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Introduction
• 細谷機構[Hosotani mechanism](1983) 

• コンパクト化した余剰次元を回るWilson-loopの真空期待値で対
称性を破る(c.f. ヒッグス機構) 

• 動的な起源：Coleman-Weinberg型の量子補正による 
• これまでの研究は主に摂動論の範囲内 

• 応用：素粒子現象論における 
「ゲージ・ヒッグス統合(gauge-Higgs unification)模型」 
[Manton(1974), Witten(1985), H-Inami-Lim(1998)] 
• 電弱相転移の場合、ヒッグスの質量が２次発散する問題（ゲージ階層性
問題）を解決
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有限温度TのSU(Nc)ゲージ理論 ＋ Nf個の基本表現フェルミオ
ン系でのグルーオン（A0）２乗質量（１ループ）

Y. Hosotani, PLB126-309(1983)

空間方向へのコンパクト化を念頭に、 
フェルミオンの境界条件を周期的境界条件に

質量二乗が負(Tachyonic) 
→自明な真空は不安定？ 
→対称性の破れ

松原形式：虚時間方向を周期1/Tの円にコンパクト化 
• ボソン：周期的境界条件 
• フェルミオン：反周期的境界条件

What’s HM?
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新しい真空で、ウイルソンラインは 
 
 
の形を取る。SU(Nc)対称性は破らないが、中心群ZNc対称性を破る 
フェルミオンは共変微分中のゲージ場との結合から質量を獲得 

熱場的には、フェルミオン境界条件の変化は非零の虚数化学ポテンシャル
に対応[Roberge-Weiss, NPB275-734(1986)] 

格子ゲージ理論でも多くの先行/関連研究あり 
フェルミオンをSU(Nc)随伴表現にした場合は、ウイルソンラインによっ
てSU(Nc)対称性は破れる。 
[Higuchi-Parker, Davis-McLachran (1988), Hosotani(1989)]  
→　格子ゲージ理論ではどう見える？(c.f. Cossu-D’Elia, 2009)
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3+1次元SU(3)模型での解析
• ３＋１次元でのSU(3)ゲージ理論 
• 連続理論での１ループ摂動論 v.s. 格子ゲージ理論 
• 連続理論の作用 
 
 

• 境界条件(<Ay>=0のとき) 
 

• (本発表ではゲージ場と随伴表現フェルミオンのみ[Nad=2,Nfd=0]、
周期的強化条件[αad=0]の場合を取り上げる 

• （基本表現フェルミオンの場合、有限温度系＋虚数化学ポテン
シャルに対応） 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相構造
• ゲージ場の真空期待値とウイルソンライン 
 

• SU(3)対称相：A (deconfined phase) 

• SU(2)xU(1)対称性の相：B (split phase) 

• U(1)xU(1)対称性の相：C (reconfined phase) 

• 格子ゲージ理論では上記の他に「綴じ込め相」Xがある。 
• 摂動論の結果(New!) 
 
 

• 格子計算でも似た相構造が示唆されていた（Cossu, D’Elia, 2009）
6
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• 格子数：16^3 x 4  
• サイズの小さい方向がコンパクト化した余剰次元に対応 

• コンパクト化方向のポリャコフライン 
＝ウイルソンライン(のTrをとったもの) 

• Kogut-Suskind fermion  
• (基本（随伴）表現のフェルミオン数は４（２）の倍数に制限される) 

• フェルミオン質量の他に、ゲージ結合定数βも変化させる 
• 観測量（ゲージ不変 c.f. Elitzuerの定理） 

• ポリヤコフライン 
• 今回はポリヤコフラインの固有値も

格子QCDによる解析
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ポリャコフループ[ゲージ場＋随伴表現フェルミオン]
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which gives a direct interpretation as the sum of contribu-
tions coming from paths wrapping k times in the compact
direction (see also [40]). The sum is dominated by the first
term (k ¼ 1) for every values of mR (the worst case being
mR ¼ 0 where c1=c2 ¼ 2d), and it looks like a self-
interaction of the Polyakov loop, respecting the center
symmetry. Indeed, terms like this appear in various dimen-
sionally reduced models with center stabilization terms,
and are known as double-trace deformations (see, e.g.,
[41]). In the limit mR → 0 (i.e., c1 → 1), the combined
potential of gluons and adjoint fermions has the minimum
for jP3j ¼ 0 (a phase with confinement) as we show in the
next section. The opposite limit mR → ∞ corresponds to
the pure gauge case, c1 → 0. We use these observations
later in the discussion on the phase diagram found on the
lattice.

