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Unitary Cold Atomic Gas

Relativistic Heavy lon Collision

Expanding gas behaves hydrodynamically. Relativistic hydrodynamics is useful.
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Unitary Cold Atomic Gas
P r(l) I e m T. Schafer, PRA 90, 043633 (2014)

Expanding gas behaves hydrodynamically.

- Two regions:
hydrodynamic core and
dilute corona

- How to describe the
transition between these
regions

- Consider a relaxation of
dissipative currents

Strong correlation ——  Tiny viscosity
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Unitary Cold Atomic Gas
M _'tivation T. Schafer, PRA 90, 043633 (2014)

Expanding gas behaves hydrodynamically.

¥ - Two regions:
,L hvdradhmaminc ~are gnd

~
== Second-Order (Mesoscopic) .
Hydrodynamic Equation is | these
Needed!!
lon of

ISSIpative currents

Problem

- Two reqgions

Strong correlation ——  Tiny viscosity
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RG method

Chen, Goldenfeld, and Oono, PRL 73, 1311 (1994)
Kunihiro, PTP 94, 503 (1995)

Boyanovski, et al. PRD 60, 065003 (1999)
Ei, Fujii, and Kunihiro, Ann. Phys. 280, 236 (2000)

X“(¢t) -+ global solution

X (t;to) -+ perturbative solution

depends on integration constants
C(to) = (Ci(lo), C2(to), -+, Cm(to))

m<n
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F _unda lon Qf RG me_tho_ Chen, Goldenfeld, and Oono, PRL 73, 1311 (1994)
dX Kunihiro, PTP 94, 503 (1995)
Boyanovski, et al. PRD 60, 065003 (1999)
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X“(¢t) -+ global solution

~

X (t;to) -+ perturbative solution

depends on integration constants
C(to) = (Ci(lo), C2(to), -+, Cm(to))

m<n

5 o)

Condition for constructing envelope = RG ea.
,. dX (t; o)

dt
ty — to R P
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Kunihiro, PTP 94, 503 (1995)
Boyanovski, et al. PRD 60, 065003 (1999)

F(lmda lon Qf RG metho Chen, Goldenfeld, and Oono, PRL 73, 1311 (1994)
d t

— F(X7 t) X(t) — (Xl (t)v Xo (t)v T Xn (t)) Ei, Fujii, and Kunihiro, Ann. Phys. 280, 236 (2000)

X“(t) -+ global solution

- X (1) X (t;t0) -+ perturbative solution

depends on integration constants

X( '/ t()) X(t, t6) C(t) - (Cl (t0)7 CQ(tO)v T Cm(t0)>
m<n

Condition for constructing envelope = RG ea.

~ . dX (t;t dC
X (t;ty) = X(t;t)) s d(to i~ P> =GO
to — o to=t This RG eq. describes
+ the slow dynamics!!
C(t) = (Ci(to), C2(to), -, Cm(to)) > C(t) = (C1(t), Ca(t), -, O (1))

: Slow variables

~

Global solution is obtained: X (t) = X (¢;t0)|¢, ¢
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RG method

From Boltzmann eq. to hydrodynamic eaq.

Y. Hatta and T. Kunihiro, Ann. Phys. 298, 24 (2002)
BOItzmann eq_ K. Tsumura, T. Kunihiro, and K. Ohnishi, Phys. Lett. B 646,134 (2007)

F=-VE,(x)=-VV(x)

0
— -V+F-V t,x) =C t,
( T " p) folt: @) () € : measure of the inhomogeneity of fluid

ot
0

Solve the relativistic Boltzmann eq. perturbatively
Perturbative expansion: f(t:to) = fO(t;t0) + ef P (t:t0) + 2 f P (t:t0) + - -

Initial condition: f(t =to;to) = fE(t = to)
— f(O) (tO) + ef(l) (tO) + €2f(2) (tO) 4+ ...
zeroth order
f;go)(t;to) = [ (to)

(o[22t v )
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RG method

From RG eq. to hydrodynamic eaq.

F(t =tosto) = fC(to)

f(t;to)
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RG method

From RG eq. to hydrodynamic eaq.

