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e (Chiral phase transition is described by the chiral order parameters
(Y1) (iysTa)

e Some model analyses suggest that spatially modulated chiral
condensate can appear near the QCD critical point.

(W) = o(x) (YiysT) = 7 ()



¥~ Inhomogeneous chiral condensation
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e We know some (one-dimensional) solutions of the gap equation.

Dual chiral density wave (DCDW) Real Kink crystal
(Yp) = M cos(qz) (1p) = qv/vsn(qz; v)
(YirysT31)) = M sin(qz) (YiysTyh) =0
Nakano, Tatsumi (2004) D. Nickel (2009)

Typically the period of condensation is order of fm.



- GL expansion

~

Free energy: @ = LZ|m|? + $sgn(aq)(|m|* + |m'|?) H. Abuki, D. Ishibashi and K. Suzuki (2012)
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Pion condensation Higher dimensional modulation

Mro.ap(x) = V2Mjysin(kz),
Mi0.2p(x) = My(sin(kx) + sin(ky)),
Mio3p(x) = \@Mo(sin(k:x) + sin(ky) + sin(kz))

FF: M(z) = A exp(ipz)
LO: M(z) = Asin(pz)
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. 3_ifon condensation tends to be energetically unfavored near the
_ifshitz point.

e Higher-dimensional condensations are energetically unfavored.



) Svymmetry breaking

¢ Rotational and translational symmetries are spontaneously broken.
() = M(z) (YiysTip) = 0

Chiral symmetry Translational and rotational symmeties
SU(2)g xSU(2), — SU((2)y R’ x SO(3) — [R? x SO(2)] x [discrete symmetry]
—>  Pion: M’ = My(2)e"™®) — Phonon: M’ = Mo(z + u(z))

We expects four low energy excitations.

DCDW is special. <TW> = M cos(qz) T-G. Lee, E. Nakano, et.al, (2015)

/

(YiysT3p) = M sin(gz)

We can not distinguish the chiral rotation and spacial translation

» Three low energy excitations appear



) Landau’s discussion

Deformation of condensation: M’ = M (z + u(x))

Energy unchanged
Translation (u = cons) . Rotation (u =6x or u = 6y)

Energy changed Stretch (u = az)

(Oou(x))2 o

e (Operations which change the energy of the system appear on the

free energy.
—_— FY = %/d?’x [B(9,u)® + C(V3u)’]



) GL expansion of NJL

Effective potential of NJL model near the Lifshitz point
QeL[M] = axM? + ag {M* + (VM)*} + a6 {2M° + 10M*(VM)® + (AM)?}
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e Expand free energy of the NJL model in amplitude and momentum of
condensation.

e Solution of the GL equation is known.



Phase diagram

QcLM] = axM” + oy {M* + (VM)*} + ag {2M° + 10M?(VM)? + (AM)?}
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e Modulated chiral condensate is energetically favored than uniform one.
e (Consistent with non-expanded calculation.



) Phonon fluctuation

Qcr[Mo(z + u(z))] = Qar[Mo] + AQqr, + O[u?]

(T, 1) = (70,286.0)[MeV]
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e f4,fo,..., ho are periodic functions sharing the same period with Mo.

e Since Mo realises the global minimum of the GL potential,

7{91(2):0 j{z%/oLdz
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e Bloch’s theorem: u can be decomposed into
o (2)

Energy bands of phonon (T, ) = (70,286.0)[MeV]
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) Free energy of phonon

U 2 2 4
By~ B+ (fon) 1+ o0 > By @B+ (VR
= Bk, + Ck}

Coefficients of free energy at T = 10
0.004

B/IA4 -
0.0035 g CIN? -

0.003
0.0025 +
0.002 L
0.0015
0.001 |
0.0005 |-

| ;
0 | | | | e 8 |
300 320 340 360 380 400 420

p [MeV]

e We can obtain the free energy of the phonon fluctuation from the
curvatures of the lowest energy band.



) Quasi lonq range order

(M ()01 () = 3 M iens s o (mu(e) + (o))
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e (orrelation function of the order parameter shows a pawer law.

e Exponent ncis not universal and depends on temperature and

parameter.
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¥~ Impact of phonon fluctuation

M' = M(z+ u(x))
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e <U2> has a logarithmic IR divergence.

¢ One-dimensional modulation is violated by thermal fluctuation in
thermodynamic limit (L_L -> o). (Landau-Pelierls theorem)



) Possibilities

We can evacuate from the large thermal phonon fluctuation if

1) Strictly zero temperature
2) Higer dimensional modulations
3) External magnetic field

4)Finite volume system
divergence is at most logarithmic to volume.
We roughly estimated that, at T = 10 MeV, one-dimensional

condensation is stable up to L ~10 Km.



) Pion fluctuation
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e \We can repeat the same analyses to the pion fluctuation.

e Pion has an anisotorpy in the inhomogeneous phase but dispersion
IS still quadratic.



) Summary

e \We evaluate properties of “phonon” and “pion” fluctuations on
Inhomogeneous chiral condensate.

e Pion and phono have strong anisotropic features.

e One-dimensional modulation is violated by the thermal fluctuation of
phonon (Landau-Peierls theorem).

e Inhomogeneous phase becomes the quasi-long range order phase.
We evaluate the critical exponent in this phase.



