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Motivation: I

A topical two-gap superconductivity has been recently
discovered near 39 K in MgB,.

1) Before the discovery of high-T, superconductors, much effort
had been devoted to raise critical temperatures 7. of the usual BCS
superconductors in the weak coupling regime and Eliashberg’s in the
strong coupling.

2) T. =39 K in MgB, is close to or even above upper theoretical
values predicted by the BCS theory.

e Resonating (Res-) mean-field (MF') theories:

— Resonating Hartree-Fock (Res-HF) theory ;
— Resonating Hartree-Bogoliubov (Res-HB) theory;
— Res-MF RPA;

e Temperature dependent Res-MF theories:
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3) Then, it may be expected to open a new area in the vigorous
pursuit by the radical sprit of the Res-MF' theories.

e H. Fukutome, PTP 80 (1988); PTP 81 (1989), S. Nishiyama and H. Fukutome, PTP 85 (1991);
PTP 86 (1991).
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Resonating HB eigenvalue equation: I

« HB energy functional surface:

Res-HB levels and Resonon excitations

Two-Gap Superconductivity

Dynamical- and quantum tunnehng effect
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Possible structure of the HB energy functional surface,
the case where quantul resonance is present.
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Res-HB approximation:

pproximate low energy eigenstate |[W"*) by discrete superposition of

s19r) 1gs) -+
(|gr)’s: Non- orthogonal and different correlation states)

|\PRGS> - Zgzl |gS>CS

x N matrix z and 2N x 2N HB interstate density matrix W, betwe

wtrix form;

B K,
_K:r Iy — Rzr

ormalization of mixing coefficients;

(R pre) = Z?,s:l (grlgs)cres = er [det 25 2cres = 1.

xpectation value of the Hamiltonian;

n * L x
(Wi H | =) = Zr,3:1 (9r[H|gs)cres= Zr o1 H{W| - [det 2] 2¢ics.
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e Res-HB CI Eq. and Res-HB eigenvalue Eq.:

e Res-HB configuration interaction (CI) equation;

D[ —

c, = 0.

Z?zl{H[WTS] — B} - |det 2,4

e Res-HB equation;

n
23:1 ICTSC:jCS 1 07

Krs={lony — W, F|W,s|+ H|W,s| — E} - W,s-|det 2,2,

l\DIr—t

e Fock-Bogoliubov (FB) operator;

Frs Drs
F[Wrs] - )
_D:T _Fs*r

e N x N matrices F,; and D,;
SH[W,,| ‘

Frsa = F— ha 0| R 78079
h e 5Rrs Ba B i [Oéﬁh/ ] 0y
>
SE
Drsoz = — e rs;
O 5K:r 7 2 [Oé’)/’ﬁa] ;0 )

e Res-HB coupled eigenvalue equations;

Fr = ‘F[WTT”CT‘Q + ZZ(S#T)=1(IC7"SC:’<CS + K;[SCT

[frur]i = €rilry, €Erj = a“z - {H[WT’T’] — E}|CT|27
cr).

Hermitian 2N x 2N matrices F,: Res-HB operator

(10)
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Application to two-gap superconductivity: l

e A naive BCS Hamiltonian;

T
H = Zp 0_8 C Cpa + Zp p/va p/CpTC plc_p’lcp/T

e Bogoliubov-Valatin transformation;

P :
dp)(1); d—pm} 3 [prw C_p1(1)

Up T Upr()

N L) Uy,

e Parametrizations for u, and v,; |u,|* + |v,)* = 1

9 w+<p 9 1 a
up—cosé’e =g COS§E 5 N Nf Val SIS
) )
\ ,/6P+A
. Op ¥52 Op ! Ep
vy =sin e 7, sm§= 7 WL 1 e W
2 9
\ ,/5p+A

e Bogoliubov transformation g,;