F(t =tosto) = fC(to)

F (e df(t:to) . [dC
fltito) —> =5 =0 (4 —6©)
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RG method

From RG eq. to hydrodynamic eaq.

f(t =tosto) = f(to) T FE(t)
f(t;tg) —> df(gi;to) N =0 (% _ G(C))
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RG method

From RG eq. to hydrodynamic eaq.

f(t =toito) = fO(t)) —>  fO(t)

Second-order hydrodynamics

K. Tsumura, Y.K., and T. Kunihiro (2013) arXiv:1311.7059

Eq.ofcbnﬂnuhy

For relativistic systems : T [
K. Tsumura and T. Kunihiro, Eur.Phys.J.A48, 162 (2012) ( (t) ) ILL (t) ) u (t))
K. Tsumura, Y.K., and T. Kunihiro (2015) arXiv:1506.00846

Eqg. of relaxation

(77 (t), J'(1))
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Hydrodynamic Equation

K. Tsumura, Y.K,, and T. Kunihiro (2013) arXiv:1311.7059

Y.K., K. Tsumura, and T. Kunihiro, in preparation

Balance eguation Relaxation (constitutive) equation
. (. ) D . o
%7; = —nV - u, ) = not — TWD—tT('ZJ Sy VALY X
ny f + kWi g 4 k@i g 8) ki i)k
i i joij o
Dt = V P -+ TLF -+ V ™ 4 RST}J<ZV‘7>TL 4 Rng}J<ZvJ>P 4 &gTS}J<ZFj>
DS AU + b7T7T7T7Tk<i7Tj>k + bWJJJ<iJj>7
Thn— =0c"“7Y +V - -J :
Dt D
J = AV =y — LV

—|—/€S) ”VJn—l-/i( >7TZ‘7V‘7P—|—/€(3)7TZ]F‘7
( )sz U+H§7ZJJJZ] —I—Ii( )JJ %]

7% . stress tensor

J¢ :heat flow :
D o —|—bJJ7TJ‘77T‘7
—=L+1tu-V :

Dt Ot
z’j _ Azgklvkul
Azgkl (1/2) (5ik5jl + 5il5jk + (2/3)5%]5kl)
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Hydrodynamic Equation

Isothermal: J = (0

Balance equation . Relaxation (constitutive) equation
Dn .
— = —nV -u, 2 5 ¥
Dt . m =no"
mn— - = —V*P +nF*+ Vg4, : shear viscosity
Ds i 4 . 1st order
I'n— =o"7" ;
Dt ’ :
'/ stress tensor f 7] : shear viscosity
D 9

ATEE = (1/2) (6767 + 667" + (2/3)57 6*)
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Hydrodynamic Equation

Isothermal: J = (0

Balance equation Relaxation (constitutive) equation

Dn
b v . . y D ..
Dt . 7'('@'] p— 770‘7’3 — 7-7T_7-‘-Z.]
D! : Dt

i i j_ij - .. . .

M = V'P+nF" 4+ V' 1/, f —|—/i7(T1727TZJV°U—|—/17(T2727Tk<ZO']>k
Ds L : S S
2nd order
' stress tensor 7] : shear viscosity
D o s T :viscous relaxation time
Dt ot

AR = (1/2) (667" + 6% 67% + (2/3)5Y6M)
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Hydrodynamic Equation

Isothermal: J = ()

Balance equation . Relaxation (constitutive) equation
Dn
bn__ v.u - I g D ..
Dt - m =noY = Tr—=m 4
Dt . . N Dt
M- = =V'P +nk" + VJ?T”, viscous relaxation time
Ds o
Tn— =o"“7", _
bt -P m —770”(1—e {=t0)/ )
t—>oo 770-
7' : stress tensor 7]  : shear viscosity

- T :viscous relaxation time

i ot n= == | ds(i(0),79(s)) = -z (7, L71iY)
Sii — Aidklgky! 10T J, 107
. . g : > ds s(7t(0), 74 (s 1 g g
Azgkl (1/2) (5zk63l _|_5zl53k + (2/3)5zj5kl) : T. = fO <7T ( ) ™ ( )> L <7/:[_'L],L—2ﬁ_zj>