B. Vacuum in the presence of fermions

In the presence of fermions, VeffðθHÞ exhibits a rich
structure. Let us consider a model with Nfd (Nad) funda-
mental (adjoint) fermions which is described by Eq. (4.5).
For simplicity, we restrict ourselves to the case where
mfd ¼ mad and αfd ¼ αad. Nfd ¼ 4 and Nad ¼ 2 are the

minimal numbers of flavors for the standard staggered
formalism for the lattice fermion used in the simulations.
Therefore, in the following we briefly summarize the
behavior of VeffðθHÞ for ðNfd; NadÞ ¼ ð0; 2Þ and (4, 0)
for d ¼ 4, i.e., R3 × S1 compactification.

1. Adjoint fermions : ðNfd;NadÞ ¼ ð0;2Þ
Let us begin with the case of adjoint fermions under the

periodic boundary condition αad ¼ 0. At one-loop level,
VeffðθHÞ depends on the mass in the product madR. The
global minimum of VeffðθHÞ changes position according to
the following pattern:

A1;2;3 for 0.499 ≤ madR;

B1;2;3 for 0.421 ≤ madR ≤ 0.499;

C for 0 ≤ madR ≤ 0.421: (4.10)

The fact that there are coexisting phases A and B (B and C)
at the transition point madR ¼ 0.421ð0.499Þ implies that
the transition is of first order.
In Fig. 3, contour plots of VeffðθHÞ are displayed in the

order madR is decreasing to cover the phases A, B, and C

FIG. 3. Effective potential for the case of Nad ¼ 2 adjoint fermion with periodic boundary condition (αad ¼ 0) for the values of madR
in d ¼ 4. They are corresponding to the A phase, the A-B transition point, the B phase, the B-C transition point and the C phase,
respectively. Lower values of Veff are indicated by lighter colors.
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which forbids such configurations. See the density plot
in Fig. 13, where the eigenvalue triplets of the Polyakov
loop is obtained by random numbers constrained by
Eq. (5.3). This measure term gives a strong repulsive
force for the eigenvalues that must be subtracted to get
the nonperturbative Veff .
The results of our investigations are shown in the panels

of Fig. 14. These plots come in couples and each one of
them displays the density plots for the Polyakov loop P3

itself (left) and for the phases ðθ1; θ2Þ of its eigenvalues
(right). Smearing is applied to the configuration before
measurements (5 steps of stout smearing [48] with the
smearing parameter ρ ¼ 0.2) to filter the ultraviolet modes
that are essentially just lattice noise and are not relevant
for Veff. By this technique, the gauge configuration is
smoothed out by averaging the links over the nearest-
neighbors, in a gauge invariant way. Several successive
steps of smearing can be applied by gradually increasing

the radius of involved neighbors. The final result is a
configuration where the ultraviolet oscillations of the gauge
field at the level of the lattice spacing are highly sup-
pressed. It is typically used to clear propagator signals, or
obtain information on topological objects. Since we are
only interested in locating the minima of the potential, any
fluctuations of the Polyakov loop induced by the coarse-
ness of the lattice around that minima are not relevant at this
level. We find that smearing is essential to extract useful
information from the configurations generated. Data for the
2 D density plots are also smoothed by a Gaussian filter
with a radius of 5 nearest-neighbors for clarity in the
presentation. The panels in Fig. 14, from left to right, top to
bottom, show the change of distributions in passing the
X-A-B-C phases. Modulo the Haar measure contribution,
we observe a good correspondence between the perturba-
tive shape of the potential and the location of the maximum
of the densities of the measured Polyakov loop eigenvalues.

FIG. 14 (color online). Density plots of the Polyakov loop (in the complex plane) and its eigenvalues (in the θ1=π-θ2=π plane) are
shown side-by-side at several β’s. All possible pairs fðθi; θjÞ; i ≠ jg are included in the plots. Darker colors denote the highest density
regions.
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A0
y ¼ ΩAyΩ−1 þ ði=gÞΩ∂yΩ−1; hA0

yi ¼ 0;

ΩðyÞ − expð−igyhAyiÞ.
(3.3)

In the new gauge the fields are not periodic anymore. A0
M,

ψ 0
fd, ψ

0
ad satisfy the boundary conditions (2.2) with

V¼Ωðyþ2πRÞΩðyÞ−1 ¼

 e−iθ1
e−iθ2

e−iθ3

!

