linear combination of n3 and ng. A simple choice is
n(x) = nz(x). Then ng is constructed from n3. Indeed, the two color fields are

rs(z)ma(z) = él + %%ng(x). (13)
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Once a set of color fields n;(z) satisfying the above properties is given, the respective
pieces ¥, (x) and Z,(z) are uniquely determined by imposing the following conditions
called the defining equation:

(1) all n;(z) are covariantly constant in the restricted background field 7, (z):

0= Dul (@) ==0ums (@) — igl(@)imy(@)] G =12, ), (14)
() Z,.(z) is orthogonal to all n,(x):
0= Zp(2) - ny(2) ==200( Zu(@)ny (@) = ZA@nA@) (G=1,2,-- 7). (15)
By solving the defining equations, 7),(z) and Z,(x) are determined uniquely.

V(@) =(x) + By(x) € Lie(Q),
Gul2) = ny(2)(ny(x) - (@) = ny(2)e](x) € Lie(H),
B(x) = igy (), d,m;(x)] € Lie(G/H)
2,(x) = — g [n;(x), Dl I ()] € Lie(G/H),. (16)

This is called the Cho-Duan-Ge-Faddeev-Niemi (CDGFN) decomposition. In this stage,

the decomposed fields are written in terms of n;(z) and .27, (z). -



The goal of the reformulation is to change the original field variables 7, (x) into the
new field variables. For this purpose, the color field n(x) must be written in terms of
the original .o7. This is achieved by solving the reduction condition x = 0 for a given
/. A choice of the reduction condition is

X[/, n] := [n, D"[o/|D,[o/|n] € Lie(G/H). (17)

Thus, all the new variables have been written in terms of the original variables «7,.

original YM = reformulated YM

field variables szuA — 7}5,%,5“, X0

action Sym|] = Sym[n, €, 2]

integration measure DMMA — DnﬁD%kD%bJé( VAR, ¢, 2]
In the original Yang-Mill theory the Polyakov loop average is rewritten as

L(x) := (L)) yMm = Zyp / DS (7], (18)
In the reformulated Yang-Mills theory the Polyakov loop average is obtained as

L(x) = (L)) = 231, / DrPDERD 2 J5 (%) AledeiSvuln €. 211y (10)
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(i) x = 0 is the reduction condition written in terms of the new variables:
% = X%, 2] = D'/ 2, (20)
This constraint can be incorporated by introducing the Nakanishi-Lautrup field 4" (z):
6(x) = / DA LR o = WDV XA = 200N D[V EH). (21)
(i) Aked is the Faddeev-Popov determinant associated with the reduction condition.
ASn,c, 2] =det{—D,[¥ — XD,V + 2]} (22)
The determinant is exponentiated by introducing the ghost fields n(x) and 7(z):
Al @, 2] = /DnADﬁAeidexZFp,
Lyp = i {=Dp[V — 21DV + 2} 0" (23)

(iii) J is the Jacobian associated with the change of variables. By a suitable choice of

the basis in the color space, )
J =1, (2412



In the reformulated Yang-Mills theory, the average is obtained as

tot

(F )y = YM//DnﬁD‘K’“D%bDJ/ADnADnAe"SYM[ n G2 N A Fipb @k b

StOt[ ’cg’%’W)n’n]:/degtot[ 7‘57%,/777777]7

LR, EC, X, N 0,0 = Lun, €, X+ Lrealn, €, X, N
+ Lrpn, €, X, N 0,0+ LX) (25)

We can show that the Lagrangian density of the SU(N) Yang-Mills theory

1

Zym = —tr(F [F] T A]), (26)
is decomposed into the form:
1 1
Lon =~ 5 T V| FHAY] — —%MAWAVB%V}B +0(23), (27)

Wi == (D2 VD) g + 290 AP T V). (28)

,Lw



In the actual calculations, we take a special gauge: the color field has the uniform
direction of the Cartan subalgebra corresponding to the maximal torus subgroup
H=U1)N1
For SU(2), the resulting color field is chosen to be

n'(z) = % = n/A(z) = 2. (29)

Then the restricted field is given by

g3

5 (30)

V(@) =¢" ()0 (z) + igg [n/(2), 0 ()] = €' u(2)