[ ds(7%(0), 7% (s)) 10T



Transport Coefficients
and
Relaxation Times
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Shear viscosity

S-wave scattering
do 1
dQ  (1/a)? + ¢

scattering length T
relative momentum

Microscopic expressions

- 10T J,
1 g g
— = s L—lAij

y ds (7" (0), 7 (s))

Cif)

"~ o f— fea

<¢7X> E/f;qf;qupo
p

74 (s) = [e* 7],

1000 r

100 [

n/n

10

Transport Coefficients and Relaxation Times

scattering length dependence

T=1 TF
|

X+

X

- Unitary limit
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Transport Coefficients and Relaxation Times

Shear viscosity
At the unitarity temperature dependence
a — OO
100 ¢
scattering :
length )
10 3 . + ' —
Microscopic expressions s ) |
n=— [ ds((0),7(s)) -
10T J, !
| 0.1 o ;
_ = (ntf p—1ladj
Boltzmann  +
0 > o|5 I1 1I5 I2 2|5 I3 3.5 I4 4|5 5
L,, = —C[f]p(t)‘ : : 28 : .
0fq F—pea .

<¢>X> E/f;qf;qupo
p

74 (s) = [e* 7],
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Transport Coefficients and Relaxation Times

Shear viscosity

At the unitarity
a — OO

scattering

length quantum

statistical effect 10 |

Microscopic expressions

1 ©. @)

N = 10T . d3<7%ij(0)>ﬁij(3)>
1 0.1 -
= (s [ ladg
5 [ ] ( ) 0.01
L,, = —C|fl, t‘
o, oo

temperature dependence

100 ¢

T/Te

X 2§ *
+
X
X
X +
X +
X +
X
an +
+
Boltzmann +
Fermion X
| | | | | | | | |
0.5 1 1.5 2 2.5 3 3.5 4 4.5
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Transport Coefficients and Relaxation Times

Viscous relaxation time

temperature dependence

Microscopic expressions

R dssEi0), A e -
T sE0), ) -

_ ~ 1] L—ZAZJ
1OT77<7T LT |

+X
+X
+X
+x
|

EF tJ‘l:

+

Boltzmann
| FermionI X

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
T/TE
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Transport Coefficients and Relaxation Times

Viscous relaxation time

temperature dependence

Microscopic expressions

9 | | | | | | | | |
> ds s(7%(0), 7% ot -
o fo s s(m7(0), 7 (s))
T - o0 ~ ~ o
Jo ds(7(0), 7% (s)) Tt -
1 ~ 1] —2 1] 6T ]
= 10T (¥, L7
/r] & 5r 7 i X ¥ ' ]
o AL X ) ) y i " _
X x . N
. 3 F . -
BGK estimate )
7 ’r -
7_’7"' — E 1 — 4+ ' h
Boltzmann +
| | | | | | | | FermionI ~
G. M. Bruun and H. Smith, Phys. Rev. A 76, 045602 (2007) 0 0 0.5 1 15 2 25 3 3.5 4 4.5 5
M. Braby, J. Chao, and T. Schafer, New J. Phys. 13, 035014 (2011) T/Tg

P : pressure
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Transport Coefficients and Relaxation Times

Viscous relaxation time

temperature dependence

Microscopic expressions

? I I ! ! ! ' l T T
*ds s(7%(0), 7% (s)) _
T:fo s s(m*7(0), 7 (s
ST ds(/1(0), 7 (s)) a good agreement !! _
1 -~ - | _
— (7', L™27%)
10T77 7 5L = ) . : 5 [i
. o w
4r 2 - X i _
X X s
[
BGK estimate ’ o
2 r & |
) o Goemam)
"= P ikt
%0 05 1 15 2 25 3 3.5 4 45 5
T/TF

P : pressure
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@ We have derived the second-order hydrodynamic equation for
non-relativistic systems.

@ Boltzmann eq. is faithfully solved in the RG method!!

@ Microscopic expressions for all the transport coefficients have
been analytically obtained.

@ We numerically calculate the transport coefficients and the
relaxation times, and examined their scattering-length and
temperature dependence and quantum statistical effects.

& The validity of BGK estimate has been checked numerically.




