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Relativistic hydrodynamics is useful.

Ambiguity in the definition of the flow velocity 

Unphysical instabilities of the equilibrium state 

Lack of causality

Relativistic Heavy Ion Collision

Fundamental problems
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Unitary Cold Atomic Gas
Expanding gas behaves hydrodynamically.

Two regions: hydrodynamic core and dilute corona 

How to describe the transition between these regions 

Consider a relaxation of dissipative currents

Problem
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Two regions: 
hydrodynamic core and 
dilute corona 
How to describe the 
transition between these 
regions 
Consider a relaxation of 
dissipative currents

Motivation T. Schafer, PRA 90, 043633 (2014)

Second-Order (Mesoscopic) 
Hydrodynamic Equation is 

Needed!!



03/13
Yuta Kikuchi 
(Kyoto U.)

RG method



10/19

… global solution
… perturbative solution

Ei, Fujii, and Kunihiro, Ann. Phys. 280, 236 (2000)

Kunihiro, PTP 94, 503 (1995)
Chen, Goldenfeld, and Oono, PRL 73, 1311 (1994)

RG method

Boyanovski, et al. PRD 60, 065003 (1999)dX

dt
= F (X, t)

t0 t00

X̃(t; t00)X̃(t; t0)

XG(t)

XG(t)

X̃(t; t0)

Foundation of RG method

depends on integration constants

X(t) = t(X1(t), X2(t), · · · , Xn(t))

m < n
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C(t0) = (C1(t0), C2(t0), · · · , Cm(t0))
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… global solution
… perturbative solution

This RG eq. describes 
the slow dynamics!!

RG method 04/13
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depends on integration constants
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t0=t

= 0

Global solution is obtained:

: Slow variables

dC

dt
= G(C)

t00 ! t0
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Ei, Fujii, and Kunihiro, Ann. Phys. 280, 236 (2000)

Kunihiro, PTP 94, 503 (1995)
Chen, Goldenfeld, and Oono, PRL 73, 1311 (1994)

Boyanovski, et al. PRD 60, 065003 (1999)

XG(t) = X̃(t; t0)|t0=t



Solve the relativistic Boltzmann eq. perturbatively 

✏ : measure of the inhomogeneity of fluid

Boltzmann eq.

08/1710/24

Perturbative expansion:

Initial condition:
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From Boltzmann eq. to hydrodynamic eq.

✓
@

@t
+ v ·r+ F ·rp

◆
fp(t,x) = C[f ]p(t,x)

✓
@

@t
+ ✏v ·r+ ✏F ·rp

◆
fp(t,x) = C[f ]p(t,x)

f̃(t; t0) = f̃ (0)(t; t0) + ✏f̃ (1)(t; t0) + ✏2f̃ (2)(t; t0) + · · ·

t0

fG(t)

f̃(t = t0; t0) = fG(t = t0)

= f (0)(t0) + ✏f (1)(t0) + ✏2f (2)(t0) + · · ·

f̃(t; t0)

˜f (0)
p (t; t0) = f eq

p (t0)

=

✓
exp


(m/2)(v � u(t0,x))2 + V (x)� µ(t0,x)

T (t0,x)

�
� a

◆�1

zeroth order

Y. Hatta and T. Kunihiro, Ann. Phys. 298, 24 (2002)
K. Tsumura, T. Kunihiro, and K. Ohnishi, Phys. Lett. B 646,134 (2007)

F = �rEp(x) = �rV (x)
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From RG eq. to hydrodynamic eq.

f̃(t; t0)

f̃(t = t0; t0) = fG(t0)



RG method

✓
dC

dt
= G(C)

◆
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From RG eq. to hydrodynamic eq.

df̃(t; t0)

dt0

�����
t0=t

= 0

C(t) =
�
T (t), µ(t), uµ(t),⇡ij(t), J i(t)

�

f̃(t; t0)

f̃(t = t0; t0) = fG(t0)
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RG method

Eq. of continuity

Eq. of relaxation

Second-order hydrodynamics
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K. Tsumura and T. Kunihiro, Eur.Phys.J.A48, 162 (2012)
K. Tsumura, Y.K., and T. Kunihiro (2015) arXiv:1506.00846

From RG eq. to hydrodynamic eq.