For SU(3), the color field is taken to be a linear combination of the two diagonal
generators H; and Hy belonging to the Cartan subalgebra:

A A
2 i) = 2 e @) = o (31)

Then the restricted field is given by

V() =6 () (a) + gy (), Bumy ()] = €7%(2)5

n



SU(2)

nE SUQR)U) =S’

Figure 2: The color field and symmetry breaking.
(Left) The original local SU(2) gauge symmetry is retained by the local embedding of the Abelian

direction using the color field n(z): SU(2) ~ SU(2)/U(1) x U(1) ~ S? x U(1).

(Right) The partial gauge fixing SU(2) — U(1) is performed by the global fixing of the color field by
setting n(x) = ng for any x € R”. There remains just a local U (1) symmetry corresponding to the
local rotation around the fixed Abelian direction or the color field vector uniformly distributed. 18



Gluon propagator, infrared dominance and massive (high-energy) mode
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Figure 3: Field correlators as functions of the distance 7 := | x| (from above to below) (WMA(O)%A(T)>,

((0)7; (r)), and (2,(0) 2, (r)).

Fig. 3 shows correlators of the new fields ¥, %, and the original fields <,
indicating the infrared dominance of restricted correlation functions <“//MA(O)“//NA(7“)>
in the sense that the restricted field 7" is dominant in the long distance, while the
correlator <%MA(O)%MA(T)> of the remaining variable 2" decreases quickly.

For &', at least, we can introduce a gauge-invariant “mass” term:

L9 A A
iMX%M%M,

19



since 2 transforms like an adjoint matter field under the gauge transformation. The
naively estimated “mass” of 2 is

Mx = 2.409,/0pnys = 1.1GeV.

(This value should be compared with the result in MA gauge.)
This gives an another way of understanding the restricted field dominance.
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Figure 4: The rescaled correlation correlation functions r3/2 (O (r)O(0)) for O = A, V, X for 24*

lattice with 8 = 5.7, 5.85, 6.0. The physical scale is set in units of the string tension O.ih/y25' The
correlation functions have the profile of cosh type because of the periodic boundary condition, and hence

we use data within distance of the half size of lattice. 0



3 Effective potential of the Polyakov loop average
The SU(N) Polyakov loop operator L(x) is defined by

L(x) :==tr(Py(x))/tr(1),

1/T
Py(x) = P exp [@'g/o draty(x, )| € SU(N), (1)

where & is the path ordering.
In our reformulation, 7;* in L(x) can be replaced by the restricted field #;* exactly:

1T
Py(x) = P exp [z’g/o dr¥o(x,7)| € SU(N). (2)

For the restricted field ¥}, we choose the background part to be in the Cartan subalgebra
apart from the quantum fluctuation part 7,

For SU(2) V,.(x,T) :g_ngoéuo% + ¥, (x,7) (quantum fluctuation parts).

A As -
For SU3) ¥ (,7) :g—ngpgauog + g—ngpgaMO; + ¥ (x, 7). (3)
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We take the approximation in which the quantum fluctuation parts 7;#;4 are neglected.
Then the holonomy operator P(x) takes the simple form without the path ordering:

A A
P = exp [igo%} € SU(2), P =exp [2@03?3 + i@g?] e SU(3), (4)

where o3 is the diagonal Pauli matrix and A3, Ag are the diagonal Gell-Mann matrices.
The SU(2) Polyakov loop operator L becomes a real-valued function of the angle ¢:

1

L(p) = %tr(P) = sir{ew [ipZ]} = cos L e R, (5)

and the SU(3) Polyakov loop operator L becomes a complex-valued function of the

two angles 3 and osg:
tr § exp |1p3— + 1pg—

= — P p—

—N—

ei% (903"‘%908) X ei%(_‘:@iﬁ'%‘ﬂS) 1 e"%(_%‘%)}

Wl Wk W|lH

L 1
e V3T% 4 2e"2v378 cos (%)} e C. (6)