:
gp 0
gp — ) g]];gp — [2N7
b
0 g,
i Cos%e_iw_;gfg {—(—i—)}sm%pe T,
A0 _

(11)

(12)

(13)

(14)
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SU(2) resonating HB approximation: I

SU(2) Res-HB WF; | W) =c; |g1)+co|g2)

th
To regularize equations, ), = N(0) / de;

—hwp

N(0)de : Number of electronic states of one spin in the normal
metal within de near the Fermi surface;

V, » = Constant (—V) for all the p and p';

Two HB WFs with |y =7, ¥ =0; (p9=—19, ©1=—11 |but with
equal gaps | Ay=A1=A

1 1 1 A
Formula: In (— . Wyt ) — arcsinh <_) q—="),
th

HWi(A)] = H[Wa(A)] = HW(A)] = —2hwp N (0)fwp

X
i i

V1+ 22 — 2? - arcsinh (1) + N(O)V {x . arcsinh (1> }2] | t

X

H[Wia(A, A)] = —2hwp N (0)hwp [m + 22 - arcsinh (1)] . (16)

DO —

detaa(2, )b =exp | -2 (O {In1+a%)+20-amctan (L] (1)

X
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Ees-HB etgenvalue equation for two-gap state.j

Res-FB operators;

Fi= [f[WH] S (H[WH] — E;es)
(1o — Wio) F[W1a)|Wis ngfT[Wu}(lQN—Wng) }] 5 (18)
=H [Res ‘Cl‘ )

% Wi+ Wi+
{ 12 12 H[Wm]_EgRres H*[Wm]—

fgz [f[WQQ} — (H[WQQ] == E;es)

W12]:[W12](12N—W12)+(12N W) FHWa W, o2 (19)
H[WH}_E?S H*[ng] EgRr .

X{WlQ"’WlTQ"_

Equal gaps: | Ay = A1 =A = 92p = (91p = Qp.

Res-FB operators ffp and ,7-"2Tp for the spin-up state;

| FISEEN A -l
ffp = : fgp essntially has the same form. (20)
| Al B —Fl, L
Flo=1 +2(H[W]— EF= )Sw12 g N [det ]%\> 1 \
ep=735 3¢ — L, +— - [d€T Z12]2 ¢ - ;
M cosf, g, ) 1£[det 212]%
1 cos2 2 A2 A 1
Fl_=-Ae, +2(HW|—E™ 2= [det 202 b - o (21
. 2{p (HIW)= B gt ey
1 | 1
Fl =Fl=—2A {N 0)V - arcsinh det 219 ?} :
A 2 ( ) ( ) [ ] H:[det 212]% y

upper sign — Case I, lower sign — Case II. [
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Diagonalization of ffp by a unitary matrix flp,

/\

0
COS%-IQ —Sln2 —itr I

~
glp -

01
SlIl p u/q I COSTP'IQ

Diagonalization condition;

4 %!
tan 0y, = - 2 BT and
(F+€p+f—6p)
.7-"+5p cos? eﬁ ¥V zl , Sin’ lp ,?’-—A sin 91p
7 i 7 7
F+5p_F—5p f—l—sp_‘_f—sp \/1—|—tan2 elp
2 Y)
flgp Sln2 .7:T 0s? %4—;1 sin §1p
7 T
]:ﬁp ;F_gp ]:ﬁp +]:_€p \/ 14tan? 91p

To get the usual type of the HB orbital energies, we should add a term

‘2 I 1H[W] > EgRreS I
C]_ . 2:_ .
2 1:|:[det Zlgﬁ

(H[W]_EgR> ("T%p_]:jep)

1

Eigenvalues ¢, and € ¢' . orbital energies in the Res-HB states:

_p’

él, = \/{ (Flgp + Figp) }2 + F2
el = —\/ { (#L,+7L,) }2 L F2

\

(22)

(23)

(24)

(25)

(26)
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Temperature-dependent Res-HB equation: I