: (3.4)

Due to the nontrivial boundary condition V, the Kaluza-
Klein masses from the y-direction momenta change, which
compensates the eliminated mass terms coming from the
AB phases. The resultant mass spectra (3.2) remain intact
under the gauge transformation (3.3). In general, under any
gauge transformation the change of the VEV of Ay is
compensated by the change of y-direction momenta so that
the mass spectra remain invariant. The statement is valid at
the quantum level as well, as explained in Sec. IV.
From the gauge boson mass of the zero-mode ðmð0Þ

A Þ2,
we can infer the remaining gauge symmetry realization
after the compactification. Because the mass is given by
the difference θj − θk, it is classically expected that the
mass spectrum becomes SU(3) asymmetric unless θ1 ¼
θ2 ¼ θ3ðmod2πÞ. However, as a dynamical degree of
freedom, θH has quantum fluctuations. In the confined
phase, these fluctuations are large enough for the SU(3)
symmetry to remain intact. For a moderate gauge coupling
and sufficiently small R, θH may take nontrivial values to
break SU(3) symmetry depending on the fermion content.
To determine which value of θH is realized at the quantum
level, it is convenient to evaluate the effective potential
VeffðθHÞ, whose global minimum is given by the VEVs of
θH. In Sec. IV, we present our study of VeffðθHÞ at the one-
loop level and demonstrate that VEVs of θH are located at
certain values for given fermion content. This picture is also
supported by lattice simulations presented in Sec. V.
In the rest of this section, we discuss configurations of

θH which are relevant in the study of VeffðθHÞ. Besides the
configuration in the confined phase, there are three classes
as follows. Note that there is no intrinsic way to distinguish
θ1, θ2, and θ3. All permutations of them within each
configuration are equivalent.

(i) SU(3) symmetric configurations
As was discussed earlier in Eq. (3.2), θ1 ¼ θ2 ¼ θ3
leads to SU(3) symmetry of the (d − 1)-dimensional
space-time. We label the three possibilities as A1;2;3,
whose properties are

A1∶ θH ¼ð0;0;0Þ; P3¼ 1; P8¼ 1;

A2∶ θH ¼
!
2

3
π;
2

3
π;
2

3
π

"
; P3¼ e2πi=3; P8¼ 1;

A3∶ θH ¼
!
−2

3
π;−2

3
π;−2

3
π

"
; P3¼ e−2πi=3;

P8¼ 1: (3.5)

Lattice simulations show that these kinds of con-
figurations appear in the deconfined phase. They are
realized in a system with fermions in either adjoint or
fundamental representation.

(ii) SUð2Þ × Uð1Þ symmetric configurations
When two elements of θH are the same and the third
one is different, zero elements of ðmð0Þ

A Þ2jk form a
2 × 1 block structure, which imply that SU(3)
symmetry is broken into SUð2Þ × Uð1Þ symmetry.
This is realized by configurations B1;2;3,

B1∶ θH ¼ ð0; π; πÞ; P3 ¼ − 1

3
; P8 ¼ 0;

B2∶ θH ¼
!
2

3
π;− 1

3
π;− 1

3
π

"
; P3 ¼

1

3
e−πi=3;

P8 ¼ 0;

B3∶ θH ¼
!
− 2

3
π;
1

3
π;
1

3
π

"
; P3 ¼

1

3
eπi=3;

P8 ¼ 0: (3.6)

In terms of P3, this configuration seems to be
realized in the “split” phase observed in Ref. [24],
where a system with periodic fermions in the adjoint
representation on the lattice is studied. Further
discussion on the correspondence between the B
phase and the split phase are presented in Sec. V B 2.

(iii) Uð1Þ × Uð1Þ symmetric configurations
If θ1, θ2, and θ3 are different from each other, there
are two independent massless fields in the diagonal
components in Að0Þ

μ yielding the Uð1Þ × Uð1Þ gauge
symmetry. This situation is realized by

θH ¼
!
0;
2

3
π;−2

3
π

"
; P3¼ 0; P8 ¼−1

8
: (3.7)

FIG. 1 (color online). A sketch of the possible values of
Polyakov loop in each phase. ðA1; A2; A3Þ and ðB1; B2; B3Þ form
Z3 triplets. Θ and Φ are interpolating configurations useful in the
description of the mixed fermion content case.
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格子（密度分布）摂動論（有効ポテンシャル）

θ1

θ2

対応が不明確な相がある

<P3> <P3>(θ1,θ2) (θ1,θ2)

A

B

X-AX

A

C

A A-B B

B-C C
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Haar測度の処理

Haar測度による確率分布 
からの寄与を取り除く

Before After

X 
(confined)

A 
(deconfined)

B 
(split)

C 
(reconfined)
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相構造
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X

C

B

A

Confined/Deconfined
Deconfined/Split
Split/Reconfined

β

6

8

10

12

14

16

18

20

22

ma

0 0.2 0.4 0.6 0.8

5.5

5.75

6

0 0.2 0.4 0.6 0.8

ポリャコフラインの感受率のスパイク構造から相転移点を決定 

Cossuらの相図とconsisitent、より大きな範囲
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“ヒッグスボソン”Ayの質量
• 摂動論 
 
 
 
 

• 格子計算 
 
 
 
 
 
 
 

11

→ポリヤコフラインの固有値分布から読み出せる

→有効ポテンシャルの曲率から求まる（tree levelではゼロ）
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摂動論