1



In order to obtain the effective potential V' written in terms of the restricted field
¥, (similarly for the the Polyakov loop L), we perform the functional integration over
the field variables other than the restricted field ¥}, or ¢,: the remaining field Z,
(massive gluon modes), the Nakanishi-Lautrup field .4 (massless scalar mode), and
the Faddeev-Popov ghost and antighost fields 1, 7. Then we obtain the effective action

Seffi

D -1
Seﬂr = 5 Tr ln[—Di[G] + MQ] -+

1 1 ~
+ 5 TrIn[=DL[G]] + 5 TrIn[—D}[G]] + Nakanishi-Lautrup field ./

D -1

Tr ln[—Di[G] + M?] « remaining field 2,

— Tr ln[—Di[G]] — Tr ln[—DfL[G]] < FP ghost, antighost field 7, 7. (7)

Here we have taken into account only the terms quadratic in the fields. Other terms
will be considered later.

D -1

D—-1
Seff = 9 Tr ln[—Di[G] -+ MZ] +

Trln[—D;[G] + M?]

1 5 1 =2
~ 5 Trln[-Dy[G]] - 5 Tr In[- D} [G]). (8)



In a new basis we separate the restricted field variable G, (z) into the background
field G, (z) and the quantum fluctuation part G, (z), i.e., Gu(z) = G, (v) + G.(x).
We choose the specific uniform (i.e., z-independent) background G, (z) = Ggd,o for
the restricted field variable in a new basis:

Go(@) = Godyo + Cu(@). (9)
Then, the covariant Laplacian —D2[G] or —D7[G] is given

— (8, FigG,(1))* = —82 + 2igG ,(2)0, + ¢°G,(x)* £igd,G ,(x)
= — 02 — 02 £ 2igGody + g°G2 + [G(x)-dependent terms]
= — 02 + (i0y £ gGo)? + [G(x)-dependent terms]. (10)

For SU(2) Go=g Ty, ForSUB) Go=g 'Ta" - (¢s,¢s), (11)

> , (12)

24

where @9 is the positive root vector:

al) = (1,0), a? = (;f) a® = <_1

| 5
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§ Confinement/deconfinement transition SU (2)
The Polyakov loop operator is written in a simple form:

L= cosg c(~1,1] (p € 0,2n]). (1)

L=0<«<= ¢p=m (confinement), L #0<= ¢ #m (deconfinement). (2)

The effective action Seg reduces to the effective potential Vg () written in terms
of the background part ¢, i.e., Ser = Verr(p)T ! [ dP 'z by neglecting the quantum
fluctuation part G, since the background part is z-independent. In this approximation,
thus, the effective potential has the momentum representation:

Verr(p) = +——T > (ZW)D_lln[(wn:l:Tgp) + p? + M?]
nez,t
Y [ b £ TR 497, wa=2Tn (3)
5 (27)D-1 n|(wn ) P, wpi=2miln.
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Thus, we obtain the dimensionless effective potential of the Polyakov loop average
normalized by the temperature as [See Fig. 5]

Verr(9) 1= Verr(9) /TP = (D — 1) Fy;(¢) — Fo(e). (4)

We introduce the dimensionless variables: p := p/T, M := M/T, to define

dD—lA - - - =
Fr(p) = / ( b In[l 4 e 2VPHM? _ 9o= VP HM? g ], (5)

2m)P-1

Fy;(p) is exponentially suppressed FM(gp) < 1 for large M.
At sufficiently high temperature, M = M /T < 1, the gluon mass M is negligible
and hence gluons and ghosts contribute equally to the effective potential:

VITE (o) o (D — 1) Fy(p) — Folp) = (D — 2) Fo(g). (6)

For D = 4, this reduces to the well-known Weiss potential [Weiss (1981)].
At sufficiently low temperature, M = M/T > 1, on the other hand, Fy,(p) is
surpressed F'y (¢) < 1 and the effective potential reduces to

/50 () = —Fo(). (7)
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Therefore, the effective potential in the sufficiently low temperature is reversed to the
Weiss potential at sufficiently high temperature.

o™ (9) = —(D = 2)7 Vg (p). (8)

This indicates the existence of the phase transition from the high-temperature deconfined
phase to the low-temperature confined phase.