Tilde Res-HB density operator Wlp for eqaual gaps case;

ol ~1(1) 7

W S a0 i : (27)
= — 2
1p s 9 1p )
0 WD 0 -@W) L
where
1

B = . (28)

1+ exp{ﬁ’e?](ol)}

Final form of the Res-HB density matrix W,;

’UJLSU ]2 0 ]

Wil — GIORIWEIm! Z 510 Gl
0 (1-a) bk

| %{1—00861]0(1 2w1](9 >)}IQ {—(+)}%sin§1pe_“zl(1—2@1](3l>)[2_

(29)

{—(+ )}2511(1912,6“”1(1 2w1]g))]2 %{1—1—00591]9(1 2w12(9)>}12

W5, essentially has the same form as the above.
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At finite temperature, we require correspondence relations

cos 0, = cos by, |and | sinb, = sinby, |;

T (Flgp - J—“Igp) \
cos 8, = \/ﬁ = EL, (1 2w1p> | |
sinf, = B = ]:T (1 — 2] )
’ fledt AzT Elp v )
SCF = ( - )
Ak | A FA Ap 2wy,
% (ALt )2 :

[\V[GV)

dividing numerator and denominator by (6?) + AZ2)2, which is rewritten as

B 2]‘1
P =22 | - 2a,)
(e + A7)2 AT

E prQT)% (.7:+5p a8 flgp)< 2w1p>

New temperature-dependent gap equation;

> €—<FT +.7-"T> 8127 —ZfLT (1— 2] )=0 (33)
(2+A2)FN T TIPS (2 AR\ Ar v

—

(32)

DO —

{1- N -arcsinn () 5 fetsrlt } 5, 4, |

+E§e$(i)hwl) Zp Bp + A% . [det ZlgT]% Zp Cp = O, (LBT = —) ,

Case I (upper sign) and Case II (lower sign)

Seiya Nishiyama
QFT2009, 3-5 Sep. 2009



Summations of A,, B, and C,, are defined as
2 A2 B ) G=D
p p p

o 1 1

(52+A2) 24 AL (€2+A%)2

(1—2@{]9). (35)

= Themal gap equations;

arcsinh (é) 7 A7 z B,

1 1 1
=arcsinh{ — | [ 1£+2N(0)hw detz
N<O)V (xT) ( ) 4 Zp Ap 1:I:[det212T] [ 12T]
~1
- 1
A2 O, arcsmh(ﬁ> A B, ,
X |1 4+<4Fl F—=L =4+ 4AN(0wp 5 detziop|2| 36
Zp AP ( )h Zp Ap 1:|:[d€t212T]% [ . ] ( )

which reduce to the previous Res-HB gap equations as T" — 0.

>, Ay Do, Bpand Y C) near T' = 0 can be computed to be

ZpAp (1) 1 I(II)

=arcsinh | — | — ———+ A(T), AT) = -T5" +---,

2N(0) 4 e R A UL

Ag Zp Bp 1 1(11) 1 1(11)

———— —arct — 15K P ST =T — - 37
2N(0) ()* T\ Lt S (30
Ar2, G ! (1) | ito)

= +C(T), C(T)=-T,"" +T;" — -,

and

I(H): () 7 kBT _hWD 1(11) L o 38
T% _\/QW{AT } {hwp} exp( —kBTA ),(nl,S, ). (38)
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In the limit T" — T for the Case I, the gap should be extremely small, which

1
brings us [det leT]% — 1, fiT — 0 and §(f J—ép
N 1

energy  — €, ~ —&).