�
T (t), µ(t), uµ(t)

�

�
⇡ij(t), J i(t)

�

✓
dC

dt
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dt0

�����
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�
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�

f̃(t = t0; t0) = fG(t0)

f̃(t; t0)

fG(t)
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For relativistic systems :

K. Tsumura, Y.K., and T. Kunihiro (2013) arXiv:1311.7059
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Hydrodynamic Equation



⇡ij = ⌘�ij � ⌧⇡
D

Dt
⇡ij � `⇡JrhiJji

+ (1)
⇡⇡⇡

ijr · u+ (2)
⇡⇡⇡

khi�jik + (3)
⇡⇡⇡

khi!jik

+ (1)
⇡JJ

hirjin+ (2)
⇡JJ

hirjiP + (3)
⇡JJ

hiF ji

+ b⇡⇡⇡⇡
khi⇡jik + b⇡JJJ

hiJji,

J i = �riT � ⌧J
D

Dt
J i � `J⇡rj⇡ij

+ (1)
J⇡⇡

ijrjn+ (2)
J⇡⇡

ijrjP + (3)
J⇡⇡

ijF j

+ (1)
JJJ

ir · u+ (2)
J⇡J

j�ij + (3)
J⇡J

j!ij

+ bJJ⇡J
j⇡ij
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: stress tensor
: heat flow
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Balance equation

⇡ij

J i

Relaxation (constitutive) equation

Dn

Dt
= �nr · u,

mn
Dui

Dt
= �riP + nF i +rj⇡ij ,

Tn
Ds

Dt
= �ij⇡ij +r · J

D

Dt
=

@

@t
+ u ·r

K. Tsumura, Y.K., and T. Kunihiro (2013) arXiv:1311.7059
Y.K., K. Tsumura, and T. Kunihiro, in preparation

�ij = �ijklrkul

�ijkl = (1/2)
�
�ik�jl + �il�jk + (2/3)�ij�kl

�



⇡ij = ⌘�ij

11/17

: stress tensor
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J = 0

Balance equation Relaxation (constitutive) equation

Isothermal:

Dn

Dt
= �nr · u,

mn
Dui

Dt
= �riP + nF i +rj⇡ij ,

Tn
Ds

Dt
= �ij⇡ij ,

⇡ij

shear viscosity

⌘ : shear viscosity

1st order

D

Dt
=

@

@t
+ u ·r

�ij = �ijklrkul

�ijkl = (1/2)
�
�ik�jl + �il�jk + (2/3)�ij�kl

�



⇡ij = ⌘�ij � ⌧⇡
D

Dt
⇡ij

+ (1)
⇡⇡⇡

ijr · u+ (2)
⇡⇡⇡

khi�jik

+ (3)
⇡⇡⇡

khi!jik + b⇡⇡⇡⇡
khi⇡jik

11/1720/2415/17Hydrodynamic EquationYuta Kikuchi 
(Kyoto U.)

Balance equation Relaxation (constitutive) equation

J = 0Isothermal:

Dn

Dt
= �nr · u,

mn
Dui

Dt
= �riP + nF i +rj⇡ij ,

Tn
Ds

Dt
= �ij⇡ij ,

: stress tensor⇡ij ⌘

⌧⇡

: shear viscosity

: viscous relaxation time
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2nd order

D

Dt
=

@

@t
+ u ·r

�ij = �ijklrkul

�ijkl = (1/2)
�
�ik�jl + �il�jk + (2/3)�ij�kl

�
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Balance equation Relaxation (constitutive) equation

J = 0Isothermal:

⇡ij = ⌘�ij � ⌧⇡
D

Dt
⇡ij + · · ·

: stress tensor⇡ij

viscous relaxation time

⌘

⌧⇡

: shear viscosity

: viscous relaxation time
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D

Dt
=

@

@t
+ u ·r

�ij = �ijklrkul

�ijkl = (1/2)
�
�ik�jl + �il�jk + (2/3)�ij�kl

�

⇡ij = ⌘�ij(1� e�(t�t0)/⌧⇡ )

⌧⇡ =

R1
0 ds sh⇡̂ij(0), ⇡̂ij(s)i
R1
0 dsh⇡̂ij(0), ⇡̂ij(s)i

=
1

10T⌘
h⇡̂ij , L�2⇡̂iji

⌘ =
1

10T

Z 1

0
dsh⇡̂ij(0), ⇡̂ij(s)i = � 1

10T
h⇡̂ij , L�1⇡̂iji

⌘�ij
t ! 1



Yuta Kikuchi 
(Kyoto U.)