SU2) qu;_rakov loop potential

Figure 5: The D = 4 effective potential V of the SU (2) Polyakov loop as a function
of the angle ¢/ for various values of M := M /T > 0.
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SU(2) Polyakov loop potaential
SU(2) Polyakov loop potaential v/

J
- J
-015F / Il -008F 1

Figure 6: The D = 4 effective potential V of the SU(2) Polyakov loop for
M = M/T = 0.0,1.0,2.0,2.5,2.6,2.7,2.8,2.9,3.0,3.1, (Left) as a function of
the angle /7 € [0,2), (Right) as a function of the Polyakov loop average
L =cos¥ € (—1,1].

At low temperature T' < T};, the massive gluons do not contribute to the effective
potential. The massless ghosts and antighosts give the dominant contribution to the
effective potential. In this sense, we can say that the confinement mechanism at finite
temperature is the ghost dominance (or unphysical mode dominance).

28



We proceed to obtain the quantitative estimate on the critical temperature and the
specification of the order of the phase transition.
The effective potential is expanded into a power series in the angle ¢ around ¢ =

A A

Vol M) :=Vege o()/T" = (D — 1) Fyy () — Fo(p)

Ay xr 2 / 4 6
:AO,M_F%((/)_T‘-) + — (90_77) _i_O((SO_ﬂ-) )7 (9)

where the coefficients are explicitly given as

1 oC e
—A A:C/ dp pP =2 __ _ (D-1 ,
piftan =Cp J B e P TV T Sy




A cosfficiant 44 of the SU{2} affactiva potantial
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Figure 7: The coefficients A, ;; and A, ;; of the SU(2) Polyakov loop effective
potential Vo (y; M) as a function of M := M/T at D = 4.

In the limit M — 0, especially, we find for D = 4 with Cy = 5%,
1 1 1 1

—Aog=—=<0, —Ay0=
TR 6 = 4170 19r2

> 0. (12)
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Therefore, the phase transition from deconfinement to confinement occurs at the
temperature T; at which the coefficient A, ,; changes its signature from negative to
positive, namely, becomes zero:

=0— D D — — (D —1 =0. (13
2 M — / 1 + e‘P)2 ( )<1 4 6_W>2 ( )

This condition determines the ratio M, := M (T;)/T,; between the gluon mass M (T})
and the transition temperature 1. For D = 4,

M (Ty) Ty
— 2.9 &— —0.34 14
T4 ’ M(Ty) . 14

where M may depend on temperature. For instance,

M(Ty) = 1.0GeV « Ty = 340MeV. (15)
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5 Confinement/deconfinement transition for SU (3)

Symmetries of the SU(3) effective potential Vg (w3, ¢g) are as follows:
i) periodicity of 47 in the 3 direction and 47 /+/3 in the g direction:

Vet (03, 08) = Ve (03 + 47, 03) = Vg (3, 5 + 47/V'3),

ii) charge conjugation invariance:

Verr (@3, 03) = Verr(—@3, —93) = Verr(— w3, 93) = Verr (3, —¢3),

iii) global color symmetry:

Verr (03, 08) = Verr (5, 03),

where (%, pg) is obtained from (3, wg) by a rotation of angle +7/3:

P35\ _ CO.S% £sing\ (¢s) _ 5 i@ (903) |
Ps Fsing  cosg P $§ ; 8

32



SU(3) Polyakov loop potential at M,/ T=0
T

SU(3) Polyakov loop potential at M/T=3.0
T

Figure 8: Plot of the D = 4 effective potential V of the SU(3) Polyakov loop as a

function of the two angles 3/ and pg/m
(Left) at M := M/T = 0, (Right) at M := M/T = 3.0.

R

SU(3) Polyakov loop potential at MyT=0 SU(3) Polyakov loop potential at MyT=0

Figure 9: Contour Plot of the D = 4 effective potential V of the SU (3) Polyakov loop

as a function of the two angles 3/ and g/
(Left) at M := M/T =0, (Right) at M := M /T = 3.0.
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After performing the sum over the Matsubara frequencies, thus, we obtain the
effective potential for the Polyakov loop average as

Vert (03, 08) /TP =(D — 1) | Fy;(3) + Fiy <1903 + \/§908> + Fyy (1903 + ﬁ%)]

2 2 2 2
1 V3 1 V3
— | Folps) + Fy (2903 + 2@8) + Fo (2903 — 2@8) (5)

At sufficiently high temperature, M = M/T < 1, the mass M is neglected:

VIS (0 o) /TP ~ (D = 2) | Folos) + Fo (1% N @8) ) (1% . @)] |

2 2 2 2

(6)

For D = 4, the effective potential reduces to the well-known SU(3) Weiss potential.
This potential has degenerate minima on the vertices of the basic equilateral triangle,
leading to a deconfined phase with the spontaneously broken Z3 symmetry.

