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What is the origin of the strongly coupled 
character of the quark-gluon plasma? 

A puzzling situation 
     - The coupling constant is not small, but not huge


    - Strict perturbation does not work, but successful resummations exist

    - Our present understanding of early stages of HI collisions relies on weak 
coupling concepts

            

�s � 0.3 ÷ 0.4

- «Strong coupling» behavior may appear at weak coupling, when 
many degrees of freedom contribute coherently (e.g. collective 
phenomena, BCS, CGC, etc) 


- The quark-gluon plasma is a multiscale system

Clue?



Strict perturbation theory breaks down

But 
- this has (almost) nothing to do with QCD



Perturbation theory is ill behaved

QCD at finite temperature



Similar difficulty in the case  
of scalar field theory at finite temperature 



Scalar field theory with quartic coupling



Scalar field theory with quartic coupling



Still, asymptotic freedom works ! 



Pressure for SU(3) YM theory at (very) high temperature  

(from G. Endrodi et al, arXiv: 0710.4197)



• reorganize perturbation theory, 
resum, 2PI, NPRG, HTL pert. th. 
etc) 

• Calculate higher orders….

J.O. Andersen, L. Kyllingstad and L.E. Leganger, arXiv:0903.4596

O
⇣
g8 ln g

⌘
Pressure in scalar theory is known up to  order 

A continuing effort 



DIMENSIONAL REDUCTION

Integration over the hard modes

� 

(gT ≤ ΛE ≤ T)

� 

Di = ∂i − igEAi

� 

gE ≈ g T

� 

mE ≈ gT

� 

λE ≈ g4TIn leading order

Non perturbative contribution

Integration over the soft modes

� 

(g2T ≤ ΛM ≤ gT)





( from M. Laine, Y Schroeder, hep-ph/0603048)

State of the art in high order perturbative calculations



( from J. O.  Andersen, Nan Su, M. Strickland, arXiv: 1005.1603



Why is pertubation theory so bad at finite 
temperature while it is fine at zero 

temperature (for comparable values of the 
coupling constant) ?



Expansion parameter and thermal 
fluctutations

Suggests a breakdown of perturbation theory when  . g2T

Thus for  ⇠ T , the expansion parameter is essentially the coupling constant
�T ⇠ g

2. However, � grows as  decreases. Eventually � becomes of order
unity when  ⇠ g

2
T , at which point standard perturbation theory breaks down.

However, at least in the case of scalar theories, this scenario is too pes-
simistic, and this for two reasons. Observe first that when m ⌧  . T the
theory behaves as a massless three-dimensional theory with (dimensionful) cou-
pling g

2
T . The associated dimensionless coupling can be identified to �, and

it obeys the one-loop renormalization group equation (see Eq. (23) below)
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The first term in this equation results from the analysis that we just presented,
the second term is the one loop correction. This correction tames the growth
of the coupling suggested by the first term, and indeed the infrared fixed-point
at �⇤ = 16/3 prevents the blow-up of �. The success of the expansion in
✏ = 4 � d indicates that perturbation theory in the vicinity of this fixed point
is reasonably accurate [11]. The second reason which prevents the breakdown
of perturbation theory is of course the generation of a thermal mass m of order
gT which freezes the running of the coupling at the scale  ⇠ m.1

These considerations concerning the mechanisms that prevent the growth of
the coupling, make paradoxical the fact that standard perturbation theory be-
haves so badly at finite temperature. In fact, as we have already alluded to, the
reason may not be perturbation theory itself, but rather the particular scheme
used. Most studies are done in non-decoupling schemes, such as the MS scheme,
which is popular because of its technical simplicity. But the discussion above
suggests the use of a scheme where the matching between the four-dimensional
and the three-dimensional regimes when  . T , as well as the suppression of
fluctuations when  . m, are manifest order by order in perturbation theory.
We shall now present such a scheme.

We consider the theory of a scalar field ' with the action
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where mB and gB denote the bare mass and coupling constant, respectively.
The upper bound of the integration over the imaginary time ⌧ is � = 1/T ,
where T is the temperature. In line with the previous discussion, we introduce
a specific renormalization scheme with the following, temperature dependent,
renormalization conditions:

m

2 = �(2)(p = 0,! = 0, T ),

1 = d�(2)

dp2 (p2 = µ

2
,! = 0, T ),

1
In QCD, the long wavelength “magnetic” fluctuations have a mass of order g2T , which is

not large enough to prevent the breakdown of perturbation theory.

3



Weakly AND  strongly coupled … 

Degrees of freedom with different wavelengths are 
differently coupled. 

Expansion parameter

Dynamical scales



Courtesy, A. Ipp

Non perturbative renormalization group



Non perturbative renormalization group 
at finite temperature

( J.-P B, A. Ipp, N. Wschebor, 2010 )
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Figure 3: (Color online) Left: Pressure as a function of the mass. The same curves are shown as

in 3, but for the scale-independent function of pressure as a function of the thermal mass. The

perturbative results are shown through order g6 log g. Right: Pressure as a function of the coupling

including results of screened perturbation theory [19]. The curves labelled SPT2, SPT3, and SPT4

correspond to the two-loop, three-loop, and four-loop pressure, respectively.

turns out to be available only for not too large couplings2 g(2⇡T ) . 0.6 [19], so that a

scheme-independent comparison like in Fig. 3 (left panel) is not available for SPT3 and

SPT4 at larger couplings. For SPT2, the results for screening mass and pressure almost

coincide with the results of 2PI. Nevertheless, the plot of pressure versus coupling shows

that SPT leads to a stable calculation scheme, even at large couplings, and does not deviate

too much from the 2PI and BMW results. However the systematics of the results as one

moves from SPT2 to SPT3 to SPT4 remains unclear to us.

We turn now to more technical aspects of the calculations, namely the dependence of the

results displayed above on the choice of the temperature, or on the choice of the regulator.

Consider first the dependence on the temperature, which is measured by its ratio T/⇤ to the

microscopic scale ⇤. As T/⇤ increases and becomes close to 1, our numerical calculations

loose accuracy for a variety of reasons, the main one being the following: If T is too close

to ⇤, 2⇡T may become bigger than ⇤ and the whole procedure eventually collapses. One

indeed assumes that the beginning of the flow is not a↵ected by the temperature (so as to

use the 4-dimensional integration procedures), and this assumes ⇤ > 2⇡T so that there is

2 Due to di↵erent definitions in the Lagrangian, the coupling g appearing in Ref. [19] corresponds to
p
24⇥g

in this paper.

JPB, A. Ipp, N. Wschebor,  arXiv:1007.0991
JPB, A. Ipp,  R. Mendez Galain, N. Wschebor,  arXiv: hep-ph/0610004



But !
• Dimensional reduction at high temperature

• Dynamical generation of a thermal mass

m ⇠ gT

The coupling grows with decreasing k



Massive, decoupling, scheme

Renormalization conditions (at finite temperature)



Issues

• Temperature dependent counterterms

• Fixing the parameters (m, g)
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Leading order calculation

The renormalization condition implies



m2
0 = m2 � g2

2
IT (m)

Relate thermal mass to zero temperature mass

Self-consistent equation for the thermal mass

Note: unusual calculation !
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Summary
• An appropriate choice of renormalization scheme 

can greatly improve perturbation theory at finite 
temperature


• The proposed massive  scheme leads to a well 
behaved perturbative expansion


• The idea of expanding around a massive theory is 
not new (screened perturbation theory, optimized 
perturbation theory, etc), but the present 
implementation is conceptually and technically 
simpler.


• Higher order corrections are being calculated.