Transport Coefficients 
and 

Relaxation Times

10/13



07/1516/17Transport Coefficients and Relaxation Times 11/13
Yuta Kikuchi 
(Kyoto U.)

 1

 10

 100

 1000

 0  1  2  3  4  5

η
 / 

n

(pF a)-1

T=0.1TF
T=1TF

T=10TF

Shear viscosity

unitary limit

⌘ =
1

10T

Z 1

0
dsh⇡̂ij(0), ⇡̂ij(s)i

= � 1

10T
h⇡̂ij , L�1⇡̂iji

Lpq ⌘ �

�fq
C[f ]p(t)

����
f=feq

h ,�i ⌘
Z

p
f eq
p f̄ eq

p �p�p

⇡̂ij
p (s) ⌘ [esL⇡̂ij ]p

Microscopic expressions

d�

d⌦
=

1

(1/a)2 + q2

S-wave scattering

relative momentum
scattering length

scattering length dependence



07/1516/17Transport Coefficients and Relaxation Times 11/13
Yuta Kikuchi 
(Kyoto U.)

 0.01

 0.1

 1

 10

 100

 0  0.5  1  1.5  2  2.5  3  3.5  4  4.5  5

η
 / 

n

T / TF

Boltzmann

Shear viscosity

⌘ =
1

10T

Z 1

0
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����
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Z

p
f eq
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p �p�p
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Microscopic expressions

At the unitarity

scattering 
length

temperature dependence
a ! 1
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Shear viscosity

⌘ =
1

10T

Z 1

0
dsh⇡̂ij(0), ⇡̂ij(s)i

= � 1

10T
h⇡̂ij , L�1⇡̂iji

Lpq ⌘ �

�fq
C[f ]p(t)

����
f=feq

h ,�i ⌘
Z

p
f eq
p f̄ eq

p �p�p

⇡̂ij
p (s) ⌘ [esL⇡̂ij ]p

Microscopic expressions

At the unitarity

scattering 
length

temperature dependence
a ! 1

quantum 
statistical effect
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Viscous relaxation time
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Viscous relaxation time

temperature dependence

⌧⇡ =
⌘

P

BGK estimate

P : pressure
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⌧⇡ =

R1
0 ds sh⇡̂ij(0), ⇡̂ij(s)i
R1
0 dsh⇡̂ij(0), ⇡̂ij(s)i

=
1

10T⌘
h⇡̂ij , L�2⇡̂iji

Microscopic expressions

G. M. Bruun and H. Smith, Phys. Rev. A 76, 045602 (2007)
M. Braby, J. Chao, and T. Schafer, New J. Phys. 13, 035014 (2011)
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Viscous relaxation time

temperature dependence

⌧⇡ =
⌘

P

BGK estimate

P : pressure
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T / TF

εF τπ (Boltzmann)
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η / P (Boltzmann)
η / P (Fermion)

⌧⇡ =

R1
0 ds sh⇡̂ij(0), ⇡̂ij(s)i
R1
0 dsh⇡̂ij(0), ⇡̂ij(s)i

=
1

10T⌘
h⇡̂ij , L�2⇡̂iji

Microscopic expressions

good agreement !!
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We have derived the second-order hydrodynamic equation for 
non-relativistic systems. 

Boltzmann eq. is faithfully solved in the RG method!! 
Microscopic expressions for all the transport coefficients have 
been analytically obtained. 

We numerically calculate the transport coefficients and the 
relaxation times, and examined their scattering-length and 
temperature dependence and  quantum statistical effects. 

The validity of BGK estimate has been checked numerically.

Summary
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