At sufficiently low temperature, M = M/T >> 1, on the other hand, Fy (o) s



surpressed F'y;(¢) < 1 and the effective potential reduces to

Fo(ps) + Fo (1803 + \/§908> + Fo (1903 — \/§908>] . (7)

Low D
T ~ —

The effective potential at the sufficiently low temperature is reversed to the Weiss
potential at sufficiently high temperature:

Aelﬁfow(sf??n 908) = —(D - 2)_1‘76%@1(903, 908)- (8)

Therefore, the effective potential has the absolute minimum at the center G of the
triangle OAB leading to a Z3 center symmetric confining phase. Thus there must exist
a phase transition at a certain critical value of Ty;/M between the high temperature
deconfined phase and the low temperature confined phase.

Point || ¢3 3 L Vet for M/T > 1 | Veg for M/T < 1
O 0 0 1 min max
A 27 %7‘(‘ e_i%” = —% — z@ min max
B s —%ﬂ' eTi3T — ; + z@ min max
G %W 0 0 max min
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Transition temperature and order of the transition

The absolute minimum of V.g(ps, pg) lies on the pg = 0 axis up to the discrete
rotations for all temperature:

Vest (23, 0)/ T = (D = 1) | Fyy(s) + 2Py (51| = [Folwa) + 2R (T) ] (9

In Fig. 10, the Polyakov-loop effective potential Vg (¢3,0)/TP at g = 0 is plotted as
a function of (3 for various values of M /T in D = 4 dimensions.

SU(3) Polyakov loop potential at g =0
v "-—-_________

Figure 10: The D = 4 effective potential V of the SU(3) Polyakov loop at pg = 0 as

a function of an angle p3/m € [—1,3) for various values of M := M/T.
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The effective potential has the power series expansion in 0 := @3 — 47 /3

A

o + o+ ————o

. A A
2,.M 9o 3,M 3 4,M 4 5
51 31 n o TOY),

Verr,0(03,0) /TP = Aq yy + (10)

It should be remarked that the linear term in o disappears finally.

The existence of the o3 term induces the first order transition. The first order
transition occurs when the two minima have the same potential (free energy),

1
Ay g = 5(Ag i)/ Ay i (11)

at which the global minimum experiences a discontinuous jump. This condition
determines the value of transition temperature as the ratio T;/M.

In fact, the first order phase transition for confinement/deconfinement in the SU(3)
Yang-Mills theory is induced by cubic interaction o?. See Fig. 13.

When A, , = 0, the condition (11) reduces to A, ;; = 0 as long as A, ;; # 0.
This is nothing but the condition for the second order phase transition, which is indeed
the SU(2) case.
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A coefficient 4; of the SU(3) Polyakov loop potential at p3=0 A coefficient 43 of the SU(3) Polyakov leop potential at o3 =0 A coefficient 44 of the SU(3) Polyakov loop potential at w3 =0

47 43 Ag
: o15f o —
[ " l". 1 Ll XLT
L 1 1 P 3.5 .
: 0.1¢
o1l .
— e MT
L 1 1 Ex- N 5
-C3F _‘._‘,,-’ L L L L ' L o L MT i
" 0.5 1.0 1.3 2.0 2.5 3.0 33 005k

Figure 11: The plot of A, ,, A5 ;. and A, ,;, for the SU(3) Polyakov loop potential
as a function of M := M/T at D = 4.

