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Basic properties of E.E.

entanglement entropy for guantum system

how much a quantum state is entangled quantum mechanically

d.o.f of the system
quantum properties of the ground state for the system

In finite T system, It gives a thermal entropy

QCD theory (T=0)

A color confinement changes the d.o.f of the system

microscopically macroscopically

colorful 2 colorless
(gluons) ™~ O<NC> (singlet) 0(1)




Definition of the entanglement entropy



Entanglement entropy (E.E.)

von Neumann entropy Stor = —Trpior 1lOg prot
density matrix Ptot = |\IJ> <\IJ‘ |\IJ> ‘pure ground state
decompose total Hilbert

Hiot = Ha ® HB

space into two subsystems

reduced density matrix PA = — 1Ty B Ptot

entanglement entropy SA — —TIA,OA log PA @ B

At finite T, It Is equivalent to the thermal entropy.



Holzhey,Larsen and Wilczek: NPB424 (1994) 443
Calabrese and Cardy: J.S.M.0406(2004)P06002

Calabrese and Cardy, arXiv:0905.4013

Schematic picture of E.E.

(1+1)-dim. model
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Schematic picture of E.E.
In the non critical system,
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In the non critical case,

>

<

Schematic picture of E.E.

(1+1)-dim. mod?l

!
a
§
a

log
log

C
3
C
3

N—
—>

W~ w D
\V/ < A =
yoow g

<

G

f: correlation length of the system



Schematic picture of E.E.

(1+1)-dim. mod?l
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At the critical point or | < £ in the
noncritical system
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Difficulties to obtain E.E. in 4d gauge theory

UV cutoff dependence of 4d E.E.

| 2d ", Entropic C-function C'() = l%

Area |, Area

o T - ¢y log(l/a) + (regular terms '

1 S [Rvuand TakayanagiPRL96(2006)181602

Entropic C-function  ('(1) = /3 JHEP 0608(2006)045

‘ 8A‘ dl Nishioka and Takayanagi JHEP 0701(2007) 090

cf) Holographic approach C is obtained by AdS and QFT

(local) gauge invariance



E.E. for gauge theory

P.V.Buividovich and M.|.Polikarpov PLB670(2008) 141
extended Hilbert space

H.Casini, M.Muerta and J.A.Rosabal arXiv:1312.1183
electric b.c.(electric center), magnetic center, trivial center
D.Radicevic arXiv:1404.1391

magnetic center

W.Donnelly PRD85 (2012) 085004

extended lattice construction

S.Ghosh, R.M.Soni,S.P.Trivedi arXiv:1501.02593

S.Aoki, T.ritani, M.Nozaki et.al. arXiv:1502.04267

maximally gauge invariant reduced density matrix
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Replica method

Calabrese and Cardy: J.S.M.0406(2004)P06002




Replica method

(L) X entanglement entrgpy:

: Sa=—1im — InTr4p’

E A N’T N ]_/T n—1 0n

: .0 Z(l,n)
v SA(D__%LI%%l“( 7n >



Z(l,n)

Replica method

(L) X entanglement entrgpy:
: Sa=—1im — InTr4p’
E A N’T N ]_/T n—1 0n
: .0 Z(l,n)
' SA(D__iﬂa_nln( 7z )
nN .




Z(l,n)

o]=][=.

. S—

A

[

Replica method

A 0
Sa=—1lim — InTrap)
N, ~1/T n—10n
0 Z(l,n)
Si(l) = —1lim — In !
t A( ) n—1 On ( AL >
observable:
05;([) = il_)ﬂll %(%F[l,n] free energy
Fll+an=2]-F|l,n=2
nNT / a
Fodor (2009)]
= [ da(Sialt] - U]
0
using the interpolation action
Sz'nt — (1 — Oé)Sl [U] -+ CBSZ_HL[U]
) we measure the diff. of the action density

entanglement entropy:




Simulation results



Simulation setup

Wilson plaquette gauge action =
Ns=Nt=16, 32 B A
l/a=2,3,4,5,(6) ’

beta=5.70 - 5.87
of configuration 12,000~84,000
scale setting r 0 =0.5 fm and ALPHA coll.




(1/1dAl) d S/dl [fm™]

10

Lattice results for quenched SU(3)

T=0, quenched QCD

AV QWIS AV IR DR AV AV AV IR D I
Iyl
OCOO0OO0OO0OO0OO0OO ]

We measure ~84,000 configs.

- in short range, 1/I"3 scaling
- the coefficient is C=0.2064(73)

cf.) C~0.09 in SU(2)

The Nc dependence is

0.2064 32
= 2.29 ~ =
0.09 I 5




Entropic C-function

iIndependent of UV cutoff

1 dS
0A| di

C(l) = I3

! ! ! ! ! ! ! ! ! ! ! ! l ! ! ! ! ! ! ! !

In short | region, C is constant.

The discontinuity Is not clear.

(I°/1dAl) d S/dl

a=0.1707[fm] —+
a=0.1628[fm] >~

a=0.1555[fm] 1
a=0.1520[fm] cf) ~ 0.7|fm]
a=0.1454[fm] Agep

a=0.1423[fm]
a=0.1363[fm] —<
a=Q11820im] |-

| | | | I | | | | I | | | | I | | | |

o

0.2 0.4 0.6 0.8
I[fm]

—h



Comparison with Ryu-Takayanagi results

Ryu and Takayanagi:PRL96(2006)181602
JHEP 0608(2006)045

olographic (or field theoretical) approach

1 NC2 NZ
(3+1)-dim. CFT \8A\SA(Z) 72 ¢ 2

c’ is obtained by AdS and QFT

¢’ ~ 0.0049 for free real scalar theory

=1,---,8
Estimation for non-abelian gauge theory Aa {a o

7
Crauge ~ 2¢' -2+ 8 ~ 0.1568

Our numerical result
C’gauge ~ (.2064



(1/1dAl) d S/dl [fm'3]

(1/1dAl) d S/dl [fm'3]
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Summary

This 1s the first precise determination of E.E. for quenchead
QCD

Nc dependence in the short | region is Nc*2 as expected
by AdS/CFT and field theoretical insights

No discontinuity exists as contrast with SU(2) results
Entropic C-function shows UV cutoff independence

Value of C-function agrees with Ryu-Takayanagi work

replica number (n ->1) dependence



Future directions for E.E. using the lattice
. QCD atzero T

. give a novel observation for confinement
even in full QCD case

. QCD at finite T

. gives the therma

entropy and the correlation length in QGP phase

. conformal window in 4dim Nf flavor QCD

would give the a-function and central charge

beta fn.

B

Nf<9 O<Nf<17

!

nontrivial IR fixed point is
found by lattice simulation
cf) E.l. PTEP(2013)083B01