←格子計算↑

“ヒッグスボソン”の質量(続)

A←　B相　→C

A,B←　C相
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まとめと展望
• 3+1次元のSU(3)ゲージ理論について 
(1)ゲージ場と随伴表現フェルミオン（バルク質量の効果） 
(2)ゲージ場と基本表現フェルミオン（境界条件の効果） 
を１ループ摂動論と格子ゲージ理論で調べた 
• 摂動論的領域では両者によい対応関係 

• 今後の展開 
• （近い方）両表現フェルミオンの共存した系での解析、correlation 
functionによる質量スペクトルの解析 

• （遠い方）オービフォールド、warped spaceの格子上での実現 
[カイラルフェルミオン、基本表現ヒッグスetc.]

13

続きはweb(backup slides)で！
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予備スライド

14
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細谷機構によるゲージ対称性の破れ

15

Ay: 余剰次元成分

C: 余剰次元空間を回る、 
非可縮な閉曲線

G,H: ゲージ群

<Ay>は（摂動論的には）真空期待値周りの有効ポテンシャルから
ダイナミカルに求まる（Coleman-Weinberg機構）

W: アハロノフ＝ボーム(AB)位相

Wは場の(Kaluza-Klein)質量スペクトルにも影響を与える
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細谷機構の応用例

• Wilson-line(AB位相)による、素粒子大統一理論でのゲージ対称性
の破れ（Witten, 1985） 

• 素粒子標準模型を拡張：電弱対称性の破れを本機構で実現 
• ヒッグス質量の２次発散問題（ゲージ階層性問題）を解決 
• TeVスケールのKK粒子を予言　→　LHCでの発見を期待

16
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有効ポテンシャル

d=D+1 : （余剰次元を含む）時空の次元

17
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ポリャコフライン

基本表現ポリャコフラインP3 
[矢印の向きと大きさで表示]の 

(θ1,θ2)平面でのマップ

A1,A2,A3: deconfined phase 
B1,B2,B3:split phase 

C (reconfined), X (confined)

18
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θ1

θ2

(Nad,Nf)=(2,0)で 
随伴表現フェルミオン 
の質量を変えたときの 
有効ポテンシャル 
（白い方が低い値）

19
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相転移点を定量的に決定するために、感受率χを基本表
現、随伴表現ポリャコフラインに 
ついて計算。 
confined⇔deconfined⇔splitの境界で感受率にピーク。 
split⇔reconfinedでの相転移はあまりよく見えていない。

21

FIG. 7. Left: β-dependences of jP3j (upper) and P8 (lower). The gray bands indicate the transition regions as listed in Table II.
Each phase is labeled in the upper panel, accordingly. Right: susceptibilities corresponding to the light panels. Results for
ma ¼ 0.05 are shown.

FIG. 8. Same figure as Fig. 8 but for ma ¼ 0.10.

FIG. 9. Same figure as Fig. 8 but for ma ¼ 0.50.

COSSU et al. PHYSICAL REVIEW D 89, 094509 (2014)
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ゲージ場＋基本表現フェルミオン

A1, A2, A3は 
もはや同等ではない 
⇒Z3対称性の破れ

22



研究会「熱場の量子論とその応用」@理研2014 Sep. 3-5

[左図]境界条件αfとポリャコフラインP3の偏角θの関係

23

around αfd ¼ 2π=3 is clearly visible for β ¼ 5.20. In
particular, we find that the data at αfd ¼ 2π=3 is in the
A1 phase or the A2 depending on the initial configuration in
HMC. This is the indication of the nonanalyticity of θ. For a
better illustration of this behavior, in Fig. 18, we plot the
phase argðP3Þ as a function of αfd. As seen in the figure, the
transition from a continuous behavior to a discontinuous
one around αfd ¼ 2π=3 becomes more evident for increas-
ing β. From the location of the peaks of χP3

we can draw the
phase diagram of Fig. 18. We note that our data do not
differ significantly from the results of, e.g., Ref. [52] with
ma ¼ 0.05. It suggests that no significant mass dependence
of the phase structure is expected. Because the perturbative
region is realized at large β, there would be a split of phases
into three classes A1, A2, and A3 as described in Eq. (4.13)
and Figs. 4 and 5.
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In this paper we explored the Hosotani mechanism of
symmetry breaking in the SU(3) gauge theory on the 163 ×
4 lattice. The Polyakov loop, its eigenvalue phases, and the
susceptibility were measured and analyzed in models with
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with general boundary conditions. Among the four phases
appearing in the SU(3) model with adjoint fermions [24],
the A, B, and C phases are interpreted as the SU(3),
SUð2Þ × Uð1Þ, and Uð1Þ × Uð1Þ phases classified from the
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