4244 —(1/3)43 A3 for the SU(3) Polyakov loop potential at ¢z=0
ArAg H{1/3)43 43

L : X 1 i‘ —t e 1 ;\I‘-T
0.5 1.0 L5 20 73 30 T34
,-/.-
-0.02F
=004
//,
//I
-0.06 /
-0.08F

Figure 12: The plot of A, ;;A, v — 3(A4; x;)? for the SU(3) Polyakov loop potential
as a function of M := M/T at D = 4.
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SU(3) Polyakov | ential at w3=0
SU(3) Polyakov loop potential at ¢3=0 \I‘i CYELON00p PO s

Figure 13: Tbe D = 4 effective potential V of the SU(3) Polyakov loop at
g = 0 for M := M/T = 2.65,2.70,2.75,2.76,2.80,2.90, (Left) as a function
of an angle gpg/w c [— 1 3), (nght) as a function of the Polyakov loop average

L =z[1+2cos(5)]| € (—1/3,1], normalized as V(L =0)=0.

We find that the ratio between the transition temperature 7,; and the gluon mass

M(T) is given for D = 4 by

T
Tl 975 = —2_ —(.364. (12)
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For instance,

M(T,) =1.0GeV < T; = 364MeV
M (T,) =0.9GeV < T; = 327MeV
M (T,) =0.8GeV < Ty = 291MeV

This should be compared with the zero-temperature result:

M(T =0) =0.8 ~ 1.0GeV.

(13)

(14)
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Distribution of the Polyalov loop values :: Yang-Mills field Distribution of the Polyalov loop values :: restricted (V) field

0.1 T

12476 b5.8 L24T6b58 +
L24T6 b5.9 L2476 b5.9
L2476 b6.0 02 F L24T6b6.0 *
L24T6 b6.1 L24T6:06:1
L24T6 b6.2 L24T6b6.2
L2476 b6.3 L2476 b6.3
0.05 [ [24T6 b6.4 L24T6 b6.4
01}
.0]_ F
-0.05
02t
01 1 1 1 1 1 1 1 1 1
0.1 -0.05 0 0.05 01 0.15 0.2 0.1 0 0.1 0.2 0.3 0.4

Figure 14: The distribution of the space-averaged Polyakov loop for each
configuration:(Left) For the YM field. (Right) For the restricted field.

Plyakov loop average L=24, T=6

0.4
Yang-Mills filed [ ]
restricted field —F
0.35
03
0.25
0.2 +
0.15 [] 0
0 L]
0.1 [ D
0.05
0 £ ]
Il Il Il Il Il Il Il
5.7 5.8 5.9 6 6.1 6.2 6.3 6.4 6.5

Figure 15: Parameter 5 dependence of the Polyakov loop average: Red plots show
(Py) v.s 3, green ones (Py) v.s f.
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g Effects of quarks

Sq = /dew(mMDMLQ%] — Mg + ,uquo)w, (1)

Mmq: quark mass matrix, p,: quark chemical potential

1. CDGFN decomposition &7, (z) = 7,,(x) + Z,.(x)
2. Integration out Z,,(x) — gauged nonlocal NJL model of current-current type
3. Fierz transformation
4. Introduction of the auxiliary fields — gauged nonlocal Yukawa model
5. Integration out quark fields
1
yavark — _ Ty ]y {M“’@M + Y GV, — g — gy + CO’} -+ ﬁ02+’ . (2)
7 o P (3)

For details, see Kondo (2010), PRD82, 065024, arXiv:1005.0314 [hep-th]
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For G = SU(2), the quark part of the effective potential is given by

1
Vaark (o L: T mg, 1) ==—=0 —4Nf/

d3
P g

2G (27)37F

d3p —(Ep—p)/T —2(Ep—p)/T
_QNfT/(%)B{ln[HQLe (Bp=i)/T 4 =2(Ep=n)/T]

i 111[1 i 2L6—(Ep+ﬂ)/T i e—Q(Ep+M)/T]}’

= /P> + (my + ). (4)
For G = SU(3),
V(o LT o ) = ——0? — 6N /dg—pE
O, L,1, q7 QGO f (27'(')3 p

3
— ON,T / (;Z 1)93{111[1 + 3Le~ (Br=m/T 4 1% e=2(Ep=n)/T 4 o=3(Ep=i)/T)]
70

+ ln[l + 3L*6—(Ep+ﬂ)/T + 3L6_2(Ep+ﬂ)/T + 6—3(Ep+ﬂ)/T]}7 (5)

The center symmetry is explicitly broken O(N,L).
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8 Summary and discussion
In this talk, we have discussed the confinement/deconfinement transition in SU(2) and
SU(3) Yang-Mills theories using the gauge-invariant gluonic mass M.