Gap equation for the Case [ at the limit 7' — T reduces to

V 4 £ fwp €
1= — — tanh £ =4N(0)V de—tanh
2 gsp o (8kBTI) (0) /0 85 a (8kBTCI> ’ (39)

integrating by parts, which is approximated as follows:

1
+ fjgp) = 1 Approximate QP

ur,
1  tanhy
AN(O)V

YT, 00
— / dy Iny sech®y~In Yr,— / dy Iny sech?y
0 0

mny |, (40)

4e7 e’ hwp
—lny,, +In[{— ) =In{ — -
it () < (57

The number 7 is the Euler’s constant (y ~ 0.5772) and ¢” ~ 1.781. Finally a small
rearrangement yields

kpT! = 0.283hwpe VANOV (T = 0.2830pe~ /4N OV) 11 (41)

which should be compared with the usual HB formula for T
kpT, = 1.13hwpe /N OV (Tc — 1.1300pe~ /N <0>V> . (42)

0p: Debye temperature. The present formula gives, for example, 7" = 72.87
K for N(0)V =0.25 and 6p = 700 K.

The HB formula: T, = 14.49 K for the same values of N(0)V and 6p.
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Behaviour of the gap near 1,: I

/T'—T dependence of Al and T"! dependence of Al:

_ 1 hwp\ )
Using the QP energy near T, namely, €= 1\/ g2+ {ATN (0)V -arcsinh (A—D>} :
T

the gap equation is approximately calculated as

()@ ) o)

- = 2
hwp\ T.-T 7 o 7T\ (n ’
In|——= |+ ———— 5¢(3) <2i) =" 1 {N(O)V:CT arcsmh( )}
kBT T! Sy 2 TCI ]-CBT LT,

hw T h 1 2 —2 2 1
Bl 20— ° D Using arcsinh (—) ~ |n (—) &1 ) +ee <— > —) :
kBT 2T ]{BT S T T 2

(40) and (43), we get Al near T} as

(43)

DUl N 1" —
Al ~ 8 o o\ (44)
7C(3)N(0)V 1
The QP energy E]Tg is obtained as
v/ E2+A% \JEIHAL A2 1
E;LZP—— 5p+p—ﬁwDE;eS(_)+—T-[det ZlgT]% : - (45)
& 2 Ep €p 1—|det z197]2
At T'~T" AL almost disappears. Then, we have an approximate relation %:
B

(1 et zr)) 2T

If eAr, equation (35) becomes to be

2kpT
P P A = g Ae 21 ;)
= ——— tanh —In(— ;
2N(0) /0 d€(52+A%)% . (2/<:BT) “( yT) gt Brer),
> (46)

A B A2 C hwp 1 ~ 7
S St (ML) = L@ bt
2NV () 2N()  Jo (e24+A3.)2 2kpT) 72 /
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At T, yp 1s approximated as

I _1 1 th 1 ) th (47)
ey ( det 21971] > kpT 167N(0)hup kBTH . 2\2e kBTu .
using 1 —[det 212TCH]7 ~ 27N (0)hwpz.(0<z.&L1). x. means its value at T

Expanding leading terms in (46) in terms of T’ near TCH, we have

1 2 00 e e el T T 1
arcsinh’ (L—> S e Y 2 e oo e gy arcsinh <’b—)
T NOV :d L/ Th T

(48)
2 o) | Ve PN
- 1 = — Zaf1+2 =0,
AM@V{“(hﬂg> T 3“( /p;>}
D 2( R 2
T wpn
a52—§(3)<2 7) —| . (49)
TT e ]{BTCH

Then we have

1 1\ (2 1 Ti—T
— {arcsinh <SUT> —arcsinh ( )} {3 N(O)V — oz} ~20° CTCH : (50)

1 1 1
Using arcsinh@ oy arcsinh(—) ————(z—a)(a k1), finally A% near T)' can
a

a Var+1
be obtained approximately as
21 1 hwp\ T —T
Al D). Ze__.Ag, (51)
1672 {27 N (0)hwp }? \kpT" T ‘

which is linearly dependent on T)'—T'. It is very interesting to find such a
dependence, comparing with the usual dependence /T —T of A%.
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S ummary:l

At T = 0 two-gap superconductibity in MgB, is well
described by the Res-HB approximation;