1. We show in an analytical way the existence of confinement/deconfinement phase
transition signaled by the Polyakov loop average (L(x)), in other words, the existence

of a critical temperature T; such that
(L(x)) # 0 for T'> Ty, and (L(x)) =0 for T' < T,

2. We give an estimate on the critical temperature T; as the ratio to the gauge-invariant
dynamical gluon mass M:

Ty/M = 0.34 for SU(2), Ty/M = 0.36 for SU(3)
The gluon mass M was measured on the lattice at zero temperature 7' = 0 by
Shibata et al.

M(T =0)=1.1for SU(2), M(T =0)=0.8~1.0for SU(3)

3. We show the order of the transition at T} is the 2nd order for SU(2) and the 1st
order for SU(3).

4. This approach enables us to understand the reason why the phase transition
from deconfinement to confinement occurs at a certain temperature and what is the

mechanism for confinement at finite temperature. »



In low temperature T" < M the “massive” spin-one gluonic degrees of freedom (i.e.,
two transverse modes and one longitudinal mode) are surpressed and the remaining
unphysical massless degrees of freedom (i.e., a scalar mode, and ghost—antighost
modes) become dominant. Consequently, the signature of the effective potential
Vet (L) is reversed so that the minimum of the effective potential is given at the
vanishing Polyakov loop average L = 0 implying confinement.

5. The results are improved by using the flow equation of the Wetterich type in the
FRG. But, they do not change the above conclusions essentially.

> Future perspectives

e measurement of the dynamical gluon mass M (T) at finite temperature on the lattice
e analytical estimate on the dynamical gluon mass M (T') at finite temperature

e inclusion of quark flavors to study finite temperature QCD

e inclusion of chemical potential to study finite density QCD
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This reformulation allows the gauge-invariant “mass term” for the remaining field

A
1
Ly = M*r( 2,27 = §M2%MA%“A. (1)

A meaning of the gluonic mass term %, is as follows. Then the gauge-invariant mass
term (1) is rewritten in terms of the original variables .27,

o =MP0x{(, — 1%} = gy 2Mtr{(D, /], )

with the understanding that the color field n is expressed in terms of the original gauge
field o7, by solving the reduction condition. Therefore, ¥, (or ¢, and n) plays the
similar role to the Stuckelberg field to recover the local gauge symmetry.

We can identify the color field n(x) with the gluonic Higgs field ¢(z):

o(x) = Mn(zx) € Lie(SU(2)/U(1)), (3)

the mass term is regarded as the kinetic term for the non-linear sigma model:

=5 052 (D)) - (Dul)0) + (66 — M), (4)

where u(x) is the Lagrange multiplier field for the constraint: ¢(z) - ¢(x) — M? = 0.,



Alternatively, the mass term is regarded as the limit A — oo of the model:

2ty = S0y (Dl 10) - (Dul)0) — N+ 6 — M) (5)

Thus, the Yang-Mills theory with the “mass term” for the remaining field 2,

1 1
Los + Ly = = Tl T+ ML (6)

is identified with the Yang-Mills-Higgs model with the gluonic Higgs field ¢(x) in the
Higgs phase:

Funle!) T+ 30 2ADA10) - (Do)~ V(6 9). (D

1
4

Thank you very much
for your attention.
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T}fue function F

Figure 16: The plot of Fy; () = | (;lf)% In[1 + e 2VP*HM? _ 90— VP> +M? (o4()] as
a function of the angle ¢ for various values of M := M/T > 0 at D = 4.
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The above results are rephrased in terms of the Polyakov loop average L directly.
The Polyakov loop operator is written as

L = cosg. (8)

Then the effective potential is rewritten in terms of the Polyakov loop average L
explicitly. The effective potential is expanded into a power series in L (around L = 0):

B, B, »
A A 2. M AN
Vo(Ls M) = (D = 1)Fyy(p) = Folp) = By gy + —5— L* + 2 L*+O(L%), (9)
5o A cosfficient B; of the SU(2) effectiva potantial A cosfficient By of the SUi2)} affective potential
.12 By
204 o
16 1 g -
o 1 T30 35 7
4

Figure 17: The coefficients B, ;; and B, ;; of the SU(2) Polyakov loop effective
potential Vy(L; M) as a function of M := M/T at D = 4.
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Real part of SU(3) Polyakov loop Iraaginary part of SU(3) Polyakov loop

—
—, —

Figure 18: Plot of the SU(3) Polyakov loop as a function of the two angles w3/7 and
ws/m: (Left) Real part, ReL, (Right) Imaginary part, ImL.

Figure 19: Contour Plot of the SU(3) Polyakov loop as a function of the two angles
w3/ and pg/m: (Left) Real part, ReL, (Right) Imaginary part, ImL.
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Symmetries of the SU(3) Polyakov loop operator L are as follows:
i) periodicity of 47 in the (3 direction and 4+v/37 in the g direction:

L(p3,¢3) =L(ip3 + 4m, 05) = L(ip3, 05 + 4V/37),
—> ReL(ps, ps) =ReL(ps + 47, ps) = ReL(ps, s + 4v/37),
ImL(ps, p3) =ImL(ps + 47, ps) = ImL(ps, s + 4V/371), (10)

ii) reflection symmetry:

L(ps, p8) = L(—ps3, ¥s);
—> ReL(ps, ps) = ReL(—ps,ps), ImL(ps, ps) = ImL(—p3, ps), (11)

and

L(ps, ¢8)" = L(ps, —¢s),
= ReL(ps, ps) = ReL(ps, —ps), ImL(ps3,ps) = —ImL(p3, —ps),  (12)
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iii) global color symmetry:

L(Spéa Spé) — L(—SO?), _908)7
—> ReL(y5, p5) = ReL(ps, ¢8), ImL(¢s, p5) = —ImL(ps, ¢s),

where (5, pg) is obtained from (3, pg) by a rotation of angle +7/3:

3| | cosy Esing| [p3]|
| |Fsing cosF | |ps|

The transformation (14) is equal to

\/_ 790/8

o — Log + L3 — Y305 4+ Lipg
-
%90 — 73908

(13)

(14)

(15)
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which leads to

—p3 + %908)
Y3 + %908)
_%908>

—@3 + %908)
Y3 + %908)

—%908)

Y

(16)

See Fig. 18 and Fig. 19. It is easy to see that the Polyakov loop operator (?7?) respects
all the symmetries i), ii) and iii).
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The one-loop calculation given in the above can be improved. From the viewpoint of
the functional renormalization group, the Wetterich equation tells us that the one-loop
expression is the first approximation to the solution of the functional renormalization
group equation, if the infrared cutoff function dependent on the flow parameter k is
included in the loop calculation. The physical result, i.e., the true effective action or
the true effective potential is obtained in the limit £ | 0, which corresponds to the
result obtained after integrating out all the momentum modes according to the original
idea of Wilsonian renormalization group.
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This explanation gives a reason why the result of a simple one-loop calculation (and
improved two-loop calculation done afterwards) based on the massive gluon done in
Reinosa et al. (RSTW) give a surprisingly nice results, namely, agreement with the
lattice simulations and functional renormalization group, although their reasoning of
the massive gluons are quite different from ours.

e Our results are gauge independent and free from the choice of gauge fixing condition,
while the result of RSTW is based on a specific gauge fixing called the Landau-DeWitt

gauge.

e The gluon mass and gluon mass term is gauge invariant in our formulation, while
the mass term in RSTW comes from a novel scenario of gauge fixing including the
Gribov copies proposed at zero temperature.

e The existence of the gluon mass in our case is confirmed by the numerical simulations
on a lattice and to be considered as a dynamical and physical mass, while the mass
in RSTW is just a parameter coming from the novel scenario of gauge fixing.

A weak point missing in our analytical study is the lack of the analytical derivation
of the gluon mass in the same framework. Such a calculation has been tried in the

previous work. But more extensive works are needed.
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