Provide a finite temperature Res-HB approximation;

Use a Res-HB subspace spanned by Res-ground and
-excited states;

The temperature dependence of gap near 7'=0 and
1. becomes more complicated than the temperature
dependence of the usual HB and Abrikosov descrip-
tions;

Equating the numerator to the denominator, we sum
up over p, namely, integrate over ¢ both sides of the
equation, to achieve good optimization. Then we may
obtain coupled thermal Res-HB gap equations and
reach our ultimate goal of computing temperature-
dependent two-gaps;

Partition function in an SO(2N) CS rep |g) ;

Tr(e ) = oV~ / (gle*Mlghdg (5 = s
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Summation ), Ap, > B, and » | C) are converted to

o / g Q/Tf . A =RR, ()
1(11 ’ o
52 (@412 dVETD kT

d'" >>1 for large hwp. Introducing y=+/£2+1, (52) is integrated as

ZpAp (1) 1 /OO 1 dI(II)
—————— ~ arcsinh | — | — 2 dy————=e" Y
2N(0)V T e N -
! 1 I(11)
/ dy_ e_d y7
1Y y2 — 1
AT Zpo '’ A s dI(II)
S AT Cra i O £ e W LRl Y 54
NOW an(x) /1 %y y2 & ’ ‘&
A2 Cy 1(1)
TZ / i e SR Y (55)
N(0)V m y y2—1

The Bessel function of order v is represented as

KV(Z)—I\,FETV—S);/OZ@( T )%%6Zy,Ko(Z)—\/geza(F(%—ﬁ)- (56)

Using (56), integral calculations of (53) ~ (55) are made in the following ways:

dy———— e W= dy—/ dzezyzf dzKy(z
/1 N i \/y—l , )
3
SRS WO -
\@( 2T )6
/Oodyi;e_dy /dy— /dwe‘wy /dw/ dzKy(z
Y y2—1 1Y y —

(37)

9 38)
A —d 2 4+2d7% —. .
\ﬁ( T )
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Let us introduce

(1 det ZlgT]) —'iw

The QP energy € is expressed as € =
hw D

1
y by € = 4(1 [det z197] )kBTy and y7 ( — [det zlgT]%) T If e > Agp,
B
>, By=0and )  A,and }_ C, in (35) are recast to integrals up to A%

ZpAp hwp 1 g th é:’
— _~ d€—2 tanh - 2
2N(O) 0 52—|—AT 2]€BT 0 1 /g —|— 2]€BT
YT m,, )2
:/ dy {1_ (yTiUzT) } tanh[\/y +(yhzr) ] :
0 vy er

Az C’ hwp it -~ th AQ ~
TZ _/ de : tanh(2 4 )— de L : tanh © )
QN(O) 0 g2 EQ—I—AT 0 o /62—|—AT kg1

! (y%xT)Q/Odey {1_ <y%?)2}i2 1 X ta“hV92+(y%xT>2] | o

(59)

L 4 \/ Y2+ (yror
Expanding around (yfxr), (59) and (60) are boldly approximated as
> A /yT 1 3 vt (1 1
dy—tanh y—— (yrar / dy{— tanh y——sech2 } (61)
2N(0) "o Ty 5 Wier) |3 v
A%chp /yT { 1 |
—— — ~(yrxr dy§— tanh y——sech y} (62)
N U f, BE
We further use the famous mathematical formulas
1 1 )
—tanhy=8> >
Y Anhy =82 (2m—1)2m2+4y?’
L tanh y——sechoyeul N ! ( B
— tanh y — —sech“y = > .
N (PSS I

Putting yzg 2m—1tan, integration of the second in (63)is made for awp>>1 as

Yp—00 1 7
64 dyY =200 5
/0 yZm—ll {(2m71)2 2_|_4 2}2 ﬂ.QC( )3 < )
T
where we have used > 1(2—: -((3), and ¢(3)= 5% 70436
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